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Abstract

Based on the theory developed for the multiple
diffraction of neutrons in mosaic crystals, ap-
proximate intensity solutions have been derived
allowing the calculation of multiple diffraction
intensities when several (n > 4) beams contribute to
the phenomenon. The solutions are also appropriate
for the calculation of intensities when high absorption
and high secondary extinction are present. From these
solutions, a computer program (MULTI) has been
written in order to simulate neutron multiple
diffraction patterns. A brief description of MULTI
and an example of its application to the simulation of
high-secondary-extinction/high-density neutron mul-
tiple diffraction patterns are included,

1. Introduction

Since Renninger (1937) first made a complete
experimental study of the X-ray multiple diffraction
in diamond and rock salt, there has been a progressive
increase in the number of articles dealing with this
phenomenon. A few of them deal with the
development of adequate theories for the multiple
diffraction of X-rays, neutrons or electrons, using
either the dynamical theory or the kinematical theory
of diffraction. In a recent book, Chang (1984) focused
attention on X-ray multiple diffraction and its
application in crystallographic studies and gave an
overall review of these theories. Particular attention
Is given to the intensity solutions derived for both
theories. Chang’s book is, in fact, a useful survey of
those articles dealing with intensity calculations in
multiple diffraction prior to 1984. Recently, Soejima,
Okazaki & Matsumoto (1985) used the kinematical
theory developed for the multiple diflfraction (m.d.) of
X-rays and neutrons to write a computer program for
the simulation of m.d. patterns obtained with ¢ and
A scans. They applied the program to some
experimental X-ray and neutron ¢-scan data already
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available in the literature and found that the
calculated patterns were in very good agreement with
the experimental ones. As pointed out by these
authors, the quality of the agreement shows the
validity of the kinematical theory when applied to
m.d. intensity calculations. More recently, Rossmanith
(1986) also applied the kinematical theory to the
calculation of Umweganregung patterns (hereafter
shortened to Umweg patterns). The author calculated
Umweg patterns for the forbidden 00.3 reflection of
zinc using the wavelengths of Cu Ko, and Cu Ku,
radiation and compared them with the experimental
@ scan obtained with Cu Ko radiation. An excellent
agreement between measured and calculated in-
tensities is reported when Lorentz factors for the scans
involved in the measurements {# and ¢ scans) are
taken into account. It should be mentioned that, in
both studies referred to above, intensity calculations
for higher-order diffraction (n = 4; in this work called
a many-beam case) were carried out by <considering
only three-beam interactions. In other words, the
intensity of an n-beam interaction was approximated
by summing the effects of the three-beam interactions
formed by the incident, primary and each of the
secondary beamns. However, this approximation
disregards entirely the interactions between secondary
beams although these interactions involve, in general,
reflection coefficients (reflectivities) of the same order
of magnitude as those involved in a three-beam
interaction. Therefore, it is reasonable to conclude
that, in order to ensure a better approximation,
interactions between secondary beams cannot be
neglected in the intensity calculations.

In this work, approximate intensity solutions
appropriate for a many-beam case are derived. The
recurrence formula (Parente & Caticha-Ellis, 1974a)
was: employed in the derivations in order to allow
intensity calculations when high absorption and high
secondary extinction are present. M ULTI, a computer
program for the simulation of m.d. patterns which
uses the solutions derived in this work, has been
written and applied in a study of the B-quartz
structure employing neutron multiple diffraction as a
method of analysis (Mazzocchi & Parente, 1994). The
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program and an example of its application to a m.d.
pattern are briefly presented in §6.

2. Basic theory

In 1964, Moon & Shull presented a theory for the
muliiple diffraction of neutrons in a mosaic crystal
having the shape of a flat plate large compared to the
incident-beam cross section. This theory is an
extension of the kinematical treatment of the
secondafy extinction developed for the (single)
neutron diffraction in mosaic crystals (see, for
example, Bacon & Lowde, 1948). Primary extinction
is assumed to be negligible.

Moon & Shull’s differential equations, describing
the change in power in the several beams traversing
a layer of thickness dx at depth x below the surface
of a crystal plate, can be written in the following
concise form (Parente & Caticha-Ellis, 1974q):

I?S”(x) = 8 Z [Pj(x)/?j]jS — 5 PLA), (1)

JEi
where
PV(x) = dP(x)/dx

| +1 fortransmitted beams

5= {—1 for reflected beams
and

A= p+ Z Qij.
J#i

Symbols P, P, s;, u, O;; and y; are, respectively, the
power in beam i, the power in a beam j # i, the sign
of beam i characterizing its type (as above), the linear
absorption coefficient, the linear reflection coefficient,
or reflectivity, for the exchange of power from beam
i to beam j and the magnitude of the direction cosine
of beam i relative to the normal to the crystal surface.
Subscripts i and j refer to all beams involved in the
phenomenon inciuding incident and primary beams.

According to Moon & Shull (1964), the reflectivity
for an interaction i - is given by

Fij = QijW(ABr'j)a

where Q;; is the integrated reflectivity per unit volume
of a small crystallite and W(48;) is the mosaic
distribution function, where 46, is the deviation in
the Bragg angle §;; from the mean of the distribution.
The usual expressions for ¢ and W found in the
literature are valid only for a particular rotation of
the reflecting planes, as occur in the normal-beam
equatorial method. In such a method, the reflecting
planes are parallel to the rotation axis, which is
perpendicular to both incident and diffracted beams.
Zachariasen (1945), in the development of his theory

of X-ray diffraction in crystals, derived an integrated-
intensity formula for the rotating-crystal method,
Zachariasen generalized assuming an  arbitrary
rotation of the diffracting planes around an axis
forming a constant angle with the incident beam. In
particular, in a m.d. experiment, the crystal rotates
around the scattering vector of the primary reflection
and the planes producing secondary reflections make
arbitrary rotations around this vector. The rotation
around the -scattering vector defines the azimuthal
angle ¢, which is the angle an arbitrary crystallo-
graphic direction, lying on a plane perpendicular to
the scattering vector of the primary reflection, makes
with the projection of the direction of the primary
beam on the same plane. In order to take into accounl
the arbitrary rotations, of the secondary planes, Moon
& Shull {1964) used Zachariasen’s integrated formula
to write @ for the neutron m.d. case:

0y =0,/Ki; = ('13N3Fi2j/5iﬂ 29;’1)(1/Kfj,

where A is the neutron wavelength, N, is the number
of unit cells per unit volume, F;; and §;; are,
respectively, the structure factor and the Bragg angle
for the reflection i—j, fe for the reflection by
crystallographic planes with Miller indices given by
h;—hy, kj—k, ;=1 Kf is a geometric factor
relating A46;; and Ae, the latter being an angular
deviation due to a rotation around an arbitrary axis
¢. In terms of a m.d. experiment, ¢ is aligned with the
scattering vector of the primary reflection and Ae
corresponds to the deviation in the azimuthal angle
¢ from the position where the interaction i—j is
maximum. The relationship between A0;; and Ae is
given by (Moon & Shull, 1964)

A8;; = {(sin @ cos X cos &);/sin 20;]4e = Kide,

where X is the angle formed by the direction of beam
i and its projection on the plane perpendicular to the
rotation axis ¢, £ is the angle equivalent to X for the
beam j and & is the angle between the two projections.
W(48;) is, in general, assumed to have a Gaussian
form. In terms of the rotation ¢, the (Gaussian
distribution renormalized to unity is given by

Widey = [K5/(2n)* 0] exp [ —(Kj;dey’/27°),

where # is the mosaic spread of the crystal
Reflectivities r;;, but using the symbol Q,; as in (1),
may then be written as (Moon & Shull, 1964)

Qij = Q:; Wide)
= [A3N? F,-Zj/sin 2951(271)”211] exp [w(KfjAs)z/Zr,'z].

Moon & Shull proposed a Taylor-serics expansion
of P,(x) about the point x=0 as a useful
approximate solution for the intensity of the primary
beam. They derived an analytical formula for the
expansion retaining terms up to second order. As
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pointed out in their work, the formula is valid only
in the limits of low sccondary extinction and low
absorption. Caticha-Ellis (1969) derived the exact
solution for the double- and triple-beam cases. He also
derived a second-order approximation for the many-
beam case and a third-order approximation for the
triple-beam case. However, even with a third-order
approximation, intensity calculations were limited to
low secondary extinction and low absorption.
Obviously, the exact solution can be applied in any
situation of extinction and absorption. However, its
limitation to a triple-beam case is a shortcoming. On
the other hand, derivation of an exact solution for the
many-beam case seems to be a formidable task owing
to the multitude of cases concerning number and type
of beams. The same can be said for the derivation of
analytical formulas for higher-order approximations.
In order to apply the more convenient Moon & Shull

- approximate solutions, Parente & Caticha-Ellis

(1974a) derived a recurrence formula for the
summation of the Taylor-series expansion up to any
desired order m. In the formulation presented by the
authors, the expansion, generalized for any beam i,
can be written

Pyx) = P£0) + PIV(0)x + P{P(0)x2/2!
+ o PO ml 4 L, 2)
where the general term is given by
(1/mlx"P{P(0) = (1/m!) 3 PO)Y{. 3)
k
In the general term, P{™(0) is the mth derivative of the
power P{x) calculated at x =0, ie.
PM(0) = d™P{x)/dx"|,~ o,

P(0} is the power of a beam k at the point x = 0 and
the coefficient* Y{ is calculated from the coefficient
of order (m — 1) by

Y =3 X,Y5y, @)
where '
Xy = sz_,U-x/yk fork #j
and .
Xyy=—s;dxfy; fork=j

The ratio x/y; = I; corresponds (o the effective path
length of a beam i traversing a crystal layer of
thickness x in an infinite crystal plate of thickness 7.
In general, the total power in beam i is required. In
such a case, x is made equal to the plate

* In the original formulation, the symbol used is X, we 1o avoid
confusion with the symbol X,;, it is substituted here by Yim,
Equation (3) includes the numerical factor 1/m!, which is omitted
in the original equation.

thickness T, as shown in the solutions derived in the
next section. In a thick plate, effective path lengths
can be limited by absorption. This is particularly true
in the X-ray case {Caticha-Ellis, 1969). With neutrons,
however, absorption is generally negligible and
effective path lengths are limited by the plate thickness
unless beams are parallel to its faces. Therefore, for a
crystal plate with negligible absorption, I = T/y;,
y; # 0. If 2 beam is parallel or makes a small angle
with the crystal faces, ie if y,~0, [ is ecither
dependent on the dimensions of the faces or on the
absorption. For a different crystal shape or even for
a plate that cannot be considered as satisfying the
above conditions, path lengths are defined, in general,

by taking into account all dimensions of the crystal

(Parente & Caticha-Ellis, 1974a).

Equation (4) is the recurrence formula that allows
the calculation of the successive terms of the
Taylor-series expansion in an iterative way, i.e. the
mth-order term is calculated as soon as the (m — I)th
term is obtained. As is implicit in the above
formulation, the diffracted beams involved in the
phenomenon can be of any type in any number. The
coefficients for the first-order term (m=1) are
calculated from the coefficients of the zero-order term

defined by
0 forksi
Y9 = 5
“ {1 for k = i. ©

The summation of the successive terms in (2),
obtained by calculating iteratively the general term (3)
to any desired order, gives the approximate intensity
solution P(x) for the beam i. Provided a computer is
used, approximations with hundreds of terms can be
calculated using the recurrence formula. It should be
mentioned at this point that, even for a case involving
high secondary extinction and/or high absorption, a
good approximation can be attained, in general, with
a few tens of terms. An example is found in the work
by Parente & Caticha-Ellis (19745), where the 111
primary intensity of aluminium was measured with a
single crystal in the shape of a square plate
3 x 3 x 1lin oriented with the (111) planes paralle! to
the 3 x 3in face. Using the recurrence formula, the
authors calculated intensities in four different
interaction cases and compared them with experi-
mental results. In spite of the quite high secondary
extinction present in the measured intensities, a
maximum of 14 terms was more than enough to
obtain a good approximation in the four cases
considered in the work.

Based on the theory outlined above, intensity
solutions appropriate for a many-beam casc are
derived in the next section. Owing to the employment
of the recurrence formula in the derivation, the
solutions are also appropriate in cases involving high
sccondary extinction and/or high absorption,
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3. Approximate intensity solutions for a many-beam
case

In this section, approximate intensity solutions are
derived by using the general term of the Taylor-series
expansion in the case of n beams diffracted in a crystal
plate of thickness T.

Expansion (2) written for x = T becomes

P,(T) = P,(0) + P{YO)T + PE(0)T?/2!
+ PUMOYT™/m! + ... ®)]
To find the terms of expansion (6), use is made of (3)

and (4) obtaining, after appropriate algebraic manipu-
lations and simpliﬁcations,

Ri=Ry(Y{ + Y@/2t +. Y8 ml 4 ..)
+ R(Y + (2)/2' +...+ Y('")/m' +..)
+ RH(YW + YE/2 + .+ Y ml+ )+ .
+RA+ YV YD 4+ YD mb+ )
+...+ R(n—l)(YEii}* ni t+ Er%] o2t + .
+ YiR fm! 4., (7N

where R} = P{T)/Po(0) and R; = P;(0)/P,(0). In (7),
indices 0 and 1 indicate, respectively, the incident
beam and the primary beam; other indices indicate
secondary beams. Py(0) is the power of the incident
beam, which is, of course, different from zero, and, in
general, not precisely known. For this reason, both
members of (7) were divided by Py(0). Obviously,
R, = 1. For further simplification, the coefficients of
the power ratios R in (7) can be represented by

S YWm! = C,; forj#i

and
1+ Z Yim!l =€, forj=i

and (7) rewritten as
Ri=CopRy+ C Ry + CyiRy +
+ C(n*l)iR(nfl):

where Cyy, Cyyy -, Cig - -
from (4) iteratively.

To solve (7a), it is necessary to apply the boundary
conditions for the diffraction powers of the beams
involved, including the beam i itself. These boundary
conditions at the eatrance (x = 0) and exit (x = T)
surfaces of the crystal plate are, according to
Caticha-Ellis (1969} and in terms of the ratios R,

R;#0 and R;= 0, when j is a reflected beam;

4 CyRi+ ...
{7a)

C(z-1): can be determined

R;=0 and R}#0, whenjisa transmitted beam.
@)

Applying the boundary conditions (8) exclusively for
the beam i, (74) is reduced to one of the following

MULTIPLE DIFFRACTION OF NEUTRONS IN A MANY-BEAM CASE

Accor

equations: with
n-1 B the
Ri=—{ % R;Cy/Cy forabeam ireflected (9) intera
"m. Zero
n—1
Rj= Y R;,C; for a beam i transmitted,
j=0
e

(10

When using (9) or (10) to calculate the intensity of a
beam #, the application of the boundary condition:
must be extended to the other beams. Power ratios R,
corresponding to transmitted beams are made zero.
Nevertheless, they contribute to the power of beam i
through the coefficients Cj;, C;; included. It should bc
noted that, although the 1n01dent beam (j=0) is
always a transmitted beam, as mentioned bcfou,
R, = 1. Because of this, the restriction j # i disappears
if (10) is used to calculate the intensity of the incident
(transmitted) beam.

- Power ratios R; corresponding to reflected beams
can be determined from (9). A set of linear equations,
with a maximum of n — 2 equations, is then obtained.
The system formed by the equations can be
represented in a matrix form by

Cll C?_l C(n-ln Rl
C12 sz C(nfl)?_ Rz
Cl(i—l} Cztifi) C(u—l)(ifl) R(Ewl)
Cl(i+1) C,’l(i+1) C(n—l)(i+l) R(:‘+1)
-Cl(”,” sz-n Ctnﬂ)(n—u R(n—l)-.
COI
COZ
= - Cou—u (11
CO(i+l)
CO(n—l)

System (11) can easily be solved if the number of
equations is small. For a large number, on¢ of several
suitable subroutines available in computer libraries
can be used. Finally, substituting the R;s found by
solving (11) in the appropriate equation, (9} or (10),
the approximate solution sought is then obtained.

4. About the linear reflectivity coefficients

As seen in §2, the transfer of power between any two
beams i and j depends on the linear reﬂect1v1ty Qi
which is a function of 48;;, the deviation in the Brag

angle from the mean of the mosaic distribution.
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According to the definition of 4¢ and its relationship
with 46, this latter angular deviation is a function of
the azimuthal angle ¢. Thus, for a particular
interaction i — j, J;; as a function of ¢ increases from

~ zero to a maximum occurring at an angle correspond-

ing to the point where the maximum of the mosaic
distribution touches the Ewald sphere. After this
point, the reflectivity decreases from the maximum to
zero. According to the definition of Q_,-J- in §2, a reflec-
tivity curve has the same form as the mosaic distri-
bution function. Its width, although enlarged by the
effect of the geometrical factor, is of the same order of
magnitude as the mosaic spread of the crystal, in
general a few tenths of a degree. Therefore, for a
high-density m.d. pattern, where secondary reflections
occur with a narrow spacing between them, all
reflections in the neighborhood of 2 certain value of
@ contribute to the intensity at that point. Fig. 1 shows
a few linear reflectivity curves obtained from the
output data of MULTY during the calculation of
intensities in the previously mentioned study of
B-quartz. A Gaussian mosaic distribution was
assumed in the calculations. The reflectivity curves
correspond to the interactions between a secondary
beam labeled 2 and its neighbors in a particular
interval of @. The interactions also include incident
and primary beams labeled 0 and' 1, respectively.
Correspondence between labels and actual reflections
in the f-quartz study is as follows: label 1: 00.1

qcm
o
110 < -
E QZ1
2
1107
-3
1107 - —
z Q0
-4
110 =
: Quy
.5 -
1107 <
-6 625
110"

ol

¢ (DEGREES)

Fig. 1. Reflectivity curves for a real case corresponding to the
interactions between a secondary beam, labeled 2, and other
beams, labeled 0 (incident), 1 (primary), 4, 3, 6 and 7 (secondaries),
occurring in 2 small interval of ¢.

refiection; label 2: 22.0; label 3: 22.1; label 4: 16.3;
label 5: 16.4; label 6: 41.3; label 7: 41.4. For the sake
of clearness in the drawing, the § scale was made
logarithmic and some curves were not completely
traced. The logarithmic scale precludes that the
reflectivity curves have the usual Gaussian form.
Neverthess, a better distinction between them is
possible, particularly in the region where the valyes
of @ are very small. As an illustration of the
observations made above, the values assumed by the
reflectivities 0,; and @, at an arbitrary ¢, namely
45.2°, correspond to the points of the intersection of
the curves with the vertical dashed line. Actually, more
than the 12 values shown in the figure must be
considered in the intensity calculations at that point.
In fact, each of the eight beams in the example
interacts with its seven neighbors. For n beams,
n{n — 1) interactions occur. This gives 56 interactions
for the case partially shown in the figure. Of course,
an interaction can be neglected if either its reflectivity
has no significant value at the ¢ considered or the
interaction itself corresponds to a forbidden reflection.
In Fig. 1, reflectivities 0,4 and (,, correspond to the
former case since, at ¢ = 45.2°, they are a factor of
about 1079 and 1074, respectively, smaller than the
reflectivity Q,,, the highest one. Interactions 2223,
on the other hand, correspond to the latter case since
reflectivities Q,, and @5, are equal to zero for any
value of @. Obviously, they are not shown in Fig, 1.

If Friedel's law is valid, the reflectivity for a transfer
of power from a beam i to a beam j is the same as
that from beam j to beam i, provided both
corresponding reciprocal-lattice points traverse the
surface of the Ewald sphere at the same time and in
the same geometrical conditions. This is true even for
a ¢ value out of the maximum of the m.d. peak or
dip. However, if one ot both conditions above are not
fulfilled, the reflectivity for an interaction i — j can be
very different from the reverse interaction j — i. In this
situation, for a given ¢ value, the rate of transfer of
power from one beam to another can be very different
from the rate of the reverse transfer. In Fig. 1, for
instance, reflectivities ¢,; and Q,,, have completely
different behaviors. Because the reciprocal-lattice
point, RELP, corresponding to the primary reflection
is permanently lying on the surface of the Ewald
sphere, reflectivity ¢,, is constant and maximum for
any value of ¢. On the other hand, the RELP
corresponding to the secondary reflection traverses
the Ewald sphere during the ¢-axis rotation and the
reflectivity Q,, varies accordingly reaching a maxi-
mum at ¢ = 45.3°. Only at this ¢ value, @,, = J,,;
for any other value, 0,, > @,,. The same is true for
the reflectivities 0, and Jy,.

Figs 2(a) and (b) were prepared to give an
explanation for the apparent breakdown of Friedel’s
law mentioned above for the reflectivities §,, and
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0o, They are schematic representations of a mosaic
crystal in two different angular positions, which result
from a rotation around the scattering vector of a
primary reflection. In the upper part of each figure, a
simplified two-dimensional view of the reciprocal
space shows the Ewald sphere associated with the
incident beam, a RELP 0 corresponding to the origin
of the reciprocal lattice of the crystal and a RELP 2
capable of producing a secondary reflection. It is
assumed that the reciprocal-lattice vector for the
primary reflection Hy, is perpendicular to the figures
through RELP 0. For the sake of clearness of drawing,
RELP 1, Hy, and H,, are not indicated in this part
of the figures. It should be noted that RELPs 0 and
1 lie permanently on the surface of the sphere, no
matter what the rotation. This is a previous condition
for the systematic occurrence of multiple diffraction
peaks or dips in a Renninger scan (Renninger, 1937).
In Fig. 2(a), RELP 2 is close enough to the Ewald
sphere to allow the mosaic distribution to touch its
surface. This is represented by small circles concentric
with RELP 2 intercepting the surface at a level
indicated by the dashed circumference. Point 2’ is a
RELP in the intersection at the correct distance from

§
!0 ’ 24 20 to |2 .0 )

(@)
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RELP 0 to make interactions 0=2' effective. H,,.
and H,., are the corresponding reciprocal-lattice
vectors; k, and k,. are the wave vectors along the
incident and secondary beams, respectively. In Fig.
2b), the maximum of the mosaic distribution
intercepts the surface of the sphere. Consequently,
RELP 2 is in the position previously occupied by
RELP 2. Reciprocal-lattice and wave vectors
corresponding to the interactions 0== 2 are indicated
in the figure.

In the lower parts of Fig. 2, a small region of the
mosaic crystal is represented by its individual mosaic
blocks. Since the mosaic crystal is oriented to produce
the maximum of the primary reflection, the majority
of the blocks are in positions to diffract 0 — 1. Such
blocks with interactions 0= 1 are clearly indicated in
Fig. 2. In Fig. 2(a), the intersection is not in the
maximum of the mosaic distribution and only a few
blocks exhibit interactions 0==2'. It should be noted
that 2’ can also be interacting with RELP I. In such
a case, a three-beam interaction occurs. This is also
clearly indicated in a few blocks of the figure. Fig. 2(b)
has a larger number of blocks exhibiting interactions
0==2 than Fig. 2{a). Of course, this is because the

\ ) | ’
24 =lo o fox g o 24 Lo

(b}

Fig. 2. Simplified representations of a mosaic single crystal, in real and reciprocal spaces, in two different azimuthal angular positions,
(a) and (b). They are used in the text to explain an apparent breakdown of Friedel's law expressed by Oy # Q.

i 6 Sl
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intersection is in the maximum of the mosaic
distribution. Since mosaic blocks are perfect crystals,
they individually produce very narrow intrinsic
reflection curves. So, a RELP appearing in a certain
block of one of the figures will not appear in the same
block of the other figure, provided the angular
deviation between the two positions is not too small.
Obviously, a block containing simultaneously RELPs
0 and 1 is an exception. Such a block is contributing
to the intensity of the primary reflection and, as seen
before, this condition does not change even in a full
turning of the crystal.

With the mosaic blocks regarded as individual
perfect single crystals, RELPs 2 and 2’ are the same
entity since they are equivalent RELPs in the
reciprocal lattices of the blocks. This RELP was
labeled differently in the figures only to distinguish
points interacting with RELP ¢ which are in or out
of the maximum of the mosaic distribution. Since
there is no need to distinguish this in what follows,
RELPs 2 and 2 are now generalized as RELP 2. The
interactions 0<=2 are split in an obverse direction
0—2 and a reverse direction 2—90 and a few
conclusions can be drawn from a careful observation
of the figures. In the reverse direction, the rate of
transfer of power is maximum no matter what figure
is being observed or, in a more general way, what
angular position- is assumed by the crystal. This
assertion. is easily verified by observing that in both
figures every block having RELP 2 also has the
interaction 2 — 0 occurring. This is the condition used
before to define RELP 2. In spite of the fact that the
number of such blocks is much less in Fig. 2(a) in
comparison with Fig. 2(b), in both figures all of them
are contributing to the interaction in the reverse
direction. This makes the rate of transfer of power in
such a direction magximum and, moreover, constant.
It should be understood that the power transferred in
the interaction depends on the strength of the
secondary beam. This strength varies as the maximum
of the mosaic distribution approaches or leaves the
surface of the sphere. The strength of the secondary
beam depends on its interaction with all other beams
occurring simultaneously. Power is transferred from
the secondary to the incident beam at a constant and
maximum rate, although the transfer itself varies
according to the variation of the secondary-beam
strength.

For the obverse direction, the situation is guite
different. Most blocks containing RELP 0 also
contain RELP 1. Most such blocks remain the same
during a crystal rotation. Except for a few occasional
occurrences of blocks with RELP 0 without the
presence of RELP 1, the number of blocks containing
RELP 0 remains unaltered. Then, from observation
of Fig. 2(a, it is easily verified that, from the total
number of blocks containing RELP 0, only a few have

interactions 0 ~+ 2 occurring. On the other hand, in
Fig. 2(b) the number of such blocks is significantly
greater than in Fig. 2(ag). This expresses the fact that
the maximum of the mosaic distribation is touching
the Ewald sphere. It is casy now to understand why,
as opposed to the reverse direction, the rate of transfer
of power in the obverse direction varies as the crystal
rotates. In such a case, power is transferred from the
incident to the secondary beam at a rate which is a
function of the position of RELP 2 relative to the
surface of the Ewald sphere. The rate of transfer of
power has the same form as the mosaic distribution
function. It should be noted in Fig. 1 that the
maximum value assumed by 0, equals 3,, corres-
ponding to the situation depicted in Fig. 2(b).
Similarly to the reverse direction, the power
transferred to the secondary beam is dependent on the
incident-beam strength which, in turn, depends on the
several interactions 0= occurring simultaneously.

A somewhat different situation occurs with
reflectivities corresponding to interactions between
two nonsimultaneous secondary beams such as 2 and
6 in Fig. 1. The reflectivity curve for the interaction
2-» 6 has its maximum at ¢ = 45.6° while for the
interaction 6 — 2 the maximum occurs at ¢ = 45.3°,
although having the same value. For this reason, their
reflectivities never assume equal values except when
they intersect at an angle halfway between the two
maxima. [t should be noted that the actual value of
¢ at the intersection depends on the geometrical factor
affecting each curve. It is easily understood that
during crystal rotation two RELPs can cross the
surface of the Ewald sphere at different inclinations,
resulting in different spreads for the curves. Con-
sequently, the intersection occurs at an angle that is
not halfway between the two maxima. Only in the case
of equal spreads does the intersection occur exactly
halfway. Such unusual interactions between second-
ary beams occur, in general, when they succeed in
close sequence in a m.d. pattern, i.e. when the pattern
exhibits a high density of secondary reflections. It
should be mentioned that, even in a low-density m.d.
pattern, they are likely to occur in those regions where
the density of secondary reflections increases, It is not
worthwhile to demonstrate here the above assertions.
They could be demonstrated by following similar
reasonings to those related to Figs. 2(a) and (),
provided appropriate modifications are introduced in
the figures.

After the comments above, it would seem that @,
never equais Q; 5i» €XCEPL for a few particular values of
Q. Certamly this 1s not true. To have Q,J Q. i, for any
@ value, it is enough that two RELPs corresponding
to secondary beams be simultaneous having the same
geometrical factor. In this case, only one reflectivity
curve represents both reflectivities. No exampie of this
case is seen in Fig. 1.
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5. Some applications of the intensity formulas

In this section, the intensity formulas derived in §3 are
applied in a few particular n-beam cases recasting
some analytical formulas derived in the literature. In
the applications, use is made of the recurrence formula
(4) and equations (9) or (10), depending on the type
of primary beam. Particular attention must be paid
to the signs s;, the values of the zero-order terms (5)
defined in §2 and the boundary conditions (8) in §3.

5.1. Intensity of the primary beam in a second-order
approximation when the primary beam and all the
secondary beams are transmitted

Equation (10) must be applied in this case. Since all
the secondary beams are transmitted, it is reduced to

2
REN = Cour= 3 YUm! = Y& + Y@L (12)

m=1

In this equation, the first-order term is given by
n—1
Yg}ll) = Z Xoj YE;?)
j=0

= Xoo Y& + X0y Y + X Y + ...
+ Xow 1Y i
= Xo1 = Co1lo (13)
and the second-order term by
. n—1 n—1 n—1
CENER BN R
j=0 =0 k=0 '
= XoolXoo Y7 + Xo1 Y + X0 Y} + ...
+ Xow 0 Y 1) + Xoi(X o Y + X, YO
+ X YR+ Xy YL )
+ Xz X0 YE + X0 Y + X0 YR + ..
+ X YO ) + ...+ Xog- 1 Xn-1)0 Y51
+ X YR+ X2 Y
+ X pon— Yink na)
From definitions (5) for the zero-order terms, Y3

becomes

n—1
Y = XooXo; + X0 X1y + Z XojX
=2

J

= —AoloQo1lo + Qoilo(— A1)

un—-1
+ 2 GoloCil;- (14}
i=2

Substitution of (13) and (14) into (12) results, after a
few manipulations and provided 4, and A, are

substituted by their own expressions, in
REY = Qoo — ?la‘Q_m[o[#[o + uly + Qoilg
+ Qioly + 2 (Qojlo + Quh)]
F=2
n—1
+7 2, Qote@inly (15)
j=2

Regardless of the different symbols used, (15) above is
identical with (7) derived by Moon & Shull (1964) {or
the same case.

5.2. Intensity of the primary beam in a second-order
approximation when the primary beam is reflected and
all the secondary beams are transmitted

Equation (9) must be applied now. Similar to the
first case (§5.1), it is reduced to

R‘f?, = —C41/Csy (16)

Cy, can be deduced in a straightforward manner
observing that it differs from C,, in (15) only by the
sign s,, which is now equal to —1. Then, using
appropriate symbols for this case, C,, can be written

Coy = _Qoxlo + %QOI‘O(AOIO — Ay
=1
““% Z QOjIOlelj‘
j=2
On the other hand, €, can be calculated by

2
Coa=1+ Y Y{®/ml=1+ YY)+ YR/

m=1
where
n—1
1 (4 _
Y(u) = leY_(fI) = X11 = Alll
i=0
and
n—1
2 1
Y(U): leYh)
j=0

n—1
=X oY+ X, YH+ ) X,;7%
=

J

n-1 n—1
=X o Y5+ X, Y+ Y XU(Z Xjkaﬂ})-
j=2 k=0

7
Y in the first term of the summation is given by (13)

in the preceding case. Attention must be paid only to
the change in the sign introduced by 5,. ¥, in the
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second term, can be found above as the second term
in C,,. Then, Y{% can be written

YR =X X0 + X1 X1 + Z X ;X5

Jj=2
= —QohiQoulo + ATE — Z 041105l {17)
=2
and C,; becomes

Cyy=1+A4,1 — %(Qm[lgmlo - AR

n—1
+ 2 Qljllgjllj)-
i=2
Finally, substitution of Cy, and C,, in (16) results in
RE), = Qoilo — 2001 lo(Aolo — A4ly)

+1 Qo; 100l [I + Ayl -~ "(Q1011Q01[o

n—1 -1
— AW+ Y Q_ljllgjllj)] .

j=2

For a three-beam case, with Qo =0, and
0,, = 0, (sec §4), the equation above is reduced to

(12)3 = Qm %QOllO(AOIO - A1l1)
7Q02[0Q21[2[1 + A1[1 - '%(Q%li1lo
— A3 + 0L LT,

which is identical to (17) derived by Caticha-Ellis
{1969} for this particular case.

3.3. Intensity of the primary beany in a third-order
approximation when the primary beam is reflected and
all the secondary beams are transmitted '

To find the analytical solution R for this case, it
is. sufficient to add third-order terms to the solution

R found in the second case (§5.2). Thus, the
coefﬁcuent C,,; is now given by

Cor = YE) + Y21 + YEI/3Y,

where only Y4} has to be obtained. It is given By

3y 2
Y]i:.)l)_ XO]Y( d

*'“'XOOY[021)+X01Y(2)+ Z XOJY(Z)

i=2

In the above summation, Y{ and YY) in the
first two terms are already given by (14) and (17),
respectively. Since the primary beam is reflected in this
case, signs in {14) must be appropriately changed. The

remaining part of the summation is obtained as
follows: ,ﬁ

Z Xo Y = Z Xcu(z XJkYm)

m§x4gx4§mmﬂ]

5 (5 )

j=2 0

= Z XOJXJIXJ.I + Z XOJijXﬂ

J=2

+ Z Xoj Z XX

i=2

il

k#l;

= —A111 Z Qoﬂoéjllj

j=2
n—-1
+ 2, AiL0Q0;l0Q51l;
=2 :

r—1 _ n—1 _ _
- Z Qo_;lo T Q Qkilk .
=2 k=0
k#1,j
It is now possible to write —~Co,. For the sake
of conciseness, however, this coefficient will be written
later on directly as the numerator of RYY). But the
denominator C,, is obtained in a very similar manner
to Cyy:

Cu=1+ Y+ Y2+ Y(S)/-’

As in C,,, only the third-order term has to- be
obtained. It is given by

Y& =X oY@+ X, 78 Z Xy s

where, again, only the remaining part of the
summation has to be derivedi Following the steps
employed in the derivation of the remaining part of
Y& results in

n—1 n—1L
E leYﬁ)z —Ady Z Qlj'llellj

i=z

+ Z AJ J-_rlleQ_;l

Jj=
n—1 n=1l _
- Z Qljll z ijlekllk
j=2 k=0
k*1,f

Finally, the solution can be written

RY), =N./D,,
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where

. . . n—1 _ _
er = leo + '%l:QOl[O(AIll - Aolo) + Z QOJIOijlj
i=2

PP |

+ §| 451500110 — AoloA 11,001l
r—1
— Aoly Y, Qololil; — 031150101,
j=2
_ _ n-1 _ _
+ 43110010 — Corlo Z 04110
j=z

n—1 _ n—1 _ _
+dily 3 OoileQnli— 2 Aili@oilo0nl
j=2 i=2

n—1 _ n—1 _ _
+ Z Qo;lo Z ijlekllk
i=2 k=0
k#1,f
and

D=1+ 4+ %[—thgmlo
=1 _ _
+ A1 - ) QleIlelj]
j=2 ‘

+ % QOIZOQIOII(AOIO - ZAIII)

a=—1

A3 =244, Y 0,185
=2

n—1 n—1
'-“th Z QOjIOQj{lj+ Z Ajljgijllgjllf
j=2 j=2

—z o %, ijf,-éklt,) .
Ak#1L,]
A three-beam case where Qi = 0j; (see §4) results in
R(13)3 = N3/Ds,
where _ 7
N3 = Qoilo + 3[001lo(A11, — Aole) + Qo2100a1121
+ 44300110 — Aol A1 Oolo
- AOIOQ'(JZ[UQ_ZIIZ - Qaliéll + A%I%QOIIO
- QMOIIOQ%ZIIIZ + A111Q_0210Q2112

— 4313002100211 + 05210180, 10)]
and

Dy =1+ 4,1, +35[— 05,1l + A1} — 01,11]
+ 300500 (Aole — 24,1) + 435
— 244, 0701 — 20021601011 02412
+ 4;0,01:01]

The above formulas are identical* with, respectively,
formulas (21) and (21") derived by Caticha-Ellis (1961
for this particular case.

It should be noted that the solutions RY?), derived by
Moon & Shull (1964), R{?, and R derived herc n
the second and third cases, respectively, are analytical
formulas useful for the calculation of intensitics 1o
many-beam cases provided secondary extinction and
absorption can be neglected. When using such
formulas, or formulas (9) and (10) in a general caxc,
attention must be paid to the differences in ihe
reflectivities pointed out in §4.

6. MULTI — a program for the simulation of m.d.
patterns

With the intensity solutions derived in §3 and the
discussions in §4 taken into account, a compuler
program, MULTI, has been prepared to calculute
theoretical m.d. patterns. MULTT simulates point-lo
point m.d. patterns for primary and transmillcd
beams. If the primary-beam pattern is of the
Aufhellung type, either the calculated power or the
ratio between the power calculated taking into
account the existence of secondary beams and thal
calculated as if those beams were absent (Caticha
Ellis, 1969) is given as a function of the azimuthl
angle ¢. The ratio is written as I' = P /P, ;, where
m and s stand for multiple and single diffraction. For
Umweg patterns, I cannot be defined since P,  is zcro.
In this case, M ULTI directly gives P, ,, which is the
power variation in the primary beam due to the
arising secondary beams. For transmitted beams, (he
program calculates patterns in the two options above.
In this case, I' = P, ,/Po, where Py, is always
different from zero. The program calculates P, ,, and
P, , from (9) or (10), according to the type of beam 1.
Equation (10) is used for both P, ,, and P ..

For its application in the study of f-quarty,
MULTT was modified to simufate m.d. patterns that
can be obtained with 00. primary reflections from a

_cylindrical quartz crystal oriented with the ¢ axis of
the hexagonal cell parallel to the cylinder axis. A brict
description of the main features of this version of

MULTI is given below:

1. For a predetermined 00. primary reflection,
MULTI determines all possible secondary reflections
occurring in a given interval. This corresponds to the
indexing of the pattern. Primary reflection, angular
interval of ¢ and step A¢ must be specified by the user.

2. It determines the c¢haracteristics of the beams,
e.g. their signs s; and their mean path lengths ;. The
sign of a beam is determined by verifying if it emerges

* N,, in this work, and .47, in the original solution, differ by the
sign in the first third-order triple product, namely AZE20,, L. As is
verified in the derivation of N, the sign in this product is +.
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from the surface bathed by the incident beam
(reflected, s; = — 1) or not {transmitted, 5, = -+ 1). Its
mean path length is calculated in a subroutine written
for this purpose.

" 3. For each ¢ position, according to the angular
interval and step defined by the user, it calculates the
reflectivities ;; for all interactions occurring in that
position. A matrix of n(r — 1) reflectivities is then
obtained, n being the number of interacting beams.

4. As mentioned above, MULTT calculates the
power of the beam, primary or incident, by using (9)
or (10). When necessary, the system (11) formed to find
the values of R;# 0 is solved by the MAOLB
subroutine of the Harwell Subroutine Library (1987),
adjoined to MULTIL The maximum order for the
expansion is specified by the user.

5. MULTT gives as output much useful informa-
tion including, at each ¢ value, the indices of all
reflections involved, the exact value of ¢ for the
maximum of a secondary reflection occurring within
the step Ag and the power, or the ratio I', for the
selected beam. It also plots a graph of the calculated
pattern.

I f\\f
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Fig. 3. Comparison between part of the experimental transmitted-
beam m.d. pattern of f-quartz and the corresponding simulated
pattern calculated by MULTT according to a disordered model
of the structure.

The application of MULTI in the simulation of a
m.d. pattern is exemplified in Fig. 3, It shows part of
the experimental transmitted beam pattern, obtained
concomitantly with the measurement of the 00.1
primary reflection in the study of f-quartz, compared
to the corresponding simulated pattern. The experi-
mental pattern was obtained by measuring the
incident beam after its passage through the quartz
crystal in the § phase. The simulated pattern was
calculated by assuming a disordered model of
structure. The ratio I' was calculated instead of the
power P,. Although on different scales, an -estimate
of the agreement is possible since the greatest peak
was made approximately the same height in the two
patterns.

A version of MULTT for the simulation of X-ray
m.d. patterns, MULTX, has recently been prepared.
An application of this X-ray version to the study of
epitaxic layers has been carried out by Salles da Costa,
Cardoso, Mazzocchi & Parente (1990).

7. Concluding remarks

The approximate intensity solutions derived in this
work aliow the calculation of m.d. intensities in
many-beam cases, particularly when absorption and
secondary extinction are important factors affecting
intensities. The correctness of the solutions was
verified by applying them in some particular cases,
recasting analytical formulas derived in the literature.
A computer program, MULTI, using these solutions
has been written aiming to simulate primary- and
transmitted-beam m.d. patterns. In the example of the
application of MULTT shown in the preceding section,
good agreement between calculated and experimental
patterns is verified in spite of the high density of
secondary reflections and large secondary extinction
affecting the experimental pattern.

The authors are indebted to Mrs M. A. H. Trezza
for the support given during the implementation of
the program MULTT on the IBM-4381 computer.
They are also indebted to Professor Dr K. Hilmmer
for a critical reading of the manuscript. One of the
authors (VLM) acknowledges the Fundacio de
Amparo 4 Pesquisa do Estado de Sdo Paulo
(FAPESP) for a fellowship.
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