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ABSTRACT 

 

This paper presents a model for the solution of hydraulic transients with two-phase flow and fluid-

structure interaction. Mathematical and numerical solutions are proposed and analyzed for the proper 

capture of the physical phenomena associated with the fluid compressibility and fluid celerity, which 

are variable in two-phase fluids, together with the disturbances generated by the fluid-structure inter-

action. The proposed solution for the model considers the simultaneous action of these phenomena. 

The developed numerical model is based on the solution of the mathematical model formed by a 

system of four partial differential equations, in which the necessary adaptations are integrated in fluid-

structural equations and in the non-linear mathematical coefficients for the solution of the compress-

ible and two-phase flow in question. Classical formulation is selected for the implementation of fric-

tion between fluid and pipe in the model. For the solution it is applied the method of characteristics 

and finite difference, with subsequent numerical integration. The validation of the results is carried 

out based on comparisons with experimental and analytical data.  

 

Keywords: Hydraulic Transients, Fluid-Structure Interaction, Method of Characteristics, Two-Phase 

Gas-Liquid Flow, Numerical Model.  
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SYMBOL LIST 

 

 
 

Symbols [unities when applicable] 

A – previous point, pipe transversal area; 𝑓 – Darcy-Weisbach friction coefficient; 
t – time; 

V – average fluid speed [m/s]; 

P – average pressure [Pa]; 

L – pipe length [m]; 

c  – celerity; 

Δ – variation of a given entity; 

ρ – density [kg/m3]; 

g – gravity acceleration [m/s2]; 

Kut – time adjustment coefficient; 

Kux – length adjustment coefficient; 

R – pipe internal radius; 

D – pipe internal diameter [m]; 
e – pipe thickness [m]; 

E – pipe Young modulus (elasticity modulus); 

𝜈 – Poisson coefficient; 𝑝 – absolute pressure; 𝐾 – bulk modulus; 𝛾 – pipe angle; 𝜏0 – friction term; 

i,cur – counters; 

j – time counter; 𝛼 – void fraction; 𝐾𝑣 – valve pressure loss coefficient; 𝐶𝑑 – outlet valve coefficient; 

m – 𝐶𝑑 adjustment coefficient; 

val – valve; 𝑢,𝑈 – pipe displacement; 𝜎 – axial stress; 

N – number of pipe sub-elements; 

λ – wave length. 

Coordinates and derivatives 

z – axial coordinate; 
t – time coordinate; 𝑑𝑑𝑡 – time total derivative; 

𝜕𝜕𝑡 – partial derivative in relation to t coordinate; 𝜕𝜕𝑧 – partial derivative in relation to z coordinate. 

 

Subscripts 

1,2,3,4 – characteristics curves; 
o – reference to beginning; 

F,f – fluid; 

t – pipe; 

g – gaseous phase; 

l – liquid phase 

out – external 

max – maximum; 

min – minimum; 

rel – relative; 

c – valve closure; 
d,D – at right; 

e – at left; (𝑖, 𝑗) – position and time indicators in computational mesh; 

cur, i – counter; 

cond – condition; 

points – number of points; 

z – axial direction. 

Superior and general points, marks and lines ̃  – adjusted value; ̇  – first derivative in time; 

̅  – average value at transversal section; | – taken at. 

 

 

Acronyms 

IAB – Instantaneous Acceleration Based; 

FSI – Fluid-Structure Interaction; 

MOC – Method of Characteristics. 
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1. INTRODUCTION 

 

Fluid transport systems such as pipelines are subject to loading whenever changes in fluid mo-

mentum or in pipeline structure occur, either due to planned action such as starting and stopping 

pumps and closing valves, or accidental such as, for example, rupture in pipes, sudden interruption 

of the flow, earthquakes, etc. These loads can generate extremely harmful hydraulic transients, and 

may be responsible for several major accidents such as the accident occurred in the hydroelectric 

facility [1], and as demonstrated in the research pointed out by the study of the Electric Power Re-

search Institute [2], in which 283 hydraulic transients in nuclear plants in the United States between 

the years 1969 and 1988 were verified. Therefore, when the safety of the system in question is very 

critical, as in hydroelectric, thermonuclear, conventional thermoelectric, large transport of oil or big 

water supply networks, the hydraulic transients and their effects need to be very well known. 

Besides, for the study of hydraulic transients to be more comprehensive and complete, in many 

cases it is necessary to take into account important interactions that occur between the fluid and the 

piping structure during the transient. These interactions are commonly referred to as fluid-structure 

interaction (FSI), and they occur in all fluid transport pipelines. Furthermore, with regard more spe-

cifically to the type of flow, there are many practical cases of flow that occur in the presence of two-

phase fluids. Some examples of this type of flow can occur in systems, such as when the vapor phase 

appears in a situation of pressure drop during an accident with pipe rupture, when there is release of 

non-condensable gases or even during a steam generation process. Thus, together with FSI, the study 

of the behavior of two-phase fluids during a hydraulic transient is also important. 

The main objective of this paper is to present a one-dimensional numerical model capable of 

evaluating pressure and flow oscillations in a system where two-phase gas-liquid flow occurs with 

low void fraction and uniformly distributed bubbles, considering FSI, making it possible to obtain the 

variables of interest for the type of system shown in Fig. 1, for homogeneous two-phase flows. 
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Fig. 1  System drawing 

 

Source: Author. 

 

2. MATHEMATICAL METHOD 

 

The mathematical modeling was developed considering the models proposed by [3–6]. It is valid 

for straight, slender, circular section pipes with an axial degree of freedom. The pipes are surrounded 

by a non-viscous fluid of constant pressure, so that they are not restricted in their movement. The 

pipe wall material is homogeneous, isotropic, linearly elastic and subject to small deformations. Re-

sistance to inertial radial motion, bending stiffness, and shear strain are ignored. Structural and fluid 

damping mechanisms are neglected, except for friction between the fluid and the pipe wall. The model 

is one-dimensional, with a spatial coordinate along the central axis of the pipe. This approach is valid 

for long wavelengths or low frequencies (long wavelength approximation, λ >> D). Thin-walled pipes 

(D/e ratio > 25) are considered. 

For the two-phase fluid, a homogeneous mixture with low void fractions and dispersed bubbles 

is considered according to the flow classification defined by [7]; and according to the proposed model 

and experiment presented by [6]. For fluid density and compressibility, a definition of homogeneous 

mixture applicable to two-phase fluids with low void fraction and negligible slip between phases is 

considered. In this way, the contained fluid is considered as Newtonian with homogeneous, isotropic 

and linearly elastic properties. Isothermal conditions prevail, considering the liquid phase as a great 

heat sink. The pressure inside the bubble is independent of surface tension and vapor pressure. 

Reservoir
Outlet valve

Pipe properties: 

Fluid properties: 
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As assumed for flows of single-phase liquids with very low Mach numbers (relationship between 

flow velocity and wave propagation velocity in the flow), the convective acceleration terms are also 

neglected [3, 4]. Although the propagation velocity in the medium can be considerably lower for a 

gas-liquid mixture than for the single-phase liquid itself, causing the fluid velocity to be reduced 

substantially to attenuated values [8, 9], the proposed model will focus on cases with the Mach num-

ber still quite low, due to the relatively small flow velocities (in the simulated case presented further, 

Vo represents 2.6% of the smaller fluid celerity occurred during the transient), according to the fluid 

equations presented in [6]. Therefore, the fluid (V) and pipe (𝑢̇𝑧) velocities are considered much 

smaller than the wave velocities in the two-phase fluid (cF) and in the pipe (ct). 

As demonstrated by [3], the four equations that describe the behavior of the fluid and the structure 

during the transient are presented below: 

 

Fluid: 𝜕𝑉𝜕𝑡 + 1𝜌𝑓 𝜕𝑃𝜕𝑧 = − 2𝜌𝑓𝑅 𝜏0 + 𝑔 sin 𝛾 (1) 𝜕𝑉𝜕𝑧 + 1𝜌𝑓𝑐𝐹2 𝜕𝑃𝜕𝑡 = 2𝜈 𝜕𝑢̇𝑧𝜕𝑧  (2) 

 

Pipe: 𝜕𝑢̇𝑧𝜕𝑡 − 1𝜌𝑡 𝜕𝜎𝑧𝜕𝑧 = 𝜌𝑓𝐴𝑓𝜌𝑡𝐴𝑡 2𝜌𝑓𝑅 𝜏0 + 𝑔 sin 𝛾 (3) 𝜕𝑢̇𝑧𝜕𝑧 − 1𝜌𝑡𝑐𝑡2 𝜕𝜎𝑧𝜕𝑡 = −𝜈𝑅𝐸𝑒 𝜕𝑃𝜕𝑡  (4) 

 

Where classical celerities are defined as: 

 𝑐𝐹2 = [𝜌𝑓 (1𝐾 + (1 − 𝜈2) 2𝑅𝐸𝑒 )]−1 (5) 

𝑐𝑡2 = 𝐸𝜌𝑡 (6) 

 



  6 

The equations (5) and (6) correspond to the celerities, respectively associated to the propagation 

speeds of the pressure waves in the fluid and of the stress waves in the pipe. 

 

2.1. Properties of the two-phase fluid 

It is considered that a gas-liquid mixture has variable bulk modulus K and density ρf. Based on 

[5], equations (7) and (8) that describe ρf  and K variables are presented, together with equation (9) 

for variable α (considering that bubbles behave isothermally during the transient). 

 𝜌𝑓 = 𝜌𝑙(1 − 𝛼) + 𝛼𝜌𝑔  (7) 

𝐾 = 1𝛼𝑝 + 1𝐾𝑙 (8) 

𝛼 𝑝 = 𝛼0 𝑝0 (9) 

 

2.2. Steady friction 

Considering the static friction model, the shear stress term 𝜏𝑜 is assumed to be the same as that of 

a stable flow. In terms of the Darcy-Weisbach friction factor, the friction 𝜏𝑜 indicated in the balance 

equations (1) and (3) is composed of the static friction 𝜏𝑠, defined as: 

 𝜏0 = 𝜏𝑠 = 𝜌𝑓𝑓 𝑉𝑟𝑒𝑙 |𝑉𝑟𝑒𝑙|8  (10) 

 

Where Vrel is the one-dimensional relative velocity 𝑉 − 𝑢̇𝑧̅̅ ̅ between the liquid and the pipe wall 

and f is the Moody friction factor, considered as constant. 

 

2.3. Method of Characteristics (MOC) 

The characteristic equations are presented below, according to the method proposed by [3], as-

suming the hypotheses previously described: 
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(𝑑𝑉𝑑𝑡 )1 + 1𝑐𝐹|1 [  
 1𝜌𝑓|1 (𝑐̃𝐹|1𝑐𝐹|1)+ 2𝜈2 𝑅𝑒 1𝜌𝑡

(𝑐𝐹|1 𝑐̃𝐹|1)𝑐𝑡21− (𝑐̃𝐹|1𝑐𝑡 )2  ]  
 (𝑑𝑃𝑑𝑡 )1 + 2𝜈 (𝑐̃𝐹|1𝑐𝑡 )21 − (𝑐̃𝐹|1𝑐𝑡 )2 (

𝑑𝑢̇𝑧𝑑𝑡 )1
− 2𝜈𝜌𝑡 𝑐̃𝐹|1 (𝑐̃𝐹|1𝑐𝑡 )21 − (𝑐̃𝐹|1𝑐𝑡 )2 (

𝑑𝜎𝑧𝑑𝑡 )1
= − 2𝜌𝑓|1𝑅 𝜏0 + 𝑔 sin𝛾 + 2𝜈 (𝑐̃𝐹|1𝑐𝑡 )2  1 − (𝑐̃𝐹|1𝑐𝑡 )2 (

𝜌𝑓|1𝐴𝑓𝜌𝑡𝐴𝑡  2𝜌𝑓|1𝑅 𝜏0 + 𝑔 sin 𝛾) 

(11) 

on the line: d𝑧d𝑡 = 𝑐̃𝐹|1   (12) 

 

(𝑑𝑉𝑑𝑡 )2 − 1𝑐𝐹|2 [  
 1𝜌𝑓|2 (𝑐̃𝐹|2𝑐𝐹|2) + 2𝜈2 𝑅𝑒 1𝜌𝑡

(𝑐𝐹|2 𝑐̃𝐹|2)𝑐𝑡21− (𝑐̃𝐹|2𝑐𝑡 )2 ]  
 (𝑑𝑃𝑑𝑡 )2 + 2𝜈 (𝑐̃𝐹|2𝑐𝑡 )2  1 − (𝑐̃𝐹|2𝑐𝑡 )2 (

𝑑𝑢̇𝑧𝑑𝑡 )2
+ 2𝜈𝜌𝑡 𝑐̃𝐹|2 (𝑐̃𝐹|2𝑐𝑡 )21 − (𝑐̃𝐹|2𝑐𝑡 )2 (

𝑑𝜎𝑧𝑑𝑡 )2
= − 2𝜌𝑓|2𝑅 𝜏0 + 𝑔 sin𝛾 + 2𝜈 (𝑐̃𝐹|2𝑐𝑡 )2  1 − (𝑐̃𝐹|2𝑐𝑡 )2 (

𝜌𝑓|2𝐴𝑓𝜌𝑡𝐴𝑡  2𝜌𝑓|2𝑅 𝜏0 + 𝑔 sin 𝛾) 

(13) 

on the line: d𝑧d𝑡 = −𝑐̃𝐹|2  (14) 
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−𝜈 𝑅𝑒 𝜌𝑓|3𝜌𝑡   (𝑐𝐹|3𝑐𝑡 )2  1 − (𝑐𝐹|3𝑐̃𝑡|3)2 (
𝑑𝑉𝑑𝑡 )3− 𝜈 𝑅𝑒 1𝜌𝑡 1𝑐𝑡 𝑐̃𝑡|3𝑐𝑡 (𝑐𝐹|3𝑐̃𝑡|3)2  1 − (𝑐𝐹|3𝑐̃𝑡|3)2 (

𝑑𝑃𝑑𝑡 )3 + [  
 1 + 2𝜈2 𝑅𝑒 𝜌𝑓|3𝜌𝑡 (𝑐𝐹|3𝑐𝑡 )21 − (𝑐𝐹|3𝑐̃𝑡|3)2 ]  

 (𝑑𝑢̇𝑧𝑑𝑡 )3
− 1𝜌𝑡𝑐𝑡 𝑐̃𝑡|3𝑐𝑡 (𝑑𝜎𝑧𝑑𝑡 )3
= [  
 1 + 2𝜈2 𝑅𝑒 𝜌𝑓|3𝜌𝑡 (𝑐𝐹|3𝑐𝑡 )2  1 − (𝑐𝐹|3𝑐̃𝑡|3)2 ]  

 (𝜌𝑓|3𝐴𝑓𝜌𝑡𝐴𝑡  2𝜌𝑓|3𝑅 𝜏0 + 𝑔 sin 𝛾)
+ 𝜈 𝑅𝑒 𝜌𝑓|3𝜌𝑡 (𝑐𝐹|3𝑐𝑡 )2  1 − (𝑐𝐹|3𝑐̃𝑡|3)2 (

2𝜌𝑓|3𝑅 𝜏0 + 𝑔 sin 𝛾) 

(15) 

on the line: d𝑧d𝑡 = 𝑐̃𝑡|3  (16) 

 

−𝜈 𝑅𝑒 𝜌𝑓|4𝜌𝑡   (𝑐𝐹|4𝑐𝑡 )2  1 − (𝑐𝐹|4𝑐̃𝑡|4)2 (
𝑑𝑉𝑑𝑡 )4+ 𝜈 𝑅𝑒 1𝜌𝑡 1𝑐𝑡 𝑐̃𝑡|4𝑐𝑡 (𝑐𝐹|4𝑐̃𝑡|4)2  1 − (𝑐𝐹|3𝑐̃𝑡|3)2 (

𝑑𝑃𝑑𝑡 )4 + [  
 1 + 2𝜈2 𝑅𝑒 𝜌𝑓|4𝜌𝑡 (𝑐𝐹|4𝑐𝑡 )21 − (𝑐𝐹|4𝑐̃𝑡|4)2 ]  

 (𝑑𝑢̇𝑧𝑑𝑡 )4
+ 1𝜌𝑡𝑐𝑡 𝑐̃𝑡|4𝑐𝑡 (𝑑𝜎𝑧𝑑𝑡 )4
= [  
 1 + 2𝜈2 𝑅𝑒 𝜌𝑓|4𝜌𝑡 (𝑐𝐹|4𝑐𝑡 )2  1 − (𝑐𝐹|4𝑐̃𝑡|4)2 ]  

 (𝜌𝑓|4𝐴𝑓𝜌𝑡𝐴𝑡  2𝜌𝑓|4𝑅 𝜏0 + 𝑔 sin 𝛾)
+ 𝜈 𝑅𝑒 𝜌𝑓|4𝜌𝑡 (𝑐𝐹|4𝑐𝑡 )2  1 − (𝑐𝐹|4𝑐̃𝑡|4)2 (

2𝜌𝑓|4𝑅 𝜏0 + 𝑔 sin 𝛾) 

(17) 

on the line: d𝑧d𝑡 = −𝑐̃𝑡|4 (18) 

 

The entities that define the characteristic curves, called modified celerities in the fluid and in the 

pipe, are also obtained by applying the (MOC) method: 

 

𝑐̃𝐹 = 1√2{  
  {𝑐𝐹2 + 𝑐𝑡2 − [−4 𝑐𝐹2 𝑐𝑡2 + (𝑐𝐹2 + 𝑐𝑡2 + 2𝑐𝐹2𝑅𝜈2𝜌𝑓𝑒𝜌𝑡 )2]12 + 2𝑐𝐹2𝑅𝜈2𝜌𝑓𝑒𝜌𝑡 }12}  

  
 (19) 
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𝑐̃𝑡 = 1√2{  
  {𝑐𝐹2 + 𝑐𝑡2 + [−4 𝑐𝐹2 𝑐𝑡2 + (𝑐𝐹2 + 𝑐𝑡2 + 2𝑐𝐹2𝑅𝜈2𝜌𝑓𝑒𝜌𝑡 )2]12 + 2𝑐𝐹2𝑅𝜈2𝜌𝑓𝑒𝜌𝑡 }12}  

  
 (20) 

 

It is important to emphasize that, based on the assumptions made, this MOC transformation is 

carried out considering the coefficients as constant, and the celerities were approximated with equal 

modules, and also constants, both for the fluid and for the pipe, establishing straight characteristic 

lines. However, for a two-phase fluid, it is known that the magnitude of the celerities varies according 

to the flow conditions, and the characteristic lines start to represent curved paths (variables) in the 

space-time domain. For the numerical solution, to incorporate the variable behavior of the properties, 

the coefficients of each compatibility equation will be treated as variables, being updated according 

to the flow condition, and the characteristic lines updated based on average values of the related 

properties, for each calculation step. That is why the compatibility equations and characteristic lines 

presented in equations (11) to (18), are adopting indices ( with i varying from 1 to 4) for the differ-

entials of interest ( (𝑑𝑉𝑑𝑡)𝑖 ; (𝑑𝑃𝑑𝑡)𝑖 ; (𝑑𝑢̇𝑧𝑑𝑡 )𝑖 ; (𝑑𝜎𝑧𝑑𝑡 )𝑖 ) and for the variable average properties (𝜌𝑓|𝑖 ; 𝑐𝐹|𝑖 
; 𝑐𝐹̃|𝑖 ; 𝑐𝑡̃|𝑖), according to each compatibility equation and characteristic line. The definition for how 

to obtain the average values of the properties, to be updated in each calculation step, is detailed in the 

numerical model explanation. 

 

3. NUMERICAL MODEL 

 

Initially, a numerical mesh is established for the solution through integration over the character-

istic curves defined in the space-time domain, as shown in Fig. 2, with the number of time steps 

defined as input and the number of distance steps defined according to the condition of Courant (𝛥𝑧 =𝑐𝐹̃ 𝛥𝑡). A given point (i , j) is also shown, where i indicates the position of the point in the direction 

of the pipe dimension (z), and j the position in the time dimension (t). Considering that same point, 

the characteristic curves (1 and 2) for the fluid and (3 and 4) for the pipe are defined, these curves 

being used so that the known values in the points of the previous step (𝐴1, 𝐴2, 𝐴3, 𝐴4) can be obtained 

through linear interpellations. The valve is at 𝑖 = 𝑖𝑚𝑎𝑥 and the reservoir at 𝑖 = 0. 
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For the solution of compatibility equations (11) to (18) in the defined space-time domain, the 

equations are numerically integrated. In this way, a system of equations is produced that is solved to 

obtain the values of interest at the point (𝑖, 𝑗): (𝑉,𝑃, 𝑢̇𝑧 , 𝜎𝑧)(𝑖,𝑗) . After solving this system, the void 

fraction 𝛼(𝑖,𝑗) is calculated at the point, according to the isothermal expansion equation, as previously 

defined in equation (9): 

 𝛼(𝑖,𝑗) = 𝛼0 𝑝0𝑝(𝑖,𝑗)   (21) 

 

It is important to highlight that the coefficients on the left side of the equations vary according to 𝜌𝑓(𝛼) and 𝑐𝐹(𝑃, 𝛼), and the parcels on the right side vary according to 𝜌𝑓(𝛼), 𝑐𝐹(𝑃, 𝛼), 𝑉 and 𝑢̇𝑧. 
For this reason, the referred coefficients and parcels are recalculated at each time step, taking the 

values of the variables of interest known in the previous step, so that they are then considered constant 

during the time integration of the current step. However, in order to obtain the values in the previous 

step, they must be captured according to each of the four characteristic curves, with directions that 

need to be defined based on: 𝑐𝐹̃|1, −𝑐𝐹̃|2, 𝑐𝑡̃|3, −𝑐𝑡̃|4. For these directions to be obtained, they are 

calculated based on estimated celerities taking an average within intervals selected in the previous 

step, intervals which are defined in different ways, depending on whether the curve comes from the 

celerity in the fluid or from the celerity in the pipe. For the curves arising from the celerity in the fluid 

(curves 1 and 2), the calculations of  𝜌𝑓(𝛼) and 𝑐𝐹(𝑃, 𝛼), so that the calculation of  𝑐𝐹̃|1 and 𝑐𝐹̃|2 

(with the characteristic directions associated), are carried out as shown in Fig. 2. In this same figure, 

the procedure for the curves arising from the velocity in the pipe can also be observed (curves 3 and 

4). It is then possible to solve the system. 

It is noteworthy that the distance Δz between the points in the z direction is defined according to 

the Courant condition 𝛥𝑧 = 𝑐𝐹̃  𝛥𝑡, considering only the celerity in the pure liquid, which is greater 

than in the two-phase fluid. Thus, the number of elements N in the pipe is calculated based on the 

chosen Δt, and the Δt is chosen so that at least 16 elements are obtained, a number considered reason-

ably capable of producing good results, based on the results presented by [3]. When considering a 

two-phase fluid, as the celerity is lower in this type of fluid, it is known that in the characteristic 

curves of the fluid (curves 1 and 2) the points 𝐴1 and 𝐴2 will always fall between the previous nodes: 
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(i-1, j -1) and (i, j-1), (i+1, j-1) and (i, j-1), respectively. By the other hand, as for the pipe curves 

(curves 3 and 4), the celerities are significantly higher, the points 𝐴3 and 𝐴4 shall fall away from the 

immediately previous region, but the average celerity shall be between the celerity of the pipe com-

pletely filled with liquid (𝑐𝑡̃) and the pipe without liquid (𝑐𝑡), and those are used to limit the region 

where the calculations are performed for the curves 3 and 4, as also presented in Fig. 2. 

 

Fig. 2  Mesh, calculation of the celerities and definition of the characteristic curves of fluid and pipe 

for a given point (i,j) 

 

Source: Author. 
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It is observed in the Fig. 2 that the characteristic curves intersect the previous step in intermediate 

spaces, between the points where the values are actually known. To obtain the values at the exact 

crossing point, a linear interpolation is performed in time (when there is intersection of the character-

istic curves with the extremities), and in space (when there is intersection of the curves with interme-

diate spaces of the previous step). 

In addition, the friction term 𝜏0 is calculated as follows (with “cur” ranging from 1 to 4, depending 

on the characteristic curve): 

 

𝜏0 = 𝜌𝑓  𝑓 𝑉𝑟𝑒𝑙|𝑉𝑟𝑒𝑙|8 ≈ 𝜌𝑓𝑐𝑢𝑟 𝑓 𝑉𝑟𝑒𝑙𝐴𝑐𝑢𝑟 |𝑉𝑟𝑒𝑙𝐴𝑐𝑢𝑟|8  (22) 

 

Thus, the solution is carried out for all intermediate nodes, following the described method, with 

further first-order finite difference integration.  

 

3.1. Initial conditions 

The initial conditions refer to the steady state before the hydraulic transient. The pipe is assumed 

to be in a steady state with constant flow. When defining the initial conditions, the values of the 

variables of interest along the pipe are established for the time 𝑡 = 0, that is, 𝑃(𝑧, 0), 𝑉(𝑧, 0), 𝜎𝑧(𝑧, 0) 
and 𝑢̇𝑧(𝑧, 0). The initial values are: 

 𝑃(𝑧, 0) = 𝑃𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟 − (𝑓 𝑉𝑟𝑒𝑙|𝑉𝑟𝑒𝑙|4𝑔𝑅 + 𝑠𝑖𝑛 𝛾)𝜌𝑙  𝑔 𝑧 (23) 

𝑉(𝑧, 0) = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 (24) 

𝜎𝑧(𝑧, 0) = 𝜎𝑧𝑣𝑎𝑙𝑣𝑒 +(𝜌𝑙  𝑓 𝑉𝑟𝑒𝑙|𝑉𝑟𝑒𝑙| 8 𝑒 (1 + 𝑒2𝑅) + 𝜌𝑡  𝑔 𝑠𝑖𝑛 𝛾 ) (𝐿 − 𝑧) (25) 

𝑢𝑧̇(𝑧, 0) = 0 (26) 
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To define the initial conditions, as there are no pressure peaks and the void fraction is assumed to 

be very small, the density of the fluid is approximated by that of the liquid 𝜌𝑓 ≈ 𝜌𝑙  and the variables 

are calculated at all initial points (t = 0). After this step, the calculated pressure at each point is used 

to calculate the void fraction 𝛼(𝑧, 0) at all initial points: 

 𝛼(𝑧, 0) = 𝛼0𝑝0𝑝(𝑧, 0) (27) 

 

3.2. Boundary conditions 

At the points located at the ends (reservoir and valve), only two characteristic curves are available. 

In this way, only two equations are available for the variables of interest to be obtained. Thus, the 

boundary conditions to be considered for these points are presented, so that all the variables of interest 

can be obtained at the extremities. 

The reservoir is considered infinite, with constant pressure during the transient. This condition 

means that at the entrance of the pipe the pressure is equal to that of the reservoir, whatever the time. 

Furthermore, it is considered that the piping is rigidly fixed to the reservoir and both do not move. 

 𝑃(0, 𝑡) = 𝑃𝑟𝑒𝑠𝑒𝑟𝑣𝑜𝑖𝑟  (28) 𝑢̇𝑧(0, 𝑡) = 0 (29) 

 

The outlet valve is modeled as being rigidly fixed, with axial movement restriction, or being able 

to move axially. Furthermore, the closing time of the valve can be instantaneous or it can vary de-

pending on the condition to be simulated. The following relations are considered to satisfy these 

possibilities at the outlet valve: 
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Table 1  Boundary conditions ate the outlet valve 

Instantaneous closure and 

fixed valve 

Instantaneous closure and free 

valve 

Closure with variable time 

𝑉(𝐿, 𝑡) = 0 (30) 

 𝑢̇𝑧(𝐿, 𝑡) = 0 (31) 
 

𝑉(𝐿, 𝑡) = 𝑢̇𝑧(𝐿, 𝑡) (32) 

 𝐴𝑓𝛥𝑃 = 𝐴𝑡 𝛥𝜎𝑧 (33) 
 

The equations (30) and (32) are replaced 
by: 

 𝛥𝑃 = 𝑃𝑜𝑢𝑡𝑙𝑒𝑡 +𝐾𝑣 𝜌𝑓 𝑉𝑟𝑒𝑙|𝑉𝑟𝑒𝑙|2  

 

Where: 𝐾𝑣 = 1𝐶𝑑2 − 1 

Source: Author. 

 

Where 𝐶𝑑 is the valve discharge coefficient, defined by the equation (34). 

 𝐶𝑑 = [1 − ( 𝑡𝑡𝑐)𝑚] (34) 

 

4. RESULTS AND DISCUSSION 

 

Initially, a direct comparison was made with the model produced by [4] and with the exact solu-

tion of [10] for single-phase fluids. For that, the numerical model developed was used, considering 

the void fraction equal to zero, with input data according to Table 2 and producing results as shown 

in Fig. 3. 

 

Table 2  Simulation data for comparison with single-phase fluid 

Data Value Description 

L 20.0 pipe length [m] 

tmax 0.1 maximum time [s] 

tpoints 300 number of simulation points in time 

PD 0.0 initial pressure at the valve [m] 

σZD 0.0 initial axial stress at the valve [Pa] 

V0 1.0 initial fluid speed [m/s] 

U0 0.0 initial pipe wall speed [m/s] 

ρl 1000.0 density of the liquid phase [kg/m3] 

ρt 7900 density of the pipe [kg/m3] 

ν 0.3 pipe Poisson coefficient 

E 210*109 pipe elasticity modulus [Pa] 
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Data Value Description 

Kl 2.1*109 liquid phase bulk modulus [Pa] 

f 0.02 friction factor 

R 0.399 pipe internal radius [m] 

e 0.008 pipe wall thickness [m] 

g 9.81 gravity acceleration [m/s2] 

valcond free valve condition 

α0 0.0 initial void fraction 

Pout 2026500 ambient pressure [Pa] 

γ 0 pipe angle 

N 58 number of pipe sub-elements (according to Courant condition) 

Source: Author. 

 

Fig. 3  Comparative single-phase result (valve instant closure) – Pressure x Time 

 
Source: Author. 

 

Analyzing the results presented in Fig. 3, where it was considered instantaneous closure of the 

outlet valve, with the end free to move, it is possible to verify that the model manages to generate 

results even closer to the exact solution produced by [10], in comparison with the numeric results 

produced by [4]. 
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From this point on, the behavior of the model is verified when a homogeneous two-phase fluid is 

incrementally introduced. The same input data used for the validation of the single-phase fluid (Fig. 

3) was considered, but with the addition of small increments of the initial void fraction (αo = 0.001 e 

αo = 0.005) so that it is possible to verify if the modification of the results occurs according to what 

is expected. In Fig. 4, the behavior of the curve can be seen as the void fraction increases. 

 

Fig. 4  Simulations results with increasing void fraction – Pressure x Time 

 
Source: Author. 

 

Analyzing the result, it can be seen that the amplitude of the peaks is reduced with the increase in 

the void fraction and that the frequencies of the pulses also tend to be reduced, confirming the ex-

pected physical behavior, due to the reduction of the celerity in the fluid when compared with the 

single-phase fluid formed only by the liquid phase. This result ensures that the model continues to be 

able to capture the behavior of the fluid, as demonstrated for the single-phase fluid, even with the 

introduction of the two-phase fluid. 
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Additionally, in order to ensure the capability of the model to produce good results, the experi-

ment carried out at the Georgia Institute of Technology [6] was considered, in which the behavior of 

a homogeneous two-phase fluid was analyzed when subjected to quick closure of the outlet valve. 

The input data considered for the developed model is presented in Table 3. 

 

Table 3  Simulation data for comparison with experimental results 

Data Value Description 

L 30.6 pipe length [m] 

tmax 2.0 maximum time [s] 

tpoints 800 number of simulation points in time 

PD 12.5 initial pressure at the valve [m] 

σZD 0 initial axial stress at the valve [Pa] 

V0 2.94 initial fluid speed [m/s] 

U0 0 initial pipe wall speed [m/s] 

ρl 1000 density of the liquid phase [kg/m3] 

ρg 1 density mass of the gaseous phase [kg/m3] 

ρt 7900 density mass of the pipe [kg/m3] 

ν 0.3 pipe Poisson coefficient 

E 2.46*109 pipe elasticity modulus [Pa] 

Kl 2.1*109 liquid bulk modulus [Pa] 

f 0.0195 friction factor 

R 0.0127 pipe internal radius [m] 

e 0.00635 pipe wall thickness [m] 

g 9.81 gravity acceleration [m/s2] 

valcond Fixed valve condition 

α0 0.0053 initial void fraction 

Pout 0.00001 ambient pressure [Pa] 

γ 0 pipe angle 

N 23 number of pipe sub-elements (according to Courant condition) 

Source: Author. 

 

The comparative chart can be seen in Fig. 5 (which refers to measurement “position 2” in the 

indicated experiment, meaning 9.5 m away from the outlet valve, on the z axis) and the main simula-

tion results are presented in Table 4. It is noteworthy that the thickness of the pipe used in the simu-

lation goes a little beyond the condition of a thin-walled pipe, but it was still adopted so that it is 

identical to the acrylic pipe used in the experiment (according to data kindly shared by the Georgia 

Institute of Technology) and, even carrying a possible deviation linked to this approximation, it can 

be seen in Fig. 5 that the results produced are quite consistent with experiment and simulation per-

formed and presented by [6].  
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Fig. 5  Chart with comparison between simulation and experimental results – Pressure x Time 

 
Source: Author. 

 

 

Table 4  Two-phase model main results – Pressure x Time 

 Item Parameter Result 

Peak 1 
Pmax [m] 74.07 

t [s] 0.40 

Peak 2 
Pmax [m] 45.21 

t [s] 0.85 

Peak 3 
Pmax [m] 38.69 

t [s] 1.29 

Peak 4 
Pmax [m] 31.27 

t [s] 1.71 

Average frequency [Hz] 2.29 

Source: Author. 
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In addition, as shown in Fig. 6, it can be verified that the results of the model developed actually 

encompass the FSI, leading this model to produce more comprehensive and complete results. Fur-

thermore, it can be assessed for instance that the first pressure peak of the developed model was more 

adherent to the experimental results (as shown in Fig. 5) probably due to the consideration of the FSI 

because, as it can be seen in  Fig. 6, when the first pressure peak occurs, there is a local small reduction 

in the pipe axial stress, relaxation that normally leads to pressure reduction, and that might be the 

physical behavior responsible for the better fitting of the pressure peak to the experiment. 

 

Fig. 6  Chart with complete two-phase model simulation results at the experimental region 

 
Source: Author. 

 

5. CONCLUSION 

 

A unidimensional model was developed and presented to capture the hydraulic transients in ho-

mogeneous two-phase flows with low void fraction, considering the fluid-structure interaction. The 

solution by the method of characteristics was adopted and a methodology was presented for the 
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mathematical and numerical treatment of variable celerity and density for this kind of fluid. The 

model, in general, was quite adherent to the experimental and analytical results, mainly in relation to 

the first pressure peak, which is one of the main focuses of the transient analyses. For future works 

and studies, it is suggested that more degrees of freedom are included in the analysis [3] and that 

other methods of solving the equations can be verified, different from the method of characteristics, 

such as those of finite differences including the convective terms proposed by [11]. 
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