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Abstract

The differential perturbative method was applied to the sensitivity analysis for waterhammer problems in hydraulic
networks. Starting from the classical waterhammer equations in a single-phase liquid with friction (the direct problem)
the state vector comprising the piezometric head and the velocity was defined. Applying the differential method the
adjoint operator, the adjoint equations with the general form of their boundary conditions, and the general form of the
bilinear concomitant were calculated for a single pipe. Considering that any hydraulic network can be built by con-
necting different components (reservoirs, valves, pumps, tees, etc.) through pipes, the adjoint relationships for any
component, as well as the final contribution to the bilinear concomitant, were calculated. Moreover, an analogy was
established in which transmission and reflection coefficients can be derived for any adjoint component. The importance
or adjoint function was analyzed when the piezometric head or velocity at a given position and time is chosen as the
response functional. In this case, it is shown that the importance function is represented by delta-functions travelling
along the hydraulic network with the propagation speed. The calculation of the sensitivity coefficients takes into ac-
count the cases in which the parameters under consideration influence the initial condition. For these cases, the cal-
culation can be performed by solving sequentially two perturbative problems: the first one is non-steady, while the
second one is steady, with an appropriate selection of a weight function coming from the unsteady perturbative
problem. The discretized adjoint equations and the corresponding boundary conditions were programmed and solved
by using the method of characteristics. As an example, a constant-level tank connected through a pipe to a valve
discharging to atmosphere was considered. The corresponding sensitivity coefficients due to the variation of different
parameters by using both the differential method and the response surface generated by the computer code WHAT,
solver of the direct problem, were also calculated. The results obtained with these methods show excellent agree-
ment. © 2001 Elsevier Science Inc. All rights reserved.
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1. Introduction

The analysis of waterhammer transients plays an essential role in diverse areas such as hy-
droelectric projects, pumped-storage schemes, water supply systems, nuclear power plants, oil
pipelines and industrial piping systems [1]. In nuclear power plants, for example, various oper-
ating transients in the heat transport system can lead to significant pressure changes, which must
be taken into account in the design for a safe operation [2].

Coupled to any transient calculation, there is a necessity of estimating the influence of changes
in the parameters on a defined response based on the obtained solution. This task, known as
sensitivity analysis, can be performed by running repeatedly the computer code used in the cal-
culations for different values of the parameters; in this way, a response surface is generated.
However, this method requires time consuming calculations when many parameters are involved.

A different approach to perform the sensitivity analyses are the perturbation methods, which
have been extensively used in reactor physics through the concept of the importance function
[3-5]. The application of perturbation methods to the thermal-hydraulics field has been first
proposed by Oblow [6] by using the so-called differential method; since then, it has been suc-
cessfully extended [7]. The differential method has the following advantages:

(i) The sensitivity analysis can be performed without choosing a priori any parameter.
(i1) The calculations are faster and more efficient, since only one additional set of linear equa-
tions needs to be solved for a prescribed response.

The differential method is restricted to the linear behavior of the response surface in the vicinity
of a specific design point, this being the main disadvantage.

The purpose of this paper is to outline the development of the sensitivity theory for a general
waterhammer problem. The organization of this paper proceeds as follows: in Section 2 the
theory for a general waterhammer problem is presented. In Section 3 the boundary conditions for
the adjoint problem and the bilinear concomitant are derived, taking into account that a hy-
draulic network can be built with pipes connecting components. In Section 4 some response
functionals are analyzed, namely the local instantaneous piezometric head and velocity, and the
adjoint reflection and transmission coefficients are calculated for different components. In Section
5 the numerical procedure (i.e., the method of characteristics) used to solve the direct and adjoint
problems, as well as the numerical difficulties, is outlined. In Section 6 a simple example is pre-
sented, showing an application of the methodology.

2. Theory for a general waterhammer problem
2.1. Direct equations

Consider the general one-dimensional waterhammer equations in a single-phase liquid with
friction [8], in which the convective terms are neglected:

oH . a’ v

mlza‘i‘VSlﬂQ‘i‘ga—O, (1)
_oH v VY|

"=t e e 0 .

where H is the piezometric head, V is the fluid velocity, « is the wave propagation speed, D is the
pipe diameter, 0 is the pipe inclination angle, g is the gravity acceleration and { is the Darcy
friction factor (function of V).
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The piezometric head is defined as

H = ﬁ —|— Z’ (3)
24
where p is the pressure, p is the fluid density and z is the level.
The propagation speed a depends on the elastic properties of the fluid and pipe material, as well
as on geometry. It can be calculated as

()]

where K is the elasticity modulus, e is the pipe thickness and E is Young’s modulus. C; is a non-
dimensional coefficient related to the way the pipe undergoes elastic deformation:

C, = (5/4) — p for a pipe anchored at the upper end, free to move in a longitudinal direction
throughout its length, and without expansion joints.

Ci = 1 — i for a pipe which is anchored against longitudinal movement throughout its length.

C) =1 — (u/2) for a pipe which has expansion joints between anchors throughout the length of
the pipe, where u is Poisson’s ratio for the pipe wall material.

The Darcy friction factor { can be calculated as [16]:

{= o for Re; < 2000 (laminar flow), (5)
Red
69 (e/D\"\] "
{=]|-18log| —+ | 5= for Re; > 2000 (turbulent flow). (6)
Red 3.7
In Eq. (6) ¢ is the pipe roughness and Re, is the Reynolds number, defined as
Red = @, (7)

where v is the kinematic viscosity.
The waterhammer equations can be written in a general way as

m(f,P) =0, (8)

where m is a nonlinear operator, f = [H,V]" is the state vector and p = [p;,p>,...,p;|" is the
parameter vector, which in turn depends on the generalized coordinate vector r = [x, t]T. The
parameter vector can represent physical constants and other parameters related to the initial or
boundary conditions.

The corresponding boundary and initial conditions at the domain surface r, can be written as

Clf,p)=0 atr=r,. 9)
Consider now a response functional R given by the expression:
R=(S"-f), (10)

where St = [S;,S;]T is an assigned vector weight function, while the brackets represent inte-
gration over the whole domain Q. By now, this domain can be thought as related to a single pipe
of length X; if the observation time is 7, then Q = [0,.X] x [0, 7]. In Section 3 we shall extend the
concept to a general hydraulic network. In the following, we shall look for an expression for the
change R in the response functional in terms of the perturbations dp; of the system parameters. In
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particular, expressions giving the sensitivity coefficients relevant to different parameters will be
obtained.

2.2. Derived equations

Expanding Eq. (8) around a reference solution and considering the perturbations op; as in-
dependent, we obtain the general expression for the derived equations:

Hf, = S(0), (1)
where
fri= Sﬁ [Hi V] (12)
() = = 5o =[50 510" (13)
om
H = y (14)

The symbol O denotes a Frechet derivative [9]. From Egs. (1), (2) and (14), we get for the forward
operator H:

o) a’ o(-)

o) ()sin0 4+~

o) o) SIIerl ¢ Yoy | (15)
S at+<)D<C+2aV>

The final derived waterhammer equations are then:

=

OH; @ V), _

i psing+— L =g 16
a + /l + g ax H(l)7 ( )
OH; oV 4 Volty o .

gt iy (Y55 = Sy (i). (17)

The corresponding boundary conditions for Eqs. (16) and (17) can be derived from Eq. (9) as:

C)+ ff/l_o at r=r;, (18)
where
oC
= 1
Expanding Eq. (10) to a first order, we obtain the change in the response functional as
1
=S on(iS) )+ (ST 1), (20)
i=1

2.3. Adjoint equations

According to Eq. (20), it would be possible in principle to obtain the change in the response
functional by solving for each parameter the corresponding linear system of derived equations.
Instead, the concept of the adjoint function [10] can be used, defined by
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- (L) = - (HSf ) + P S ), (21)

where f™ is the adjoint or importance function and H" is the corresponding adjoint operator. The
bilinear concomitant P accounts for the occurrence of non-homogeneous boundary conditions in
Eq. (4). The linear adjoint system is required to satisfy

Hf =S (22)
with boundary condition
C(f,p)=0 atr=r,. (23)

The particular form of the bilinear concomitant and the adjoint boundary conditions will be
outlined in Section 3.
According to Egs. (11), (20)—(22) the change in the response functional can now be obtained as

OR =" op, [<s; Y+ SG)) + P (24)

Applying the definition of Eq. (21) and performing integration by parts when needed (see [6]), we
get

_90) 20
o o & (5)
B _a_zw_i_(.)sing _er()m C"‘K% 7
g Ox Ot D 2 0V
X ’ T a2 X
0 0 0
For the adjoint equations, we finally get:
OH* or* N
_ _ — 27
o Cax T 27)
a* OH* : or* 14 Vol
- — H* —— e —=— | =S5 2
7 ox + H"sin 0 o +V D <C+2 ©V> Sy (28)

It can be shown that the adjoint equations, as well as the corresponding boundary conditions, are
linear in the adjoint function and independent of the perturbations. As a consequence, for a
prescribed response function it is necessary to solve only the non-perturbed direct equations and
the corresponding adjoint equations. The sensitivity coefficients for any set of parameters can be
calculated a posteriori by means of Eq. (24).

3. Boundary conditions
3.1. Definition of a general hydraulic network

In the following, we shall regard a hydraulic network as a set of one-dimensional pipes in-
terconnected through components. A component can be regarded as a zero-dimensional entity in
which a set of relationships involving the state variables corresponding to the pipe boundaries
connected to such component are satisfied.
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Let us consider a hydraulic network with NT pipes connected through NC components, as
shown in Fig. 1; Xj; and X3, are correspondingly the positions of the nodes corresponding to the
beginning and the end of pipe k, assuming an orientation (denoted by the arrows) assigned to each

pipe.
3.2. Generalization to a hydraulic network

By assigning an orientation to each pipe, it is possible to generalize Eq. (26) as

P=P. +P, (29)
where

NT Xog ’

Po= =3 [ vn)a (30)
k=1 Y Xu
NT T a2 Xog

P==) / <H/,»gV* + V/i—H*> dr. (31)
k=1 Y0 g Xig

Eq. (31) involves a time integration of functions evaluated at the pipe boundaries connected to the
components, as shown in Fig. 2. It is convenient to rearrange Eq. (31) by summing over the
components as

NC
P=>"r, (32)
=1
where
NL T a2
Py = - lem/ (H/igV* + V/Z-E’”H*> (Xim, t) dt. (33)
m=1 0

In Eq. (33) NL is the number of pipes connected to component /. For instance, NL =1 for a
constant-level reservoir or for a valve discharging to the atmosphere, NL = 2 for a concentrated

Fig. 1. Representation of a hydraulic network.
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Fig. 2. Representation of a component.

head loss (valve, elbow, etc.), pump or area change, NL = 3 for a tee, etc. The index I;,, takes into
account the orientation of the pipe with respect to the component: [, =1 if the pipe with
boundary X, is oriented toward the component /, while 7;,, = —1 otherwise.

3.3. Adjoint boundary conditions and bilinear concomitant

The particular form of the adjoint boundary conditions and the bilinear concomitant are
determined for each problem, considering that:
(i) The bilinear concomitant must not involve the derived functions, except when evaluated at
the initial condition ¢ = 0.
(i1) The boundary conditions for the adjoint equations must not involve the derived functions.

3.3.1. Final conditions
From Eq. (30), it can be seen that the adjoint problem must have the following final conditions
in order to be independent of the derived functions:

H*(x,T) =0, (34)
V*(x,T) = 0. (35)
Therefore, the contribution to the bilinear concomitant from Eq. (30) is
NT Xog
=Y / (H*Hji + V' V) (x, 0) . (36)
k=1 X

3.3.2. Component boundary conditions and bilinear concomitant

In [11-13] the adjoint boundary conditions and bilinear concomitant were derived for com-
ponents connected to a single pipe. In [14,15] the derivation was extended for multipipe com-
ponents, i.e., components connected to more than one pipe. The derivation of the corresponding
adjoint boundary conditions and bilinear concomitant are presented for a constant-level reservoir
and a concentrated head loss, the procedure being analogous to other multipipe components.

3.3.2.1. Constant-level reservoir. The component boundary condition for the direct problem comes
from the energy conservation equation, namely
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Ci=H +V—12—1£V|V]—H =0 (37)
1=t g g in r =70,
where H; and ¥ are correspondingly the piezometric head and the velocity at the pipe end
connected to the reservoir, Hy is the reservoir liquid level above the pipe, I; is the pipe orientation
index and %, is the head loss coefficient, defined as:

_J U if L =0,

h_{m it LV, < 0. (38)

Eq. (33) can be written for a constant-level reservoir as
T aZ
0
From Eqgs. (18) and (37) we obtain the component boundary condition for the derived problem as
MW"y k,
Ciyi+ Hyjy + = —IlgtVl/i!Vl\ = 0. (40)

Substituting H,/; from Eq. (40) in Eq. (39) and grouping we obtain

T

T a2
P, = _[1/ Vl/,-(EIHl* - (" —Ilk,|V1\)Vl*> dt—|—11/ Ciighidt. (41)
0 0

If we want the bilinear concomitant not to involve the derived function V;;; (except when eval-
uated at the initial condition ¢ = 0) we must choose the following boundary condition for the
adjoint function

2

a
ngf‘ — (W =LKW =0 (42)
or
1+a_1°‘V1 =Y (43)
where
2g(H1 _HT>
== " 44
o a7 (44)

The component contribution to Eq. (41) finally results in

T
Pt/ :11/ Cl/ing*dt. (45)
0

3.3.2.2. Valve discharging to a constant piezometric head outlet. Component boundary condition
for the direct problem

k,
C=H —L=2WWh —H, =0, 46
1 1 12g 1| 1| ( )

where H; and V| are correspondingly the piezometric head and the velocity at the pipe end
connected to the valve, H, is the piezometric head at the valve outlet and %, is the valve head loss
coefficient.
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Component boundary condition for the derived problem

ks
C1/1+H1/l—11EI/1/1|I/1|:0 (47)
Component boundary condition for the adjoint problem
H +Epri =0, (48)
1
where
2g(Hl - Hv)
=7 49
4 aih (49)

Component contribution to Eq. (33)

T
Py :]1/ Cl/ing*dt. (50)
0

3.3.2.3. Concentrated head loss. Components like partially open valves, elbows, orifice plates, etc.,
connecting pipes of the same diameter can be modelled as concentrated head losses. The com-
ponent boundary conditions for the direct problem come from the energy conservation equation
and the mass conservation equation, namely:

k
Ci=H,—H, - 1LV =0 51
1 1 2 12g 1’1| 9 ( )

CG=LV+LNh=0, (52)

where £, 1s the head loss coefficient.
Eq. (33) can be written for a concentrated head loss as

T 2 T 2
a a
0 0

From Egs. (18), (51) and (52) we obtain the component boundary condition for the derived
problem as:

k
Cl/i"’Hl/i_Hz/i_lléVl/i‘Vl’ =0, (54)
LVij+ LV =0, (55)

Substituting H,/; and V5;; from Eqgs. (54) and (55) in Eq. (53) and cancelling the resulting terms in
H,;; and Vj/;, we have for the adjoint boundary conditions:

2
a g
H — =) H +2917 =0 56
- (2) e Er o (56)
LV + LV =0, (57)
where
2g(H, — H-
. g(Hh —H,) (58)

a N
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The component contribution to Eq. (53), after taking into account the boundary conditions of

Eqgs. (56) and (57), finally results in
P =1 /OT Cyighi dr.

3.3.2.4. Area change (D,>D,). Direct boundary conditions:
Ci=H —H +i(V12 - 3) —11;(—;1/1“/1\ =0,

Cy = 1DV + LDV, = 0,

where £, 1s the head loss coefficient, calculated as [16]:
5,12
- (3)
D,
D\’
A201 - —
’ [ <D2>
Adjoint boundary conditions:

2 2
H— () (2) m v S =0
1 a D, 2 )

LV + LYy =0,

if 1) =0,

k, =
if 1V <O.

where
2¢(H, — H>)
a '
Final contribution to the bilinear concomitant

! * C2/i a% * *
B] = [1C1/ing + 5 —H2 — V2V2 dz.
0 Dy \ g

]/l:

3.3.2.5. Tee without head losses. Direct boundary conditions:

1
Ci=H - H —|—£(V12— V22) :0,

1
sz—m+%wﬁ4@zm
Cs = I,DiV; + LD3Vs + LDy Vs = 0.

Adjoint boundary conditions:

2 2 2
. a D, . & h_. Di\"gh_.
Hl‘(&) (H) Hz‘aa“(m wa? =Y

2 2 2
D " D V;

H; — 4 —1 H;—E—IVI*—F —1 5_3[/3*:()7
a Ds a, a D3 /) a a

LVi + LV + LV =0,

(59)

(62)

(71)

(72)
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Since Eqgs. (67) and (68) have no parameters (except the acceleration of gravity), the final con-
tribution to the bilinear concomitant is

T 2

C i a * * *

3,:/ D3§ <EIH1 +LLN, +1113V1V3>dt- (73)
0 1

3.3.3. Sensitivity coefficients for parameters influencing the initial condition

A problem still remains, which is the calculation of Eq. (36). For the sake of consistency with
the adjoint problem, it would be convenient to perform this calculation without choosing a priori
any parameter. Eq. (36) can be written as

NT Xy B B
P=-3" / [ (e, 0) 1) + 7 (x,0)7] i, (74)
Xk

k=1

where the superscript ~ denotes a value for the initial condition.
Let us consider the following perturbative problem corresponding to the waterhammer
equations in steady state, characterized by the response functional R

R (5 F) = f: / . (85 +5/7 ) dx. (75)

k=1 JXu

According to the definition of the adjoint operator,
-8 = (F-S0) +P(F ., (76)

where S‘(i) is also a known vector function coming from the direct steady-state equations.
Comparing Eqgs. (76) with Eq. (74), it can be seen that the left-hand side of Eq. (76) is equal to
—P, if the vector weight function is chosen as

ST = [H*(x,0), V*(x,0)]". (77)

In summary, the calculation of any sensitivity coefficient can be performed by solving sequentially
two perturbative problems: the first one is non-steady and was described in Section 2, while the
second one is steady, with an appropriate selection of a weight function, namely Eq. (77), coming
from the unsteady perturbative problem. The adjoint functions f* and f* are independent of the
parameters to be perturbed.

Usually, the initial condition for the direct problem corresponds to the system in a steady state.
The calculation of the steady adjoint function can be performed with the aid of Egs. (27) and (28),
in which the source terms are given by Eq. (77), starting from any final condition and letting the
system evolve to the steady state.

The contribution corresponding to any component to the bilinear concomitant P can be cal-
culated with a methodology similar to the one outlined in Section 3.3.

4. Response functionals
4.1. Some response functionals

From Egs. (27) and (28) it can be observed that the solution of the adjoint equation involves
the knowledge of the solution of the corresponding direct equations and the definition of the
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source term S*. The instantaneous values for the piezometric head and velocity can be chosen as
response functionals by means of suitable distribution functions.

4.1.1. Instantaneous piezometric head
Let us consider the weight function

ST = [6(r —r9),0]. (78)
From Eq. (4), we get
REH(V()) :H(Xo,T). (79)

4.1.2. Instantaneous velocity
Let us consider the weight function

ST =10,0(r — ro)]- (80)
In this case, we get
R = V(V()) = V(X(), T) (81)

4.2. Analysis of the adjoint function

According to Egs. (78) and (80), it can be seen that if the instantaneous values of the piezo-
metric head or velocity are chosen as response functionals, then the source terms (correspondingly
S;, or §)) are impulse (delta) functions acting at the observation point at the final time 7; as a
consequence, the source terms corresponding to the adjoint equations are zero for all times # < 7.
It was shown [11,14,15] that due to the hyperbolic nature of the adjoint equations, these delta-
functions travel along the hydraulic network with the propagation speed, changing their powers
due to the influence of the friction term and due to the transmissions and reflections undergone as
they reach the different components.

4.2.1. Reflection and transmission coefficients
Neglecting the gravity and friction terms and considering no source terms, the general solution
of Egs. (27) and (28) can be written as:

H*:f*(t—§)+F*<t+§), (82)
=23 -r () g

where (see Fig. 3), for decreasing times, f* is a wave propagating in the direction of decreasing
positions, while F* is a wave propagating in the direction of increasing positions. Egs. (82) and

&———  pipe

Fig. 3. Adjoint wave propagation for decreasing times.
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(83) are analogous expressions to the ones obtained in [17] for the direct problem. Therefore, it is
possible to derive the reflection and transmission coefficients for any component in the adjoint
problem.

The reflection and transmission coefficients for the adjoint piezometric head and velocity are
defined correspondingly as

= *
= (85)
5= -
5= (57)

where (H*),, (H*), and (H*), are correspondingly the reflected, transmitted and incident adjoint
piezometric heads, while (V*),, (V*), and (V*), are correspondingly the reflected, transmitted and
incident adjoint velocities. As in Section 3.3.2, the derivation is outlined for a constant-level
reservoir and for a concentrated head loss, the procedure being analogous to other multipipe
components.

4.2.1.1. Constant-level reservoir. Assuming I} = —1, we have
(), = ;. (5
(H"), = FY. (89)
From Eq. (83) we get:
* a *
(V) =—17, (90)
g
* a *
(V)r:—gFl- (91)

Replacing Egs. (88) and (89) in Eq. (82), then replacing Egs. (90) and (91) in Eq. (83) and taking
into account Eq. (83) we have:

l4+a,,

Taking into account Egs. (84), (86) and Egs. (88)—(91) we finally obtain:
l+a
A 93
rH 1 _ 0(7 ( )
ry = —T1y. (94)

4.2.1.2. Valve discharging to a constant piezometric head outlet. Assuming I} = 1, we have:
1-p
A 95
"H 1+8’ (95)
ry = —ry,. (96)
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4.2.1.3. Concentrated head loss. Assuming I = 1, I, = —1 and that the incident wave comes from
side 1, we have:
(Hy); = Y, (97)
(Hy), =17, (98)
(H1*>t = Fz*v (99)
> =0. (100)
From Eq. (83) applied to sides 1 and 2 we get:
* ap *
() =——1, (101)
g
* a s
() =11 (102)
g
% ay
(K%=—§E- (103)

Taking into account Eqgs. (82) and (83) and the boundary conditions given by Egs. (56) and (57),
we obtain:

*_(aZ/al)+y_1 *
fl_(az/al)—l—y—i—lFl’ (104)

. 2a/ar) .
A _—(az/al)—l—'))—FlF'l' (105)

From Eq. (84)-(87) we finally obtain:
. (@/a)+y -1

St S 106

g (az/al)—i-“/—i-l’ ( )
2(ai/as)

t,=— 107
" (az/a1)+y+1 ( )
V?,:—V:], (108)
* a *
”:i% (109)

5. The discrete problem
5.1. Method of characteristics

It can be shown that the direct and adjoint equations are hyperbolic, so they can be trans-
formed into ordinary differential equations along characteristic curves defined by

dr _ .
Friat (curve C7), (110)
dr —a (curve C7). (111)

a:
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For the direct equations, we have [8]:

DH a DV . alVvl|v|

—+——+Vsin0 =0 al ct 112
Dt g T o0p aong & (112)
DH aDV . alV|V| .

— ———+4+Vsin———=0 al Cc. 113
Dr ¢ D + Vsin 22D along (113)

Correspondingly, for the adjoint equations we have:

DH* g DV* Lg . a4 VoL Y S N
D a0V \Er gy ) PSSy =0alene (1Y)
DH* gDV* . g . a4 Vo L g )

Dt a Dt +H Esm0+V 2D HE@ —i—SH—;SV—OalongC . (115)

5.2. Discretization

The characteristic curves are the same for the direct and adjoint equations and have a constant
slope. Thus, it is possible to discretize regularly the plane x—¢ into nodes and cycles, as in finite
difference schemes, and perform the integration along the characteristics.

The direct equations have initial conditions, so the integration proceeds forward in time. For an
inner node, the values of H and V after a time-step are calculated by simultaneously solving finite
difference approximations of the characteristic equations (112) and (113). For a node connected to
a spatial boundary condition, it is necessary to solve simultaneously the appropriate characteristic
equation and the corresponding boundary condition.

The strategy used in the integration of the adjoint equations is similar to the one detailed
above. However, it will be shown later that the adjoint equations have final conditions; thus, the
integration must proceed backward in time.

The direct problem was programmed in the computer code Water Hammer Analysis in Tubes
(WHAT) [18]. With this code, any hydraulic network can be built by connecting different com-
ponents (tanks, valves, pumps, tees, etc.) through pipes. The adjoint problem was programmed
for different response functionals in the computer code ADWHAT [11,14], keeping the same
philosophy.

It is worth noting that the numerical solution of the adjoint problem involved the propagation
of delta-functions, which required modifications to the usual method of characteristics in order to
avoid “checkerboard” effects in the solution fields [11]. The details of these modifications are,
however, out of the scope of the present work.

6. Application example

Let us consider the problem of a single pipe connected at the end x = 0 to a constant-level tank,
while the end x = X is connected to a valve discharging to atmosphere, as shown in Fig. 4.

6.1. Direct equations

The direct boundary conditions for this case come from Eq. (37) (in which /; = —1) and
Eq. (46) (in which /; = 1):
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fank
|
k X &
H t pipe
' g H
} - valve
X

Fig. 4. Hydraulic system.

1
Ci EH+Z(V2+IQV|V])—H¢:O at x =0,

v

where C; and C, represent the boundary conditions at the tank and at the valve, while C; and C;
represent the initial conditions.

6.2. Derived equations

The derived boundary conditions result in:

1
H/,+V},§(V+k[|V|)+Cl/1:O atx:(),

k,
H/,—V/,§|V|+C2/IZO atx=X,

H/,—]:[/ZIO att:(),
I//i—l7/i:O att:O

6.3. Adjoint equations and bilinear concomitant

The adjoint boundary conditions result in:

8]

C=ZH —(V+kV)V =0 atx=0,
g
2
CG=—H +k|VIV"=0 atx=2X,
g
Ci;=H" =0 att=0,
v

=0 atr=0.

G

(120)

(121)

(122)
(123)

(124)

(125)

(126)
(127)
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Note that the initial conditions in the direct problem have been transformed into final conditions
in the adjoint problem.
The bilinear concomitant can be calculated as:

p= /O X[ *(x,O)ﬁ/i(x)+V*(x,0)ﬁ/i<x)}dx+ /0 TCz/i(X,t)gV*(X,t)dt

— / ' C1:(0,2)gV*(0, ) dr. (128)

6.4. Definition of the sensitivity problem

We consider the hydraulic system in a steady state for # <0. For ¢ > 0 the valve is operated in
such a way that the friction coefficient changes linearly from %, to k., in a time interval 7, as
shown in Fig. 5:

kvf - kvi
k, = kw-—i-f for 0<r<r, (129)
kyy for t > 1.

The following constants were chosen: H, =13 m, H, =10 m, X =30 m, D =2.54 x 1072 m,
e=1x10"m, k; =0, k,y =1x 107, 1 =8.35%x 10"? s and k, = 0.5. The fluid is water, with
v=1x 107% m?/s. The resulting propagation speed is a = 1437 m/s. The pipe was discretized
into 11 nodes, resulting in Ax = 3 m, At = Ax/a = 2.087 x 10~* s. We are interested in the sen-
sitivity coefficients defined by Egs. (24) and (26) due to variations of different parameters.

6.5. Some results

Once the direct problem for the given example was numerically solved with the code WHAT,
six related adjoint problems were solved with the code ADWHAT. These six cases have different
response functionals defined as:

(a) R=H(0,T), head at the tank outlet (node 1);

(b) R=H(X/2,T), head at the middle of the pipe (node 6);
(c) R=H(X,T), head at the valve inlet (node 11);

(d) R =V(0,T), velocity at the tank outlet (node 1);

() R=H(X/2,T), velocity at the middle of the pipe (node 6);
() R=V(X,T), velocity at the valve inlet (node 11).

0 T T ot

Fig. 5. Time variation of the valve friction coefficient.
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As an example of the direct solution, the evolution of H and V during the transient at the three
selected locations (nodes 1, 6 and 11) is shown in Figs. 6-8.

For each one of the previously defined six adjoint cases, the sensitivity coefficients due to
changes in the parameter k,, and the closure time t were calculated, by means of the computer
code SANWHAT. Two different values of the reference time 7' (7 = t/2 and T = 201) were
chosen. Consequently, 24 different sensitivity coefficients have been evaluated for each parameter.
They are tabulated in Tables 1 and 2 along with the sensitivities evaluated by obtaining direct
solutions with the selected perturbed parameters, using the code WHAT.

The closure time has been chosen equal to the period of the perturbation (4X /a). For T' = 1/2
we get the maximum value of the piezometric head at the valve, while for 7 = 20t a new steady
state is achieved.

It is important to notice that the parameters chosen to investigate the sensitivity neither in-
fluence the direct equations nor the initial conditions, so in Eq. (24) S; = 8(i) = 0and in Eq. (128)

H[m] V [m/s]

13.00 b

12.98

12.96

0.4f /4
12.88f J 1 J
, X L 0.2 L L L
000 005 010 015 0.20 0.00 005 010 0.15 0.20
t[s] t[s]

Fig. 6. Evolution of H and V at the tank outlet (node 1).

H [m] V [m/s]
30 T T T 1.4 T T T

20

0.6

—7/87
«— 5/87
38 0.4r
—1/8 _—1/8
L— T o T
10LL L L 0.2 L L L
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
t[s] ts]

Fig. 7. Evolution of H and V at the middle of the pipe (node 6).
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H [m] V [m/s]
. . . 1.4 . . T
40t .
~. 1.2-\ 1
1.0r 1
30t -
0.8f .
20t .
0.6/ .
— T
0 | 0.4}
—1/21 b "
1 . o2 L "™
0.00 005 010 015 020 0.00 005 010 015 020
t[s] tfs]
Fig. 8. Evolution of H and V at the valve inlet (node 11).
Table 1
Sensitivity coefficients for 7 = 7/2
Node 1 6 11
WHAT SANWHAT WHAT SANWHAT WHAT SANWHAT
j}fl (m) 2.83x 1073 2.83x 1073 9.65 x 1073 9.64 x 1073 2.06 x 1072 2.06 x 1072
vf
;kV (m/s) ~181x10*  —1.81x 10 “171x 10 —171x10%  —138x10%  -1.38x 107
of
OH
5 (m) -0.34 -0.33 -115.6 -115.5 -247.0 -247.1
T
o
— (m/s) 2.170 2.171 2.050 2.051 0.65 0.66

ot

H i = 17/,~ = 0. Since the parameters chosen are only related to the boundary condition at the valve,

namely Eq. (117), we finally get for the sensitivity coefficients:

OR e
- = —gV*(X,t)dt
e / S8V
where
0 for t <0,
1 t
oC, ——V|V|- for0<t<r,
— = 2g T
Oksy 1
—§V|V| for ¢t >,
OR rac
= [ gV (X,1)ds,

E_ 0 61'

(130)

(131)

(132)
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Table 2
Sensitivity coefficients for © = 20t
Node 1 6 11
WHAT SANWHAT WHAT SANWHAT WHAT SANWHAT
g]fl (m) 4.11x10°° 414 x10°° 6.15%x 1073 5.27 x 1073 1.19 x 107* 1.01 x 107*
of
;kV (m/s) -1.13x10* -1.14x 10* -1.13x 10* -1.14 x 10* -1.13x 10 -1.14 x 10*
uf
oH -8 -8 -5 -5 -5 -5
e (m) -6.0x 10 -7.1x10 -8.2x 10 -8.4x 10 -8.2x 10 -8.7x 10
oT
(;—V (m/s) 1.8 x10°° 2.0x10°° 1.8x10°° 2.0x10°° 3.3x10°° 3.6 x 107
T
where
0 for ¢t <0,
0C, 1 k—ky t
o= 2—MV|V|— for 0< 1<, (133)
T g T
0 for ¢t > 1.

From Tables 1 and 2 it can be observed that the agreement between the results obtained from the
codes WHAT and SANWHAT is excellent for short observation times. For the steady state, there
are slight discrepancies due primarily to the treatment of the friction term in the direct equations
when the method of characteristics is applied.

In Fig. 9, the adjoint solutions H* and V* for case (a) at some selected cycles are shown. This
figure is only intended to show the kind of travelling delta-like waves that are typical of the

CYCLES: 0to 12 CYCLES: 1to 12

. V'[s/m
H[1/m] T T T T T T T T [ ! T T T T T
F 0,000
0,00015 1 -0,002
cycle 0 1 r 1
—— -0,004} .
0.00010 [\ cycle1  cycle3 cycles Cyg?e 7 cycle 9] -0,006[ T
’ le 11
r| ) o2 r) CYC')E“ cyck:>6 CVCSS 3 1 -0,0081 | yee
: ] -0,010F  cycle 12
0,00005 - 1 0012k ¢ ~ »} - DARN
cycle2 | cycle t cycleé 1 cycle 8) |
-0,014f cycle1 cycle3 «cycle5 cycle7 E
L ool
0,00000 , -0,016[ ovele 9
I cycle 10 1 -0,018[
-0,00005 [ 4 (~ 4 3 Y/ ]
[ 1 1 1 cycle 12 L cygled 1l -0.0221 s 1 . 1 . 1 . 1 . ]
0,0 0,2 0,4 0,6 0,8 1,0 0,0 0,2 0,4 0,6 0,8 1,0
XX x/X

Fig. 9. Adjoint solutions H*(x,¢) and V*(x, ) at some selected times, corresponding to cycles 0-12 (cycle 0 refers to the
final time 7).
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adjoint waterhammer problems. In Fig. 9 the area of each triangle indicates the power of the
delta-function.

7. Conclusions

The development of the sensitivity theory by the differential method for a general water-
hammer problem was outlined. The adjoint equations and the general form of the bilinear con-
comitant were obtained. The methodology was applied to a simple problem, showing excellent
agreement between the sensitivity coefficients calculated with the differential method and the ones
obtained via the solution of many perturbed direct problems. The authors hope that this paper
will encourage the use of perturbative methods for sensitivity analysis in different areas of
Engineering Science.
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