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1. 

it.D .O I ll-B-w 1 

A survey and. evaluation..of some models of turbulence 
for isothermal turbulent flows is made.'Models such as mixing-
length, one-equation, two-equations and three-equations are 
solved with the aid of a high, speed computer for annular 
turbulent, flows. The results are compared with each other and 
with experiment and the significance is discussed. The three-
equation model (three transport equations plus the mean 
velocity equation) emerges as the most,accurate and capable of 
the widest application: one set of constants only is sufficient 
to solve a number of. turbulent flows. Also, this model does not 
require the prescription of any arbitrary length scale. 

A study of the: effect of varying the constants in the 
three-equation model shows that the velocity and shear stress 
profiles are insensitive to the variation of the constants. A 
variation of up to 50$ in the value of the constants produces, 
at most, less than 2$ variation in the velocity and shear 
stress profiles. Only the turbulence energy distribution shows 
some sensitivity. The position of maximum velocity for smooth 
annuli with different radius ratios, as well as friction, 
factors for a number of wall conditions are calculated with the 
three-equation model. The comparison between predictions and 
experimental data shows a fairly good agreement. 

Starting from this three-equation model, an extended 
model,.capahle of predicting turbulent, two-dimensional, 



incompressible thermal boundary layers is developed. Three, 
more equations are incorporated in the isothermal model, 
namely, (1) mean temperature equation (T), (2) convective heat 

flux equation '{u TV)' and (3) equation for the intensity of 
*) . 

2 
temperature fluctuation (-|-T* )Appropriate approximations are 
introduced and the new model of parabolic differential 
equations is solved simultaneously with the equations for the 
isothermal flow. The new five-equations model (five transport 
equations plus mean velocity and mean temperature equations) 
is applied to a number of real flows, with and without the 
presence of walls. Both rough and smooth walls are considered. 
Generally, good agreement is obtained when predicted results 
are compared with the available experimental data. 
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Symbol Meaning 

fanning friction factor 

equation 
of first 
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friction factor related with the 
external wall in annular flow (3.2;?) 

G(Pr) integral function, component of the 
free constant in universal temperature 
law for smooth walls (4.52) 

h 

h(g ) 
channel width . (= H -I^) {2.10) 

defect function (or core similarity 
function) (3.19) 

h mean value of h(|S ) (volume averaged) (3.21) 

h w 

K 

- heat transfer coefficient 

- thermal conductivity 

- Von Karman constant 

(4.1) 

(2.4) 

m 

characteristic length scale of 
turbulence 

the mixing length 

length scale 

(4.16) 

(2.3) 

(2.10) 

d 
length scale in dissipation term of 
turbulence energy equation (2.7) 



Equation. 

- length scale in viscosity term (2.9) 

m" - mass flow entering boundary (A.2) 

N - number of grid points in numerical 
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radius at which mean velocity is 
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Equation' 
Symbol Meaning 01 first 

appearance 

- characteristic velocity in turbulent 

flow (4,16) 

u^ - fluctuating velocity components 

( i=x,y,z ) (4.3) 

Uj^T' - connective heat flux (4.14) 

u T' - lateral convectivo heat flux (4.22) 
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u.u. - Reynolds stresses (or shear stresses) (4.14) 

u,ru - Reynolds stress in . x,y plane (2.1) x y 

u + - dimension! ess streamwise velocity : 

(= U / u x ) (3 .15) 

friction velocity (=\¡Tl^/f> ) (3.7) 

U ' - streamwise time mean velocity in 

boundary layer (x~direction) (3.19) 

U - overall bulk mean velocity (3.16) 
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U. - time mean velocity components 
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Symbol Heanin^c of ii 3T 
arj-oearance 

- non-disturbed velocity in flat-plate 
boundary layer 

u"ioo 1^200 ~ non-disturbed velocities of each. 
stream in plane mixing layer 

w - rib width 

x - cartesian coordinate, streamwise 

direction ' (2«1) 

x^ - coordinate axes (x^=x,y,z) (2.2) 

y - cartesian coordinate, cross—stream 
direction, measured from internal 

. boundary.:; (2.1) 

y ' — characteristic thickness of boundary 
layer (2.4) 

y - y coordinate where shear stress is zero (2.11) J so " . ' 

yQ - cross-stream coordinate where velocity 
is 10$ of stream velocity 

Y _ ' - cross-stream coordinate where velocity 
is half the stream velocity 

y n Q - cross-stream coordinate where velocity 
is 90$ of stream velocity 

y + _ dimensionless distance from wall 
(= ( R Q - y ) . u % / V ) . (4.64) 

z - cartesian coordinate (4.9) 

Equation 



- constant appearing in pressure-rate of 
strain term in convectiva heat flux, 
equation 

- constants of proportionality between 

normal stresses and turbulence energy 

- thermal diffusivity- (= k/ŷ .c ) 

-'eddy.diffusivity of heat 

- cross-stream distance where velocity 
is 0.995 of stream velocity (flat 
plate flow) 

- Kronecker tensor 

- rate of dissipation of turbulence 
energy • 

- rate of dissipation of intensity of 

temperature 

- mixing length constant 

- constant in length-scale expression 

- function in length-scale expression 

- molecular viscosity 

- turbulent viscosity 

(4.18) 

(3.2) 

(4.11) 

(4.68) 

(4.14) 

(2.6) 

(4.25) 

(2.5) 

(2.11) 

(2.11) 

(4.1) 

(2.9) 

(2.1) 
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£ w ,Z - shear stress "(3.11) 

- mean temperature difference (= {T(r)-T,^j) (4.62) 

- maximum mean temperature difference (4.63) 

9 + - dimensionless temperature (4.51) 

- a general dependent variable (A.3) 

Lp - dissipation function (4.1) 

iy - a stream function (A.l) 

- dimensionless stream function or 
grid function (2.12) 

A y - cross-stream coordinate difference 

(= yo.g^o.i^ 

Greek Equatiorr 
Symbols . L'leaning of first 

•appearance 

V̂rv, - eddy diffusivity of 'momentum •: (4.66) 

j-* - density of fluid (2.1) 

^ ~ adimensional cross-stream variable 
(=(R 0-r)/R 0) . (3.19) 

f^l - value of|s where eddy viscosity starts 
to be nearly constant throughout the 
core region in pipe flow (3.20) 
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i,j,k,1,m 

r , R 

S , v/ 
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x , y 

1 

2 

Superscripts 

24*-

- Couette flow boundary 

- external boundary 

- free stream edge : 

- internal boundary 

- indices denoting directions x,y.z 

- denotes value at rough surface 

- denotes value of quantity at wall 

- denote^s value at. smooth surface 

- streamwise and cross-stream directions in 
two-dimensional flov/s 

- associated with the inner portion in Hall's 
transformation 

-associated with the outer portion in Hall's 
transformation 

- denotes time-average of quantity in question 

- denotes fluctuating component of quantity 
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1. Introduction. 

1.1 Models of turbulence. 

Turbulence always has been a major area of interest 
in the field of fluid mechanics: due to its importance, 
complexity and difficulty. Historically, Reynolds (1883) was 
the first to draw attention to turbulence on a qualitative-
quantitative basis. Reynolds himself showed that the 
statistical averaging of the KavIer~Stok.es equations, by 
decomposition of the velocity field into mean and fluctuating 
components and time-averaging the several terms, leads to the 
equations of motion for turbulent flow. Because Reynolds wan 

the first to develop such equations, these equations are 
often called Reynolds momentum equations. These equations 
involve the relation between average and fluctuating terms 
and describe the conservation of momentum in a turbulent 
flow. The Reynolds equations still remain the fundamental 
equations in any stud;/ of turbulence. 

From the engineer's point of view, because he is 
interested in prediction of mean-flow quantities, his main 
interest focuses on the solution of the Reynolds equations, 
for a specified real fluid 'flow. A quantitative analysis of 
turbulence requires a realistic formulation of macroscopic 

> ... . . 

behaviour of the fluid motion, therefore, it requires 

http://KavIer~Stok.es
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equations which express the time-average requirements for 
the conservation of mass, momentum and energy, Whatever 
method is used to solve the momentum equations, It leads 
inevitably to a situation in v/hich there are more unknowns 
than equations. Therefore, even for the simplest flow, we 
always have a "closure" problem. Thus, to solve a turbulence 
problem, we must "model" the real flow by ;.means of 
arbitrary simplifications , by neglecting terms or by 
expressing them in convenient forms by analogy with laminar 
flows. 

Until 1925 only simple and empirical theories of 
turbulence were developed. The convenient mixing-length 
theory, introduced by ;Prandtl (1925), remained as the most 
important and influential theory for a long time. With 
Taylor (1935) the idea of turbulent motion as random 
continuous function of position and time was introduced and, 
with it, the more rigorous methods of the statistical theory 
of turbulence. Then, more sophisticated methods begin to 
appear. Either by the development of new relationships with 
more physical meaning not implicit in the basic principles 
already introduced, or by the development of new relations 
in the form of new equations. 

The vast majority of the attempts to predict 
turbulent motion follow the pattern of combining mathematical 

and physical arguments. The main weakness is that no method 
is cor.piete, no model of turbulence so far generated is 

arvà. 
perfect or general,.always some empirical information must 



be incorporated. 

Before the advent of high-speed computers the range 
of turbulence problems that could be handled was very limited, 
mainly because of mathematical difficulties in solving the 
complex equations. This explains why before the 1960's only a 
very limited number of flows could be considered, These 

were only solvable due to the gross simplifications introduced 
by integral procedures which had dominated the field until 
that date. The integral equation methods were developed In 
order to speed numerical solutions by hand calculations. This 
method must incorporate, implicitly or explicitly, 
suppositions about the global influence of turbulence in the 
mean flow. Global hypotheses are valid only over a. very 
restricted range of conditions; therefore, it is difficult to 
extend such methods to wider classes of flows. Accuracy and 
width of applicability cannot be achieved without solving the 
partial differential equations, and to solve them, the 
knowledge of local properties is required. 

With the advent of fast computers the use of more 
sophisticated numerical methods for solving the partial 
differential equations became feasible.'Prom the Stanford 
Conference on computation of turbulent boundary layers, Kline 
et ali„(1969), it emerged that methods using partial 
differential equations are more accurate and practical than 
the best of the integral methods. Then, a vigorous attack 
in the turbulence problem,*via partial differential methods, 



started. An evolution from simple to more sophisticated 
methods, covering a very wide range of flows, followed. 
Launder and Spalding (1972) give a complete and detailed 
survey of the available turbulent models, from the simplest 
ones: mixing length theory and turbulent viscosity methods to 
the complex ones, such as, the multi-equation models. .Also, 
very interesting and useful up to date surveys on turbulence 
models are presented by Bradshaw (1976), Fenmolz (1976), 
Johnston (1976) and Reynolds and Cebeci (1976). Fernholz deals 
with the external, two and three-dimensional boundary layers; 
Johnston surveys the internal flow models and Reynolds-Cebeci 
are interested in the methods of calculating boundary layers 
in turbulent flows,., „. 

method is absolutely general; always conditions and 
limitations of applicability are inherent in each model. 
.Motivated by the desire to remove these restrictions and to 
achieve greater generality, a collection of -work has been 
produced, founded on very formal and. sophisticated statistical 
theories of turbulence. In the hope of finding a general 
formalism without the need for empirical assumptions, 
theoretical works such as Orszag (1973), Monin and Yaglom (1975) 
Leslie (1973) and Lumley (1970) have appeared. So far, however, 
rather arbitrary postulates are needed in their theories too. 

aoTSC^re-rtial equations models that lend themselves to a 
numericalT^To^otxQn, are the only practical way of treating 

Prom the wide number of models proposed we see no 

It, seems that the turbulence mo-dels, i.e,, the partial 
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turbulent flews. Many individual Investigations have been 
reported based on the idea of using a self-contained set of 
differential equations. Apart from the early mixing length and 
turbulent viscosity methods, we have models comprising one-to 
many equations. Among the one-equation models proposed we find 
the models of Glushko (1965), Bradshaw et al. (1967) and Nee 
and Kovassnay (1969). Glushko adopted the tactic of simulating 
the turbulence energy equation and assumed the turbulent 
viscosity proportional to the square root of the turbulence 
energy| Bradshaw at al., on the other hand, developed an 
equation directly for the shear stress; whereas, Nee and 
Kovasznay developed a model where the kinematic turbulent 
viscosity is determinated- from a differential equation. 

All the two-equation models take the turbulence energy 
equation as the first equation; the distinction between models 
is in the second equation adopted. Ng and Spalding (1976) 
proposed a two-equation model where the second equation is the 
turbulence energy-length scale product. Among the multi-equation 
models, Hanjalic (1970) proposed a three-equation model, in 
which the equations for the turbulence energy, shear stress and 
dissipation are solved. With slight modifications, Hanjalic and 
launder (1972b) proposed a very similar, but extended model, 
which refers to 7 constants. Mention may also be made of Daly 
and Harlow (1970) who developed a model of 5 equations, where 
the turbulence energy equation is substituted for the 3 normal 
Reynolds stresses equations. Based on the Hanjalic and 
Launder (1972b) model, Launder et al, (1S75) developed a model 
also of 5 equations, similar to Daly and Harlow's model. 



"but with, more realistic approximations, mainly in the treatment 
of the pressure-rate of strain term near a wall boundary. More 
ambitious models are those of Chou (1945), Davidov (1961) and 
Xolovandin and Vatutin (1969) proposing models with 17, 23 and 
28 differential equations, respectively; these more complex 
models are also reviewed by Launder and Spalding (1972). 

Naturally, a better representation of the real flow 
can be achieved by means of a model with more and more 
equations, but this would result in increasing demand for 
computing time which is directly proportional to the number of 
equations. Now, it is widely accepted that multi-equation 
models should become Aiie standard method: of. solving turbulent 
flows, such is the degree of generality and precision of this 
technique. The principal question to be resolved is, what is 
the minimum necessary number of differential equations capable 
of representing well a wide range of turbulent flows. Computing 
time costs money, therefore, from the economical point of view, 
it is evident that models like those proposed by Chou, Davidov 
and Kolovandin-Vatutin are virtually unsolvable. In this work, 
we shall concentrate our attention on intermediate models with 
the purpose of selecting one, hopefully the best, that can be 

a. 

extended to deal with thermal boundary layers. Such^model 
should, ideally, contain the minimum number of equations 
consistent with the qualities of generality, precision and 
computing-economy. 



1.2 Heat transfer in turbulent-flows. 

The transport of heat to or from fluids flowing 
turbulently in closed conduits, is one of the most important 
modes of industrial heat transfer. Engineering applications 
of connective heat and mass transfer are'multiple and extremely 
varied. 

By the nature of the mechanisms involved, there is 
an analogy between momentum and heat transfer, and a close 
relationship between•connective heat transfer processes and 
fluid dynamics is observable. Thus, having established a model 
of turbulence that is purely hydro-dynamic, the extension to a 
model much more complex and general, including the transport 
of heat by convection, is straightforward. A survey of all 
studies of convective heat transfer to be found in the 
literature permits their classification in one of the two 
categories: 

a) Empirical and semi-empirical methods. 
b) More elaborate methods based on transport equatio 

1.2.1 Empirical and semi-empirical methods. 

The vital question, from the engineering point of 
view, is to know the amount of heat transfered from the wall 
to the fluid or vice-versa, depending dm whether the fluid is 
heated or cooled. Por this purpose, several correlations purely 
empirical, based on relations between non-dimensional numbers, 
were developed. These relations have been modified and improve 
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in order to satisfy the needs of the designer of heat transfer 
equipment. Usually, the relationships were found from direct 
results of experiments on prototype equipment , These empirical 
expressions do not say anything fundamental about the way heat 
is transferred, therefore, other relations, theoretical and 
semi-empirical, based on a fundamental knowledge of the 
processes occurring, were also developed, 

Reynolds (1901) was the first to predict 
quantitatively an 'analogy' between heat and momentum. His 
basic assumption was the equality of the turbulent diffusivities 
for momentum and heat ( ̂ ^'"tf-), making possible a relationship 
between the heat transfer coefficient and the friction factor. 
Since then, both simple and more elaborate methods have been 
proposed, lor example, the works of Prandtl (1910), Colbum 
(1933), Martinelli (1947), lyon (1951), Rannie (1956), Kestin 
and Richardson (1963), Gardner and Kestin (1963), Lawn (1969), 
Spalding (1961a) and, with later extensions of Kestin and Parsen 
(1962), Spalding (1964) and Quarmby and Anand (1970). The 
general procedure of these workers was to establish an accurate 
description of the velocity profile for the turbulent flow ( 
usually, the non-dimensional velocity u + vs. the non-dimensional 
cross-stream distance y + ) , then, use any kind of 'analogy' to 
relate the heat transfer coefficient with the friction factor. 

On the experimental side there are also many 
contributions, for example, Dipprey and Sabersky (1363), Kays 
and Leung (1963), Beissler "(1955), Johnk and Hanratty (1962). 
Smith and Shah (1962), Edward and Sheriff (1961), Owen and 
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Thomson (1953), Sparrow and Hallman (1958), Xolar (1965), 
Gowen and Smith (1967), Bettermann (1966), Quarmby (1967), 
Webb et al. (1971), and others. 

Although these authors, considered together, covered 
a very wide range of geometries, conditions and kinds, of flow, 
their main purpose was only to make possible the calculation 
of the heat transfer coefficient (h w), or, alternatively, the 
Nusselt or Stanton numbers. The understanding of the heat 
transfer mechanisms still remained slight. A better 
understanding of the way heat is transferred inside the fluid 
flow must help in the design of more efficient heat transfer 
equipment. But in the^design of this equipment it is desirable 
to have a detailed knowledge of transport quantities, such as, 
connective heat flux, intensity of temperature fluctuation, 
etc., and for this it is necessary to understand the 
underlying heat transfer mechanisms. This is why more elaborate 
methods are needed. 

1.2.2 More elaborate methods. 

In comparison with the purely hydrodynamic or 
isothermal flows, very little research has been done into 
turbulent flows affected by a difference of temperature, by the 
use of higher order correlations. This is understandable because 
turbulent shear stresses are important finput* to the heat 
transfer equations, therefore, the-heat-flux models had to wait 
until the hydrodynamic models were satisfactorily developed. 
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• Y/hen a turbulent flow also exchanges heat, in 
addition to the'momentum equation, the equation of mean 
temperature (or thermal energy) must be solved. The averaging 
of the mean temperature equation gives, of course, a relation 
between the other mean quantities but also has a term due to 
turbulent effects only. This term is called convectivo haat 
flux (iuT' ) and is analogous to. the shear stress term In the 
equation for mean momentum. The knowledge of this term permits 
the calculation of mean temperature distributions across a 
turbulent flow. Therefore, a more elaborate method of 
predicting heat transfer must BIOdel the connective heat flux 
in terms of higher order correlations. Theories based On more 
exact analyses have been formulated only in recent years, and, 
so far, only a small amount of work of this character has 
appeared. 

Tov/nsend (1958) examined the case of a stably 
stratified, homogeneous, non-developing free turbulent shear 
flow, far from walls. Using the turbulence energy equation and 
an equation for the mean square of temperature fluctuation, he . 
derived a relation for the flux Richardson number (ratio of 
the rate at which buoyancy forces extract energy from the 
turbulence to the rate at which it is supplied by the shear 
stress), which provides a measure of the stability of the flow. 

Webster (1964) and Hicholl (1970) performed two 
similar experimental studies of turbulence in density-stratified 
shear flows. Both were interested In the effects of buoyancy on 
the stability of the turbulent flow. They made measurements in 



a wind tunnel, using .air at Tow Reynolds numbers, measuring 
heat flux correlations as well as hydrodynaraic correlations, 
in order to observe the dynamical effects caused by an increase 
in the temperature of the boundary. 

More recently, launder (1975) developed a model to 
explain the case of stably stratified shear flows, far from 
walls, including gravitational effects. Starting with the 
Reynolds shear stresses equations (for u.u .) and the .convective 
heat flux equation, he found non-dimensional fluctuating 
correlations as a function of the flux Richardson number. In 
his derivations, Launder neglects all convective and 
diffusional terms..that is, he supposes that turbulence energy 
production and the rate of dissipation are equsT throughout 
the flow. In a subsequent work, Gibson and Launder (1976) 
extended the treatment to a more realistic situation in which 
the production/dissipation ratio varies. This improvement 
allows the consideration of jet flows as well as shear flows. 

Second-order models for atmospheric entraining layers 
were developed by Lumley (1972), Donaldson et al. (1972) and 
Zeman and Lumley (1976). Lumley (1972) and Donaldson et al. 
(1972) utilized simple transport gradients for the third-order 
fluxes and produced, respectively, models of 12 and 10 
differential equations. Zeman and Lumley (1976) incorporated 
buoyancy effects into the third-order fluxes and proposed a 
model with a minimum of 8 differential equations. An up-to 
date and complete survey on heat and m-.iss transport can be 
found in Launder (1976). 
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Compared with the other models, the Gibson and 
launder (1976) model is an intermediate model with 4 
differential equations and 2 algebraic relations, representing 
a compromise between physical realism and practicability of 
solution. Their model always approximates the transport terms, 
namely, convection and diffusion, in such a way that, .simple 
algebraic formulae emerge for turbulent stresses -and heat 
fluxes. But we know that, in general, the values of the 
properties of turbulence are quite substantially affected by 
local variations, therefore, we know that transport effects 
are significant . Thus, to provide an entirely consistent level 
of closure, quantities of turbulence, such as convective heat 
flux , intensity of "temperature fluctuation as well as shear 
stresses, should be found from the approximated transport 
differential equations. This Is a 'deficiency in their model. 

order models developed so far to predict convective heat 
transfer boundary layers were restricted to atmospheric or jet 
flows, no reference was found to flows along solid walls. 
Therefore, we decided to take as our main objective the 
development.of a complete model of turbulence capable of 
predicting both v, hydro dynamic and convective' boundary layers, 
in; the presence, of wall boundaries as well as free boundaries. 

1.3- Objectives and purposes. 

A study of the literature revealed that all higher-

o decided- to pay special attention to irternal 
turbulent flows s\ as pipe and annular flows which are the 
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most important in Nuclear originsering. 

'The general philosophy of the procedure we adopt 
can be summarized as follows: by means of "a numerical 
comparison, we aim to choose, from some of the existing hydro-
dynamic models, one that is reliable, practicable and 
flexible. Next, for the thermal boundary layers, we develop 
a set of differential equations which permits the introduction 
of wall effects. Three further equations are developed: (1) 
mean temperature equation, (2) connective heat flux equation 
and (3) intensity of temperature fluctuation equation, to 
account, for the influence of heat - transfer on the fluid flow. 
Then, the complete set of equations (hydrodynamic & heat 
transfer) is solved for some real flows: annular flow, pipe 
flow, flat-plate boundary layer, plane mixing layer and jets. 

. 1.4 Outline of the thesis. 

The thesis is divided into five chapters, of which 
Chapter - 1 forms an introduction. In Chapter - 2 we discuss 
the salient features of some existing models of turbulence for 
isothermal flows. By a comparison of the numerical results, 
these models are compared for the case of turbulent annular 
flow. A three-equation model emerges as the most satisfactory 
of those considered, Further analyses and more applications of 
the three-equation model are described in Chapter - 3 . I n 
section 3.1 we study the influence of varying the constants 
contained in the three-equation model. The problem.of the point 
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of maximum velocity In a smooth, annulus.with different radius 
ratios is analysed in section.3.2 . Some of the 'universal' 
Jaws for pipe flow are examined in section 3.3 . Friction 
factors in both smooth and rough annuli are presented in 
section 3.4 . Also, some methods based on Hall' ̂ transformation 
for comparing friction factors in asymmetric geometries, are 
included in that section. 

The development of a thermal boundary layer model is 
the theme of Chapter - 4 . -General-' equations are introduced 
for each one of the dependent variables. Boundary layer 
approximations, together with high Reynolds and local isotropy 
simplifications, are„introduced and a final set of three 
differential equations is obtained. These three equations, 
which define the thermal model, combined with the three-
equation hydrodynamic model, form a closed set of equations 
which is solved numerically for a group of real flows, with 
and without walls, 

Finally, in Chapter - 5 we draw some conclusions 
concerning the application of the new model of turbulence to 
real flows. Also, discussed in this chapter are the areas in 
which the present work could be extended and developed by 
future research, 



CHAPTER 2 

2. Critique of some models of turbulence. 

2.1 Basic assumptions common t o the models. 

Since all models of turbulence originate from 
equations obtained from the statistical averaging of the Navier-
Stokes equations, and the number of unknown terms in these 
equations is large, it is necessary to approximate them with 
sufficient accuracy to describe satisfactorily the mean flow. 
It is conventional in turbulence models to close the partial 
differential equations by using; general assumptions* These . 
basic assumptions are applicable to a fair number of practical 
flows. Witn respect to the models presented here, they are 
based on the following general assumptions: 

a) Plows with high Reynolds numbers. 
b) Fluid properties assumed constant. , 

c) Two-dimensional flows with a predominant direction. 
d) Fluid incompressible. 

The above assumptions along with the boundary layer 
approximations, make possible the derivation of the fundamental 
equation of turbulent flows which is the momentum or Reynolds 
equation (see, for example, Hinze (1959) or Schlichting (1968) 
for details of the derivation). Neglecting the external forces, 
the momentum equation can be written as 

Dt (2.1) 



where, 

D _ ^ , tt .P.. / .-> ,~,\ 
"Dt ~ 9t + J I 9 x i 

and repeated-suffix implies summation. 

The mean momentum equation (2.1) represents a relatio 
between mean properties of the flow with the exception of the 
shear stress term (u u ) which is due to the influence of 

x y 
turbulence. The difference between the models we consider lies 
in the way that u u is related to the mean -properties. In 

x j 

our comparison we consider the following particular models: 
1) Mixing-length model. 
2) One-equation model. 
3) Two-equation model. 
4-) Three-equation model. 
We now summarize the salient features of these models 

2.2 Mixing-length model. 

The earliest, and simplest, attempt to close the 
momentum equation for turbulent flow was made by Prandtl (1925) 
This work is referred to as the mixing-length theory. The key 
assumption of this theory is the approximation 

u x u y = ~ ̂ -m 2u x 

~7y 
X (2.3) 

" ^ 7 

w h e r e 1 is the mixing-length. For flows far from walls, 1 ^ m o o 7 m 
is usually taken as uniform across the boundary layer and 
proportional to the thickrfess of the layer. In our numerical 
comparison of the above models we take: 
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1_ = Ky for . Q ^ y ^ X ^ / K .. (2,4) 
m 

lffl = for y>A 1y t/K. (2,5) 

where K is the Von Karman constant, is also a constant 

(# 0.09) and y& is a characteristic thickness of the boundary 

layer. For annular flow, where there are two boundary layers, 

relations (2.4) and (2.5) can also be used, but when y>h/2 

(where h is the annular gap) a new y* is defined as y ?=h-y , 

2.3 One-equation model. 

With few exceptions (for example, Nee and 

Kovasznay1 s (l969)B;aodêl which uses the kinematic turbulent 

viscosity as the other dependent variable), the one-equation 

models use the turbulent energy equation (L'o) as the auxiliary 

equation. An appropriate equation for two-dimensional 

boundary layer flows was developed by Hanjalio (1970). It 

takes the form 

D 
o 

Dt -9 y N . + c - a . ) 
E 2 7)E 
O v

 U O 
9u 

- u u - 6 * (2.6) 
e 6 d y j x y d y 

where £ is called dissipation of turbulence energy and C g is a 

constant. However, the set of equations (2.1) and (2.6) still 

do not form a closed system, u u and £ remain unknown. It can 
x y . 

be closed by means of dimensional analysis and the use of a 

local isotropy concept, when the dissipation term is modelled 
Into -n.3/2 > 

o / .. 
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Furthermore, by using •and t l - type y viscosity. 
hypothesis, the Reynolds stress u u can be represented by 

x. y 

and, 

^ 9u. 

1/2 

(2.8) 

(2.9) 

where C-p in (2.7) is a constant (#0.07) and L^, are 
length-scales, respectively, for dissipation and shear stress 
To complete the model it is necessary to provide the length-
scale variation appropriate to a particular flow. If the 
Reynolds numbers are high, L^ and ly^ are nearly equal, 
therefore, we can put I=L^=L^_ .The prescription of I is 
rather arbitrary and also involves empirical relationships. 
We test three different relations, applicable to annular flow 

a) L = c£ / 4.Ky(l - y/h) (2.10) 

b) Length-scale proposed by Hanjalio. (1970), taking 
account of the position of zero shear stress... 

L = G^'4. Kh T \ + 0 . 4 ^ + (-^-6.4)^ 
where, 

^ = i ( l - | ) 

- 32 ̂  (l-2y 

(2.11) 

y = y coordinate where shear stress is zero 
% 2 = constant (2 0.14). 
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c) Length-scale constant in the direction of fluid flow 
hut varying.with the grid function ( W ) as 

L = C~/'4.Kh'Uf ( X^0.5) (2.12a) 

L = C ^ . K h d - l f ) (^T>0.5) (2.12b) 

where, 'V = V(N,H. ,R )' is the grid function (see 
3- O 

Appendix - 1 for definition), proportional 
to distance y from the wall, 0^"UT^:1. 

11 = number of grid points, 

2.4 Two-equation model. 

The difficulty of finding a relationship for the 
length-scale, motivated the research-workers to develop new 
models. The next natural development was a two-equation model. 
Invariably, the first of these two equations is taken as the 
turbulence energy equation (S Q), as before. However, there is 
some choice of what is to be specified as the second equation. 
Jones and Launder (1972) and Ng and Spalding (1976) are good 
examples of two-equation models; the former pair chose the 
dissipation of turbulence energy (£) as the dependent variable 
in the second equation, the later pair chose the product E QL. 

The procedure followed by the majority of workers 
was to develop an equation for £ and use the eddy viscosity 
concept to determine u u . The length-scale was determined by 

x y > 
a .relation "between .Ert and 6 (equal or similar to (2.7)). 

0 
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Dg 1 
Dt Qy 

( ^ + n ^ ) ^ 
^ £ e 1

 - a y 

.2 
Ç . ,^ y ,..: ,± _ f" ( o i -3 ̂  

where G £ , and a r e constants, The predictions of the 

two-equation model (E ,£) represented by the system of, 

equations (2,1), (2.5), (2.7), (2.8), (2.9) and.(2.13) are 

compared in section 2.7 with experiments and with the other 

models. 

A second two-equation model, using a shear stress 

equation instead of a dissipation equation, is also tested. 

Although this new mod<al needs the prescription of a length-

scale (in order to calculate £ ) , it avoids the use of the eddy 

viscosity hypothesis inherent in the use of equation (2.8), We 

take as our second equation the following equation for the 

shear stress derived by Hanj"alio (1970) 

D t ^ u x V = ^ y 
( v + 0-^)4(^x1) 

S £ dJ • J 

9 u • u u 

(2.14) 

where C , •C'r)-, and C o 9 are also constants. The two-equation 

model (E , u,_u ) given by relations (2,1), (2.6), (2.7) and 
o -A- y 

(2.14), and one of the length-scale relationships from (2.10) 

to (2.12), is also compared in section 2.7 with the other model 

> 

For example, a dissipation equation, suitable.for two-

dimensional boundary layers, was proposed by Hanjalic (1970) 
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2.5 Three-equation model. 

Csl 0 0 s2 °ei °£2 o . , / c 
si e 

0 .,/c 
si s 

csi / ce 
0.07 2.8 1.45 2.0 0.9 i.i 

This three-equation model is also compared with the 

oTSeT^^aoCcJs and with experiments in section 2.7 . 

The desire to represent special real -flows, such as 
flows.where zero shear stress.and maximum velocity do not 
occur at the same position, and recirculating flows, where the 
normal stresses are important, led to the development of multi-
equation models. Among the many multi-equation models'to he 
found in the literature, we found as amenable to a numerical 
approach, the following: the Kanjalic's. (1970) three-equation 
model, the Hanjalic and Launder's (1972b) three-equation model 
and the Launder et al.'s (1975) five-equation model. 

Hanjalic (1970) developed the three equations already 
presented here: the turbulence energy equation (2.6), the 
dissipation energy equation (2.13) and the shear stress 

•if 

equation (2.14). Together with the Reynolds equation (2.1) they 
form a closed set of equations, Eo length-scale is needed, but 
7 constants must be assigned numerical values. Table 2.1 gives 
the values assigned by Hanjalic to the constants; some of the 
constants he determinated from experiments in simple flows and 
the others he found by computer optimization.. 

Table 2.1 Empirical constants for the three-equation 
model (Hanjalic). 



2.6 Summary of numerical method used to solve the • 
partial differential equations. 

Each one of the models represented by one, two or 
three equations is solved numerically for the dependent 
variables U , E , u u and £ . The solution method employed 
is the finite-difference procedure originated by Patankar and 
Spalding, where the partial differential equations are 
integrated in a forward-marching procedure. In Appendix - 1 a 
brief description of the essential features of the numerical 
method is given. For a full account of the numerical procedure 
and computer implementation, see Patankar and Spalding (1970). 

One single .computer program* hereafter referred to 
as TTBL, developed by the author, solves all 5 models of 
turbulence we have just described. For each model, the basic 
data required by the program is the geometry and flow 
conditions of the particular flow being considered. In order 
to predict asymmetric profiles which are characteristic of the 
annular flows, a non-uniform grid -is used. The density of mesh 
points being greater in the vicinity of the wall. The non­
uniform spacing of the grid points is of a logarithmic form 
and their precise distribution is made a function of the radius 
ratio. 

At the beginning of a calculation, the computer 
program requires both boundary conditions and the. initial 
profiles of the dependent variables to be specified. These 
initxaJ conditions are provided by means, of input data. In 
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practice, it is found satisfactory to,assume that the initial 
profiles across the flow are constant. The 'boundary conditions 
are the same as those specified hy Kartjalic and launder (1972b 

and Kg and Spalding (1976). 

2.7 Quantitative comparison between the models. 

The type of flow considered is the turbulent annular 
flow, and the cases of smooth annuli with two different radius 
ratios and annul! internally roughened,.are examined. The 
predicted results are compared with the experiments of'Lawn 
(1970) and Brighton and Jones (1964). A. single set of constant 
as' given in table -2'.If'is used for all models tested. Von • 
Karman's constant (K) is taken equal to 0.42 and a logarithmic 
grid of 60 points is used in numerical calculations. 

Figure 2.1 shows the influence of length-scale on 
velocity, shear stress and turbulence 'energy profiles, using a 
two-equation model (B , u u ). A comparison with Lawn's (1970) 
experimental results shows that the length-scale expressions 
(2.10) and (2.11) give quite good predictions, while relation 
(2.12) exaggerates the asymmetry of the points of maximum' 
velocity and zero shear stress, and therefore, is the least 
accurate in predicting the three profiles, the inaccuracy 
being mainly on the side nearer the inner wall. The 5 models 
are compared with the experimental results of Brighton and 
Jones (1964) in figure 2.v2 , for the ca.se of an annulus with 
a radius ratio not small. As the radius ratio is 0.562, the 

http://ca.se
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asymmetry of the profiles is very small, so, as expected, all 
models give good predictions for velocity and shear stress 
profiles. However, a bigger discrepancy is observed in the 
turbulence energy profile. 

The predicted profiles of velocity, shear stress and 
turbulence energy in an annulus internally roughened, are 
compared with experiment in figure 2.3» As the experimental 
results of Lawn (1970) indicate, the maximum velocity and zero 
shear are shifted closer to the outer wall. The two and three-
equation models predict quite well the velocity and shear 
profiles, while,the one-equation model fails to predict the 
asymmetry, predicting "the maximum velocity on the line of 
geometric symmetry of the annulus. By means of•expression (2.7), 
length-scales for the two-equation ^E Q,£) and three-equation 
models are deduced. In both models E Q and £ are determined by 
equations. These two length-scales and the one predicted by the 
expression (2.10), are compared with the experimental results 
in figure 2.4 . As we can see, the. predicted length-scale from 
the three-equation model (the case where 1^/5^=0.088) is in 
better agreement with the experimental results found by Lawn 
(1970), except in a small region near the centre of the flow, 
where a depression is revealed by the experiment. Lawn justifies 

Tie. 

the presence of this depression as due to no^production of 
turbulence energy in this region, and as a result, the 
dissipation equals the diffusion. 

> 

As can be seen from our results, all models are 
capable of predicting satisfactory velocity profiles. Even 



the one-equation model might be capable of given good results 
by changing the value of some constants or/and modifying the 
length-scale. It is in the shear stress and turbulence energy 
that the major differences are exhibited. All the models, 
except the three-equation model and the two-equation model 
(E Q, £ ), use some kind of length-scale. The length-scale is 
arbitrary and it is not, necessarily the same for all kinds 
of flows (and, even for the same flow, it might depend on the 
type of model used). It must be found by trial and error, 
checking against the experimental results until a 'good* 
length-scale is obtained. This procedure contains undesirable 
arbitrariness,, and as a result, models using length-scale are 
gradually falling in disuse, 

fhe two-equation model• (E ,6 ) does not need a 
length-scale but uses the turbulent viscosity concept which, 
in some cases, fails to predict accurately the shear stress or 
turbulence energy profiles. As we have seen, in this particular 
geometry, the three-equation model gives correct predictions. 
This confirms the findings of Hanjalic and Launder (1972b) who 
tested the model in a great number of turbulent flows and also 
found it gave accurate results. Therefore, because of its 
generality and accuracy, we adopt the .three-equation model In 
our further studies. By generality we mean that it can be 
applied to a variety of conditions and flows using a single 
set of constants. 
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3. Analysis and application of the three-equation 
model. 

3.1 Influence of varying the constants in the three-
equation model. 

The three-equation model, represented by equations 
(2.6), (2.13) and (2.14), contains 7 adjustable constants, 
namely, C , C 9 , , C,-9, C , C p and G whose values can be 
determinated by the application of the model to well-known 
simple flows, such as logarithmic flows and grid-generated 
turbulent flows. Several authors have recommended a set of 
values for these parameters. Table 3.1 summarises the values 
of the constants recommended. Each set of constants was 
optimized by fitting the theoretical results to.individual 
experiments. 

Table 3.1 Numerical values of the constants recommended 
by several authors. 

Authors Csl Gs2 - °£ 2 e C s 

Hanjalic (1970) 0.07 2.8 1.45 2.0 0..07 0.064 0,078 

Han2alio and 
Launder (1972b) 

0.07 n o 1.45 2.0 0.064 0.065 0.08 

Launder-
et al. (1975) 

0.071 1. 5 1.44 1.9 - 0.075 0.11 

Jones and 
Launder (1973) 

0.09 * - 1.45 ,.0 0.09 0.069 -
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^sl 
u„u 
is 
o 

(3.1) 

From the experimental data, the ratio of shear stress and 

turbulence energy (u^u^/E^) lies between 0.25 and 0.30 . Thus, 
C g^ can be assumed to vary between 0-Q6 and 0.09 . 

The parameter 0 n shows greater variation among the 
3d 

authors. Following Rotta (1962), many workers assumed C g 2 as 
4 +-oC1 - 4 < 2 ^ 

' cs2 = :Yciq + 5c< 2 - 8' • = 2 # 8 * ( 3 * 2 ) 

where, and o C 0 are constants of proportionality between 
normal?"**srx^r stresses and turbulence energy and are given by 

The values recommended by the various authors shown 

in table 3.1 appear to be in good agreement. This occurs not 

only because the models are similar, but is also due to the 

fact that the constants were derived by fitting the same 

experimental data. If the comparison between theory and 

experiment were to be made over a wide range of experimental 

data, greater differences could emerge. Therefore, in this 

section, we study more comprehensively the Influence of varying 

the constants, on quantities like velocity, shear stress and 

turbulence energy. 

By considering ideal flows we can estimate the range 
over which the constants should, be varied* For a logarithmic 
flow, advection terms are zero and viscous diffusion terms are 
negligible. Under these conditions, the shear stress and 

turbulence energy equations can be even further simplified. 

Thus, relating the resultant terms in (2.6) and (2.14) we have 
2 



0£< 

u x = ^ l E o a n d u y = ^ 2 E o * (3.3) 

The values of s,nd. cC9 are obtained from 
experiments on nearly homogeneous shear flows. For example, 
from the experiments of Champagne et al. (1970), we found 

c( 1 = 0.937 and oL2 '= 0.497 . (3.4) 

Leslie (1975) pointed out that evidence is 
accumulating against, assumption (3.3), and that the degree of 
anisotropy of the diagonal components varies markedly across 
a typical flow. Therefore, there is still some disagreement 
about the best value for C 0 , and it should be of interest, to 

S<i 

study how a change in C 0 affects the results given by * the 
model.. We consider the effect of varying C s 2 in the range 1.5 
to 4.0 . ' 

In a grid-generated flow there is no production terms 
and the. diffusion terms are negligible. This simplification 

permits the.evaluation of 0 £ o . Applying this simplification 
to (2.6) and (2.13) and relating the resulting expressions for 

E and £ we obtain, o 
E = A x~ n and £ = nAIT x ~ ( n + 1 ) (3.5) . o x 

where, A is a constant, x is the distance downstream of the 

grid, and 
n = n

 1 h . (3.6) 
U £ 2 ~ 1 

The experiments of Batchelor and Townsend (1948) 
1 

indicated a grid turbulence decay of the form E,^c x" (n=l). 
Launder et al. (1975) suggested that n should be at least 1.1 
In our analysis n is varied from 1.25 (.(J£2=l»3), correspondin 



to a high rate of decay, to 0.33 (C £ ?=4.-0), • representing a 
low rate of decay. 

Finally, imposing the condition that the dissipation 

equation (2.13) must also describe the logarithmic flow, it is 
possible to determinate- C r - , . It is well-known that for a 

£1 • 
logarithmic flow, 9U__/2>y and £ vary as l/y,' or more nrecisel 

2 U X U7> - c U l ^ 
"Tfy = Ky a n d 6 = Ey • ( 3 « 7 ^ 
Now, invoking (3.7) and neglecting the advection 

term, (2,13) becomes 

C£l = G82 " C £ k 2 / C s 1 2 " (3.8) 

The proposed range of variation for 0_ 0 and C * ° £ 2 si 
causes C g i n (3.8) to vary from 1.15 to 3.47 > The ratios 
C - , / C , 0 t / C and 0 - , / C - are defined as the turbulent Prandi sr s* si' e si' £ 
Schmidt numbers for shear stress, turbulence energy and 
dissipation, respectively. Comparisons with experimental data 
show that the turbulent Prandtl-Schmidt numbers do not differ 
significantly from unity„ Hence, we vary all 3 ratios, 
systematically, from 0-9 to 1.1 . 

The range, of values of the constants which we study 
is summarized for convenience in table 3»2 . The influence' of 
varying the constants in the turbulence model is tested in a 
smooth annulus with small radius ratio, and the results are 
compared with the experimental values.of Lawn (1970), The 
procedure for solving the three-equation model is the same as 
described in section 2.6 . Values of the constants are 
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systematically varied until all possible variations in the 

range are covered. 

Table 3.2 Range over which the constants are varied, 

C -, 
si 

C 0 s2 C£l 
-j O n V„/ - , 

C" \ *1 j f-t ! 

C -, 
si 

C 0 s2 C£l 
°e w ê "s 

0.06-0.09 1.5-4.0 1.15-3.47 1.8-4.0 0.9-1.1 

The results are shown in figure 3.1» where velocity, 

shear stress and turbulence energy distributions are compared 

for the chosen range of the constants. As can be seen, velocity 

and shear stress display insensitivity to the variation of the 

parameters; the maximum variation of these quantities being 2%. 

Only the energy profile shows some sensitivity^ then only C g^ 

affects the energy distribution. Roughly,, an increase of 50^ 

in C , decreases E by about 18<£. Although the profiles of the si o J ' 

main dependent variables are almost unaffected, some 

characteristic points of the flow, for example, location of 

maximum velocity and zero shear stress, are changed, as we 

shall see in the next section. 

A similar study was performed by the author on jet 

flows, and identical pattern was observed. Profiles were 

nearly unchanged by variation of the constants* values, and, 

again, specific parameters> only, for example, the rate of 

spreading, were greatly affected. 
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3.2 The -position of maximum velocity in a smooth 
, . -rh. . , .V mm p-iM •• ni.i.nin'j jirn. i t jl-i. mi u 

annulus. 

As is well-known, fully developed annular, flow 
involves the combination of two boundary layers, each extending 
from a wall to the point of maximum velocity. Each of these 
boundary layers may be quite different from the other, in the 
profiles of velocity, shear stress and other turbulence 
quantities. Such asymmetric distributions are 'substantially. 
affected by geometrical conditions, such, as annular radius 
ratio (Rj/Rq) or unequal roughness of walls. Here we devote 
some attention to the effect of varying the radius ratio and 
the constants, on velocity profiles in a smooth annulus. 

Numerical tests with ifche three—equation model are. carried out 
for a range of annular radius ratios varying from 0,063 to 
0.9 . The constants are varied as Indicated In table 3.2 . The 
results are shown in figures 3.2 and 3.3-... 

The velocity profiles., are in figure 3.2 » A 
comparison with the experimental results of Brighton and Jones 
(1964) shows quite good agreement. Again, over the range, of 
the constants studied, no significant change in the calculated 
velocity profiles is found. Both theoretical and experimental 
results show a flow curvature effect, that is, the points of 
maximum velocity and zero shear stress are shifted from the 
centre towards the inner wall, as the radius ratio decreases. 

Kays and Leung (.1963) correlated, the results of 

various investigators, and defining 
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RT,T-R- H. g* - — i and R* ~ —i f "a o R —R C U A U- "p * \.->*SJ A o " M " o 

found a curve to predict the point of maximum velocity as a 
function of the radius ratio. They found the curve which-best 

fits all the data to be: 

S* = ( R * ) 0 , 3 4 3 . (3.10) 

A curve for symmetric shear profile (shear stress 

equal on both surfaces) can be derived, in order to eonroare 
with (3.10). A comparison of accurate shear stress and velocity 
profiles shows that the points of zero shear and maximum' 
velocity do not coincide (the point of zero shear is nearer the 
inner wall than is the point of maximum velocity). But in this 
derivation we assume géra shear and maximum velocity occur at 
the same point, If we consider the balance of forces on an 
element of channel of length dx , we may write, 

2 2 

• • 2 2 
R — R r-

' T - 0 . "'M / d p v r -, T O N Oo ~ 2 T T K à x } y 

o 
which gives the ratio of shear stress as 

2 2 r7n W~ - R T T R. 
— — — _ _ _ _ _ _ _ _ _ _ • TJ • \ J » J - J / 

If ZQ = Z± , relation (3.13) gives R,r= ( R±F,Q ) 0 e 5 and 
substituting in (3.9) we find a relation to predict the point 
of zero shear in symmetric shear profiles, which is 

S* = ' ( R * ) 0 , 5 *> (3.14) 

The position of maximum velocity as a function of 



57. 

3.3 Turbulent pipe flow. 

In this section we devote some attention to the 

experimentally observed and so-called Laws of Similarity in 

fully developed turbulent flows, in the presence of rough 

walls. In order to verify such similarities we concentrate on 

the particular case of a round pipe. Numerical solutions are 

obtained using the three-equation model already described, and 

results are compared with the experiments. Three of these Laws 

the radius ratio is shown in figure 3.3 . Our predictions using 

the three-equation model are compared with the experimental 

results of Brighton and Jones (1964). and those referred to bv 

Kays and Leung (1963), as well as the empirical expressions of 

(3.10) and (3.14). As can be seen, our predictions compare well 

with most of the experimental data. Although the effect on 

profiles is almost negligible, the point of maxinaua. velocity is 

altered by the set of. constants used. The influence of the 

variation of the constants in our predictions for 3*, is also 

shown In figure 3.3 . We observe that the Influence of 0 ^ is 

negligible as is also the 'Schmidt-Pran&tl numbers-, is mostly 

affected bv C .-, and C, 0 . An increase in C 0 , for a fixed 0^ o, 
Si. 3 tc " t. ¿1 

brings the.point of maximum velocity closer to the inner wall 

(i.e., S* decreases). The opposite effect is observed when C_ 9 

is fixed and C ^ is increased. The limits of variation of S* 

shown in figure 3.3 are obtained with G o=4.0 and C- 0=1.8 for 
S i ' c _. 

minimum S* and 0^=2.0, C £ 2 = ^ * ^ for maximum.S*. The overall 

effect is more substantial for small radius ratios, and 

decreases as the radius ratio is increased. 



are well-known, namely, the law of the 'wall-, the friction law 
and the velocity defect law, and some details of each are giver 
below,, 

3.3.1 Law of the wall. 

The law of the wall postulates the existence of a 
region near the wall where the non-dimensional velocity (u +) 
shows a logarithmic profile of the form: 

u + _ B r(e +) + B.ln(-f^) ,'• / (3.15) 

where, e+=eu^/'V , e is the roughness height, (R -R) is the 
distance from the"Wall to the point considered, B- and B r(e +) 
are constants and u is the friction velocity. 

The velocity distribution represented by (3*15) is 
the logarithmic velocity profile, and the region in which is 
valid, namely, the outer part of the.constant shear stress 
layer, is therefore called the logarithmic region. Many 
experiments confirm this relationship, and show that the 
constant, B=l/K, is approximately equal to 2.5 whatever the 
nature of the wall. The other constant, B (e +), depends, mainl; 
on the kind of wall roughness. When e**" is large, B r approaches 
an asymptotic value. Nikuradse (1950) found an asymptotic valu 
of B r=8.48 for sand-grain roughness. In the case of rib-
roughened surfaces, Lawn and Hamlin (1968) pointed out a big 
scattering in the suggested values for B . The values of B r 

quoted by them vary from 2.83 to 4.65. A value commonly used I 
B- =3.75 which lies about the middle of the range of B r values. 



3 . 3 . 2 Friction Law. 

where, /7J , is the shear stress at the wall and U is the average w w 
mean velocity across the flow. Since the friction velocity is 

u . . ( V y . , V 2 f ( 3 . 1 6 ) _ b e „ t e n a, 

f = 2 ( - 5 ) - . (3.17) 
U . _ . 

Furthermore, we can obtain an expression for the 
average velocity across the whole section, which, together with 
(3.17) and with the Law of the wall (3.15), gives 

^ =• (B r - 3.75) + B.ln(^) . (3.18) 

The relationship (3.18),'which was proposed by 
Schlichting (1968),. is the logarithmic friction factor formula, 
which predicts successfully a very large mass of experimental 
data. 

3.3.3 Velocity defect Law. 

For the outer region, or core region, of the flow, 
the logarithmic distribution, represented by (3.15), no longer 
applies since the conditions on which i t Is based are no longer 
valid. In the core region, direct viscous effects continue to 

Using the concept of friction factor (f), the flow 
through a pipe can be related to the friction it generates. It 
is customary to express the wall resistance In terms of a 
friction factor defined by 

1 _ t t 2 ' (3.16) 



60, 

the velocity ''defect", defined as , is a function 
u ^ 

of (R -r)/R Q only. This type of similarity/ which holds in the 
core region has the form 

I W - U(r) 
= h(£ ) . (3.19) 

where U r 
1 MAX is the maximum velocity (in pipe flow, the velocit 

ii -r 
at the centre of the -pi-oe), R is the pi-pe radius and B =? — 

o 
Equation (3.19).is known as the velocity defect law, it is 
independent of Reynolds number and roughness height. The defec 
law should be regarded as an empirical relationship, although 
it can be. shown that its form is compatible with the equations 
of motion. 

Using the eddy viscosity formalism, Leslie (1977) 
developed a theoretical relation for h( p. ) , matching both the 
logarithmic and core regions. His proposed relationship is: 

h(p ) > 
( l - ^ ) 2 ,"• ^ 
2JI + l n ~ - (^ ™ p 

(3.20) 

v/here, B=l/K and ^ is the value of }5 where the variation of 
the eddy viscosity is assumed to become nearly constant for 
the remaining of the core region. Leslie found ^ ^=0.16 to be 
the value which results in the profile (3.20) having quite 
good agreement with the experimental measurements. 

9 

be negligible and the total stress is identified with the 
Reynolds stress. This implies that the velocity scale is uv 
and the length scales are R and r. Thus, in the core region, 
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Spatially averaging h(JI ) we obtain the mean value. 

h, from 

h 
TÏR 

2~ 
o •'O 

,1 

2Tf rh(r) ctr 

2 ( 1 - ^ )h( f y&f. 

(3.2i; 

(3.22) 

0 

Substituting (3.20) into (3.22) and integrating, 

Leslie (1977) found 

h = B ( 1 jS 1_ g2 I ig3 \ 
e +

 Q " 2 r i + 12 r i j * 
(3.23) 

3.3.4 Comparison between experimental results and 

the three-equation model predictions. 

The three-equation model represented by equations 

(2.1), (2.6), (2.13) and (2.14) is solved for a turbulent pipe 

flow, using the numerical technique' of Patankar and Spalding 

(1970). The set of constants employed is the same as in table 

2.1 . Reynolds numbers ranging from 5.0x10 to 5.0x10° are 

tested. Both sand-roughened and square-rib-roughened walls are 

considered, with roughness ratios (Bye) varying from 40 to 800. 

The form assumed for the law of the wall (3-15) is 

verified in figure 3.4 . Our predictions for u + vs. (R -R)/e 

are compared with the experimental correlations. The predicted 

results, for all three roughness ratios, agree quite well with 

the Nikuradse (1950) relation for sand-roughness (3.„=8.48). A 

similar good agreement is observed for square-rib-roughness. • 

The friction factors in the turbulent • rough pipe flow, as a , • 
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function of roughness ratio, are shown in figure 3.5 . As we 
can see, the predicted results and the experimental data, 
represented by (3.18), agree well for both kinds of roughness: 
sand-roughening with B =8.48 and square-rib-roughened wall 
with B =3.75 . r 

Figure 3.6 shows the defect function h()f ) , defined 
by (3.19). for a pipe flow with sand-roughness. The predicted 
results and the profile proposed by Leslie (1977) of (3*20), 
are very close. Also in figure 3.6 are plotted the 
experimental results obtained by Lawn (1970). Once again, good 
agreement is observed. As an alternative to (3.21), the 
average of the defect function (h) can be .defined as, 

MAX i p2 t MAX - \ /* r.,. \ 

= —-x = y? ( = 1) • (3.2s) 

Substituting the values we find from our numerical 
calculations, into (3.24) we obtain h=4.69; this value we find 
to be nearly independent of the roughness ratio and Reynolds . 
number. But taking ̂ = 0.16 , the relation (3.23) proposed by 
Leslie (1977) gives h=4.28 . The value h=4.69 seems a little 
high compared to the second value of h. In a similar study to 
that made in section 3.1 and section 3.2, that is varying the 
constants of table 2.1, we find that the values C o 0=3.2 and 
Cg 2=1.8 decreases h to 4.32 , while the defect function remains 
practically unchanged. Therefore, it appears that C s 2=3.2 and 
C£2~^"^ a r e ^e't^er values to use in the model to predict pipe 
flows. , .. 
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3.4 Friction factors in turbulent annular florr. 

In gas-cooled reactors the basic geometry of the 
coolant channel is annular geometry. As a consequence, very 
extensive experiments have been made in annular turbulent flows 
(mainly with roughening and heat flux on the inner side only). 
In order to handle the high reactor heat fluxes, it is 
necessary to increase the transference of heat from the 
cladding to the coolant.. Therefore, various geometries have 
been tested for this desirable characteristic . One of the 
most common devices used is to roughen the Inner side of the 
channel by regularly spaced transverse square ribs. Here we 
examine the friction factors obtained with the three-equation 
model for several wall- conditions and the results obtained are 
compared with the available experimental data. The corresponding 
heat transfer cofficients are discussed in section 4.4 .Three 
configurations are considered: (1) both walls smooth (smooth/ 
smooth), (2) both walls rough (rough/rough) ana (3) internal 
wall rough and external wall'smooth (rough/smooth). 

3.4.1 Smooth/smooth and rough/rough annuli. 

To begin with, we consider the smooth/smooth annulus. 
4 6 

Reynolds numbers varying from 1.0x10 to 1.1x10 are considered; 
also, the radius ratio is varied from 0.125 to 0.75 . Results 
predicted with the three-equation model are shown in table 3.3. 
These predictions are also compared in table 3.3 with the 
experiments of Lee and Barrow (1964), Jonsson and Sparrow ( i 9 6 0 ) 

Brighton and Jones (1964) and Watson (197°)» As can be seen, 
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Reference Re 13 /x? 
f xlOO 

Reference Re 
Experiment Predieted 

l.OxlO4 0.613 0.85 0.82 

4.0xl0 4 0.613 0.62 0.61 

lee and l.OxlO 4 : 0.387 • 0.90 .• 0.85 
Barrow (1964) 4.0xl0 4 0.387 0.64 0.61 

l.OxlO 4 0,258 1.00 0,86 

4.0xl0 4 0.258 0.64 0,61 

5.0xl0 4 0.750 0.56 0.57 

Jonsson and 5.0xl0 4 0. 281 0.53 '. 0, 58 

Sparrow (1966) l.OxlO5 0-. 281 •0.47 0.49 

2.0x10 5 0.281 0.41 0.42 

l.OxlO5 0.375 0.49 : 0.49 

Brighton and 2.0x10 5 0.375 0.41 0.41 

Jones (1964) l.OxlO5 0.125 0.47 0.48 

2.0x10 5 0.125 0.43 0.41 

3.5xl0 5 0,513 0.40 0.39 

5.1x10 5 0.513 0.36 0.36 
Watson (1970) 

7.7x10 5 0.513 j 0.34 0,34 
9.5x10 5 0,513 j 0,34 0.34 

Table 3.3 Predicted and experimental overall friction 
factors in a fully developed smooth annular 
flow. 
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f = and f JIs> , (3.25) 

where, IP is the average mean velocity for the portion of flow 
between the inner wall and the point of zero shear stress, and 
U"0 is the average mean velocity for the outer portion. 

The influence of the radius ratio (R*). on friction 
factors in smooth/smooth and rough/rough annular flow is shown 
in figure 3.8 . The experimental data is that cited by Watson 
(1970) and shows that the effect of radius ratio is significant 
only for small and moderate Reynolds numbers (Re <10 ). This 
effect is observed also in v our predictions as shown by 
figure 3„8 ..The smooth/smooth and the rough/rough annuli (sand-

the overall agreement is good, especially for high Reynolds 
numbers. 

The variation of the friction factor in a rough/ 
rough annulus, as a function of Reynolds number, is shown in 
figure 3.7 . The roughening on both sides is achieved by 
square ribs. Prom figure 3.7 we see that the overall friction .' 
factor has a nearly constant value and is in excellent 
agreement with the experimental data of Pawn and Hamlin (1969), 
Also in figure 3.7 we plot the friction factors for the 
internal and external surfaces, -f^-and f , respectively . A 
slight disagreement between prediction and experiment - is 
observed. We suggest that this discrepancy is due to the 
definitions of f^ ahd 5f :

o* We define our f^ and f by a relation 
similar to (3.16), using the same average mean velocity U to 
calculate both factors. While Lawn and Hamlin define. 
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roughened, 3^=8 .48) are independent o f radius ratio. The 

radius ratio seems to. show some e f f e c t only on square-rib 

roughened annuli (with B =3.75), when E * ^ 0 , 4 . For example, ' 

when R* is decreased from 0 .4 to 0.2, the overall friction 

factor increases by 164. 

3.4,2 Annulus internally roughened. 

3.4.2.1 Overall friction factors. 

Numerical calculations with our three-equation model 

are carried out for an annular turbulent flow having the 

internal wall roughened and the external wall smooth. Several 

Reynolds numbers and radius ratios, as well.as .different kinds 

of roughness, are considered. Predicted overall friction 
5 

factors with Re=5.0xl0 and R*=0.5 as functions of roughness 

ratio (De/e) end kind of roughness (B^), are shown in figure 

3.9 . In order to check our predictions, we compare our results 

with the experimental data of Lee (1972) and Wilkie (1966) in 

figure 3.10 . Although both authors used the same kind of 

roughness (i.e. square ribs), we observe a scattering in the 

experimental values. This is due to different geometrical 

conditions, i.e., different radius ratios, ribs pitch ratio 

(s/e) and ribs width ratio (e/w), being used by the two workers:.. 

In figure 3.10 we show predictions with two values of B , 

namely, 3.75 and 3.0 . As we can see, an acceptable agreement 

is obtained with the value 3^=3.75 , this curve being the best 

fit to experimental data. 
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3,4.2.2 Hall's -transformation. 

In order to enable a comparison of friction factors 
and heat transfer coefficients in channels with different 
cross-sections, or different kinds of roughness at each wall, 
or even different proportions of heated and unheated surfaces, 
Hall (1962) devised a transformation method. She key feature 
of the method he proposed lies in the isolation of the effect 
of each wall. For example, in an annulus internally roughened, 
the assumption is made that the distribution of the fully 
developed flow is largely determined by the geometry of the 
flow area between the rough surface and the surface of zero 
shear stress, and islittle affected by the smooth surface 
opposite. Then, we can define a separate friction factor for 
the system associated with the rough surface (and a friction 
factor to be associated with the system of smooth surface). 
The assumption is then made of equivalent diameter, defined by 
the flow area between the zero shear stress and the rough 
surfaces and by the rough surface perimeter. Finally, a further 
assumption is made that the resulting friction factor and 
Reynolds number will be the same as would exist for a circular 
passage having the same relative roughness and the same 
equivalent diameter. . 

In its original form, Hall*s method requires the 
measurement of the velocity and temperature distributions in 
the channel. It is assumed that the position of.zero shear 
stress is coincident with that of maximum velocity, jy applying 
a force balance on the two regions of the annular passage, 
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2 2 
l lH " R i dp _ 1 oho ._ 

2H ± 'dx " 7 dx ^ l 

- A 
X l 2" 
2 2 

^ =
 R o " R M dp_ 1 dp 

°o 2R 'dx I dx ^ e 2 
o 

(3,26) 

, A U 2 
.2 2 

(3.27) 

where, the equivalent diameters De^ and De^? associated with 
the rough and smooth portions, are defined as, 

4lf ( R ? R ? ) 
D e l 2 ^ " (3.28) 

4Tf(R^ - RT
2
T) 

;2 = 2 TfR, D e = - — _1 (3.29) 

'The overall friction factor is given "by the Panning 

equation: 

f = -rr_2-S (3.30) 

where, De, yo" and U now refer to the whole of the annular 

passage and, also, 

De =• 2(R 0-R i) . (3,31) 

How, relating (3.26), (3.27) and (3.30) it follows 

T-2 Tie 

= y=z s r (3.32) 
J 1 U1 

namely, rough/zero shear surfaces and smooth/zero shear 

surfaces, Hall (1962) found: 
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and 

-. • • u c. f . , -. •., 

75ff2 De 

By analogy with the Reynolds number for the whole 
passage, the Reynolds number for each section is defined as, 

• R e l = a n d R e 2 = * "0.34) 

(I) .'Iterative methods based on. Hall's transformation. 

In an attempt to avoid the -measurement of velocity 
distribution as proposed by Hall (1962), a number of simplified 
methods of transformation have been proposed. One of the most 
popular is the method developed by Wilkie (1966), in which the 
shear stress on the smooth wall is obtained by a correlation, 
and related to the rough wall by means of three parameters K^, 
Eg and K^, obtained from the analysis of a large number of 
experiments. Wilkie developed a system of 3 equations which can 
be solved iteratively for the unknowns f-̂  and -D<3-j_. This method 
still assumes that the surface,, of zero shear and maximum 
velocity are coincident. 

We now propose an even simpler method based on well 

known empirical correlations, which' gives results which do- not 

differ significantly from the Wilkie method. Since the average 

mean velocity in each of the two sections does not differ too 

much from the average mean velocity of the whole -annulus, then 

we can assume U = U- = u 9. Now, relating (3.32) and (3.33) we 
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obtain, 
J - - i . L f O - , 

TZ ~ De„ U.-^, 

The friction factors f^ and fg in each section can b 
derived from pipe correlations, provided that equivalent 
diameters De^ and De^ are used. We use two well-known' 
correlations which summarize most of the experimental data in 
pipes. For the inner (rough) section we adopt the relation 
proposed by Schliehting (1968). This relationship was 
introduced earlier in (3.18) but is reproduced here for • 
convenience: N 

/§ = (3-3.75) + 2.5 ln(^i) . 
.1. . : sj" ' ars: ; 

The friction factor.for the outer (smooth) section is well 
predicted by the Blasius formula, 

f 2 = 0„046Ee~ 0' 2 . (3.36) 

Thus, for a given geometry (i.e., R^,' R'0, Re and e 
known), the set of equations (3.28), (3.29), (3.34), (3.35), 
(3.18) and (3.36) can be solved iteratively. An initial guess 
for R,, is required; a reasonable ,starting value is R,«=(R.R •) 7 

M «1 X O 

The overall friction factor for the whole channel is then 

calculated by. 

• f - f l K 1 " ( 3 - 3 7 ) 

Using this method we calculate the overall friction 
factors in annuli with radius ratio equal to 0.5 and Reynolds 
number equal to 5.0xl05. Parameters 3̂  and e, v/hich 
characterize the kind of roughness on the inner wall, are-
varied in the range: ': 
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2.0^3 ^[8.48 and 4 0 ^ — ^ 8 0 0 • 

Results are compared in figure 3.11 with those 
obtained "by the three-'equation model, under the same 
geometrical conditions. As we can see, this method gives 
results about 10-15?* lower than the three—equation model for 
the same value of B„. Results of this method- with other values 
of B- are also shown in figure 3.11. Roughly, the same friction 
factors are obtained with this method if one uses a B value 
which is 1 less than the B^ value used in the three-equation 
model. Therefore, this method.gives good, predictions provided 
that we use a 3^=7.48 for sand roughness and a B r=2.75 for 
square-rib-roughening. 

(ii) Methods using the true position of zero shear 
stress. 

The previous methods are based on the assumption 
that the surfaces of zero shear and maximum velocity are 
coincident. Birect measurements by Hanjalic and Launder (1972a) 
in a rectangular channel and Lawn (1970) in an annulus have 
shown that, where there is an asymmetric velocity profile, the 
positions of zero shear and zero velocity gradient differ by 
quite large amounts. This led Nathan and Pirie (1970) to 
develop a transformation based on the actual position of the 
surface of zero shear. In fact,'their method is an extension 
of Wilkie's (1966) method, and the functions E-^, Kg a n & £3 a r e 

modified to allow for the difference between the positions of 
zero shear and maximum velocity. 
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We also propose a method for calculating friction 
factors in annuli, based in Hall's formulation and pipe 
correlations, using the .actual position of zero shear stress, 
R„„. Using R instead of R M, from (3.28) it is oossible to . 
SO SO M 

calculate De^. Then, from (3.18) we can find f^ and, finally, 
the overall friction factor is calculated by means of ,(3.32). 
The values of R are determined by applying the three-equation 
model to an annulus internally roughened with R*=0.5 and 

5 
Re=5.0xl0 . Since the three-equation model gives velocity and 
shear profiles, it is simple matter to obtain from those 

L 3 x so 
distributions. Overall friction factors are obtained with 
this method and results are shown in figure 3.12 . These results 
are compared with the jthree— equation model and with the results 
from the previous iterative method. As expected, the new method 
gives better agreement with the three-equation model (for the 
same B ) than does the iterative method. As can be seen in r 
figure 3.12, this method using the true position of zero shear . 
gives the same friction factors as the three-equation model, if 
we use a B_ value which is, roughly, 0.5 less than the B used r r 
in the three-equation model. 

(iii) Transformed friction factors. 

The two methods just developed illustrate clearly the 
difficulty of choosing which value of B r is the most apposite. 
To avoid this problem, a similar method to the iterative method 
(but without the iterative*process) can be introduced. This is 
obtained by working with the relations on the smooth side of 
the annulus. The friction factor on the outer side (smooth wall) 



Is given by (3.36) as 
-0.2 

f ,5 - 0.046Re~ 0* 2 = 0.0A6Re~°*2 

thus, 
2 " i—' • w '-r KJ LI. w p 

5/6 

D e 2 

jje 

Deg 
Be 

0.046Re 0 , 2 

I ( 3 . 3 8 ) 

Once>. Re and f for the whole channel are known, from 

( 3 . 3 8 ) and ( 3 . 2 9 ) it is possible to calculate R„. Then, De^ is 

obtained from ( 3 . 2 8 ) and/finally, ( 3 . 3 ? ) gives the transforme 

friction factor f „ 

Overall friction factors in annulI with square-rib: 

roughening on the inner side are calculated using the three-

equation model. The geometry parameters used are R*=0.5 

Re=5.0xl0 5 and 20 ̂ .De/e^800. Results are transformed in terms 

of f^ vs. e/lj.e-^ , by using the simple method iust described. 

Predictions and experimental data are compared in figure 3.13. 

As can be seen, our predicted results agree quite well with 

the experimental data of Watson (1970). Also a good agreement 

is observed with the results from the transformations of 

Wilkie (1966) and Nathan and Pirie (1970). Included in figure 

3.13 is the Schlichting's (1968) correlation, (3.18), with 

B =3.0 and B =3.75 - The line with B =3.0 matches fairly well r r r . • 
our predictions. Based on his own experiments, Wilkie (see 

Leslie (1976)) proposed, for annular flow or cluster 

configurations, that the transformed friction factor is given 

f1 = 0.0098 + 1.92 § e . ( 3 . 3 9 ) 

Therefore, in figure 3.13 we also plot Wilkie'. s 

^correlation ( 3-39). Wilkie's expression predicts greater 
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friction factors than any of the other methods. For•small 
transformed roughness ratios (i.e. small e/.De^) the difference 
is slight and may he acceptable. The experimental results of 
Wilkie (1966) were obtained for roughness ratios less than 
0.011 (roughly, e/De^O.06). Thus we regard e/De^O.01 as 
the upper limit of the validity of (3.39). Therefore, the 

-to 
application of relation (3.39) must be restricted^_wi thin that 
range of validity. 



4. Thermal boundary layers. 

4.1 Equations for thermal boundary layers in 
turbulent flow. 

Having selected a versatile model of turbulence, 
which can be solved in a reasonable amount of computing time,an« 

which is capable of solving purely'hydrodynamic boundary layers 
'we can devote our attention to the thermal boundary layers. As 
we remarked in section 1.2, the hydrodynamic model can be 
extended to a new and complete model which combines the effects 
of heat and momentum transfer. Three equations, namely, (1) 
mean temperature equation, (2) convective heat flux equation 
and (3) intensity of temperature fluctuation equation, are 
sufficient to describe the influence of heat transfer on the 
turbulent fluid flow. Thus, the new model, in addition to the 
three-eauation model (3 transport eauations, u u , E r t and £ 

y o 
plus the momentum equation), will have 2 transport equations 
more,plus the mean temperature equation. Therefore, for 
consistency of nomenclature, we call this new model the five-
equation model. Although we propose the simultaneous solution 
of 7 differential equations, this new model still can be 
considered as an intermediate model when compared with the 
ten-equation model proposed by Donaldson et al. (1972) and the 
twelve-equation model proposed by Lumley (1972). Also, as we 
shall see, it is uncomplicated, numerically amenable • .nd 
accurate. 

.. • / 
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4.1.1 Squation for the mean temperature., 

The basic equation for the -.conservation of energy in 
a laminar incompressible fluid, neglecting the potential 
energy, Is 

DT "\ -0 q7 

where, -
9u¥ Qû t ouf 

T and Uf are the instant values of temperature and o k -
velocity. In turbulent flows, variables like velocity, pressure 
temperature, etc., do not. remain constant with time-at a 
fixed point, they perform very irregular fluctuations. Thus, 
using the concept of "time average", we can assume each 
de-oendent variable is the sum of a mean value plus a 

As was mentioned in the Introduction, the system of 
thermal equations, even after the boundary layer simplification 
has more unknown quantities' 'than equations? therefore, a 
closure procedure is needed. The following sections contain the 
development and closure of the thermal "boundary layer equations 
In order to make possible these simplifications, we will "assume 
the same general assumptions specified in section 2.1 » 
Differences of temperature between fluid and boundary must be 
assumed small, In order to make acceptable the assumption of 
constant fluid properties. If it transpires that some other 
assumptions are needed, they will be stated as the'y occur. 
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fluctuating value. Therefore,, we specify the variables as 

T = T + I« o 

U i = U i + u i 
(4.3) 

In these relations, T. and u\. are the mean temperature 
and mean velocity, while, T' and u^ are the respective-
turbulent fluctuations. By definition, the time average of a 
fluctuating component is zero, thus 

= 0 and u^ = 0 (4.4) 

Substituting (4.3) and (4.2) in. ( 4 ,1 ) and averaging 
we find 

j>0 P |x(T+T' ) ^ ( H f u - l i - d f l ' ) 9 4k (I+T*)) + 
m 

(4.5) 

Considering separately each term of (.4.5) and using 
the continuity equations , 

" ^ i 
= 0 and 

9u^ 
^ i 

= 0 

plus relations ( 4 . 4 ) , we obtain 

(4.6) 

BT k 2 T. 
> p '- i i P 3 0 i 3 

_ fiT Qu. 9u.. q 
+ / C p V j + % 3 x i 1 • (4.7) 

Equation (4,7) is the general equation for the mean 
temperature . in an Incompressible turbulent flow. Reynolds(1974) 

/ 
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shows that the dissipation in the turbulent field, represented 
by the term 

J±- ^ u i 3 u.j^ ui 

varies slowly along the channel. This term is negligible, in 
comparison with the other terms of (4.7), for the majority of 
flows. It is of significance only when the flow is nearly 
adiabatic, or when the velocity is very high (i.e., comparable 
with the speed of the sound). Sinee these two conditions are 
beyond the range of our consideration, we will neglect this 
term in (4.7). Por incompressible flow, the effects of"viscous 
dissipation in the mean flow can be ignored too. Therefore, 
we assume & . 

H^r^Mso (4-10> 

Now, with the two simplifications above and introducin 
the boundary layer approximations 

*0 t̂r( )„ = 0 (symmetric or two-dimensional P z x,y 

flow) (4.9) 

the equation of mean temperature (4.7) becomes 

where 'Y = - c - is the thermal diffusivity. (4.11) 
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Equation (4.12) is the final form of the mean 

temperature equation for two-dimensional incompressible 

turbulent flow. Comparing (4.12) with the corresponding equation 

for laminar boundary flow, the only difference is the presence 

of the term ~ ( u T') which represents the effect of turbulent 
à y y 

transport of heat and is analogous to the Reynolds stress term 

in the equation of mean momentum (2.1). 

4.1.2 Equation for the convectivo heat flux. 

An equation for the convective heat flux (u^T*) can 

be derived from the Navier-Stokes equation and the equation 

for conservation of thermal energy (4.1). Neglecting external 

forces and buoyancy effects, the Navier-Stokes equation for 

turbulent flow is 

Multiplying (4.1) by u^, (4.13) by TV, making use of 

relations (4.4), averaging and summing the two resultant 

equations, we obtain 

(I) (II) (III) 

+ f -fx" 2¿CkUiT u k + d i k ^ } > (4.14) 

(IV) • (v) 
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where is the Krone eke r delta, i.e., 

cT ̂ k = 1 when i = k 

= 0 when i ^ k 

Terms in (4.14) have the following physical 
interpretation: 

Term I - Advection (or convection), represents the rate 
of change of convective heat flux. 

Term II - Production from the mean flow. 

Term III- Viscous and conductive molecular dissipation. 

Term IT - "Pressure-rate of strain". 

Term V - Turbulent diffusion. 

The above equation for convective heat flux contains 
a number of unknown correlations of fluctuating quantities. 
Therefore, in its present form, of course, it is not 
immediately employable in a model of turbulent motion. Thus, 
(4.14) must be closed, i.e., the unknown quantities need to be 
approximated in terms of the main dependent variables. The 
following sections describe the approximations and assumptions 
made, in order to simplify the convective heat flux equation 
(4.14) . 

* In fact, term IV is a pre^ure-temperature gradient correlation 
but, as this term is the counterpart of the pressure-strain 
correlation in the stress equations, throughout this thesis we 
call it "pressure-rate of strain" term. 
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4.1.2.1 Viscous and conductive dissipation terms. 

The first terms to receive attention are the 
dissipation terms III, which are 

and 
Trr-.rr- . (4.16) 

3 xk ^ x k 

The dissipative correlations (4.15) and (4.16) are 
zero in Isotropic turbulence and will be negligible also in 
non-isotropic turbulence provided that, as we assume here, the 
turbulence Reynolds number is high. Thus, we can make 

$u 
( ^ t f f e ^ = 0 . (4.17) 

^ xk d n t 

4.1.2.2 "Pressure-rate of strain*1 term. 

As shown in Appendix - 2, the "pressure-rate of 
strain" term, IV, can be approximated by the sum of two terms: 
the first due only to turbulent effects and the second due to 
mean motion effects. Therefore, from Appendix - 2, we have 

- _ p JL u T» +oC-a T» i (A 181 
'^57 ~ °UT1 FT" U ± L + ^ u m 1 9X m ^ ' 1 0 > 

where Ĉ jTl and °C are constants. 
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4.1.2.3 Turbulent diffusion terra. . ' 

Tennekes and lumley (1973) pointed out that nearly 
all previous authors have neglected the pressure-work term 

•r u k p ? 

—( d--,— ) which a-opears in the shear stress eauation. Those 
who neglected the term justified its omission on the grounds oi 
a poor correlation existing between p 1 and u^» Sow. the 
quantity ^r-{ c). v — - ) , which occurs in tne turbulent; 

" k j 

diffusion term V, corresponds to the pressure-work term of the 
'shear stress equation. Thus, by analogy, we assume that a poor 
correlation exists between p» and T f , and. so the average 
product p'T' may be neglected. Zeman and lumley (1976) and 
Launder (1975) also closed the convective heat flux equation 
by neglecting this term. Therefore, the pressure effect on the 
diffusion term V is assumed zero, i.e. 

( <Cv ) = 0 • (4.19) 2>V i k / 

The triple correlation u^T*u^ is also a component 
of the turbulent diffusion term V. Triple correlations are 
neglected by some workers. But we ourselves do not follow this 
practice because these"terms have order of magnitude of the 
production terms II, and ; therefore, they should be included. 
Following the procedures proposed by Chou (1945) and Hanjalic 
and Launder (1972b), we find, after .some approximations and 
further assumptions, an algebraic relation to simulate the 
triple correlation terms as a function of second-order 
correlations. The detailed derivation is described in 
Appendix - 3. There, it is shown that we may write 



p "5 

u. T * u, = x k C UT2T^ Ui Umfx -k «. u. m 'i k 
(4.20) 

Iiere^ C-g^ ^ s a constant. 

4.1.2.4 Approximate equation for two-dimensional 
convective heat flux. 

Substituting relations (4.17), (4.18), (4.19) and 
(4.20) in (4.14) we obtain 

w ic , v ic o " . m 

(4.21) 

It is interesting to note that neglecting both terms 
the convection and second-order products and introducing the 
buoyancy effects, (4,21) reduces to the equation proposed by 
Launder (1975) in his study of free shear flows under 
gravitational effects. Zeman and Lumley (1976) when modelling 
buoyancy driven mixed layers also found a similar equation to 
(4,21). In their approach Zeman and Lumley neglected the 
convection term and included buoyancy effects in the triple 
correlations; buoyancy effects being a major considering in 
atmospheric flows which were their particular concern. 

When we introduce the boundary layers' approximations 
> 

(4.8) and (4.9)» a further simplification of (4,21) for two-
dimensional flows is obtained, namely, 



Q ,1 

Dt^V ] ~ - U y o y CUI1 l A 1 + 0y ( GUT2-£ 2>f?iVi ' * 
(4.2.2) 

Obviously, as we are interested only In the 
convecti-94* heat flux component u T' , terms containing <=\. do 
not appear in (4.22), because the r e l a t i o n i s negligible 

^ m . 
in boundary layer approximations. Terms containing cC will 
appear when the equation for u T l is derived (this is the 
case, for example, in shear flows' with buoyancy effects where 
the term u T* is important). 

As was previously mentioned, nearly all experimental 
work suggests a linear relationship between normal shear 
stresses and turbulence energy. This was expressed in (3.3) and 
takes the form 

u 2 =ot 2 E 0 . (3.3) 

Finally, substituting (3.3) in (4.22) and rearranging the terms 

one finds 
2 

>" = h { c m ^ i h { V * } y - c u ^ i -'Vol! « 
(4.23) 

Equation (4.23) is an approximate, differential 
equation for the connective heat flux as a function of known 
dependent variables and with 3 constants CTjTq» cTJT2 ^ 2 * 
The constants will be evaluated later. 



85. 

9 

An equation for -g-T' is easily obtained by 

multiplying the equation for conservation of thermal energy 

(4.1) (neglecting the dissipation term) by the temperature 

fluctuation Ï', and averaging. This yields 

(I) (II) (III) (IV) (V) 

(4.24) 

Terms in (4.24) have a similar meaning to the terms in the 

turbulence energy equation, specifically, 

Term I - Advection (or convection), represents the rate 

of change in the intensity of temperature 

fluctuation. 

Term II+V- Dissipation of fluctuating intensity by heat 

conduction (molecular dissipation). 

4.1.3 Equation for the intensity of temperature 

fluctuation. 

Although (4.12) and (4.23). together with the 

purely hydrodynamic equations form a closed system, we also 

introduce and solve the equation for the intensity of 

2 

temperature fluctuation (-|-T1 ). A knowledge of this term, 

which is very similar to the turbulence energy, permits the 

determination of important correlations between heat and 

momentum. Also, this term may be needed for future developments 

of the model, for example, in the study of shear flows with 

buoyancy effects. In the later, the convective heat flux 
2 

equation contains the term , thus, a transport equation 

for the intensity of temperature fluctuation will be needed. 
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Term III - Production of fluctuating intensity of 
temperature by turbulent flux of heat along 
the gradient of mean temperature. 

Term IV - Turbulent diffusion of fluctuating intensity 
of temperature. 

Equation (4.24) has only two terms which are not 
functions of any of the main dependent variables. These are 
terms IV and V, therefore, only these two need be approximated. 

T 
Thus, 

4.1.3.1 Dissipation of fluctuating intensity, term V. 

Let represent the dissipation term in (4.24). 

e , - i ? ( ^ i - 2 (4.25) 

is the rate of dissipation of temperature intensity fluctuation 
and, in the subject of heat fluctuations, plays the same role 
as £ does for velocity fluctuations. Townsend (1976) proposed 

2 that the dissipation rate F should be proportional to T* M 
1/2 

and E ' , thus, we may assume 
— B 1 / 2 

£-„ = T' 2. (4.26) 

Where,.. L̂ , is a length-scale determined by the large-scale 
properties and is similar in magnitude to the dissipation 
length-scale L d defined in expression (2.7). Following 
Townsend (1976), we assume, . 

L T = b.L d (4.27) 



where, b is a constant. Now, using the relationships (4.26), 
(4.27) and (2.7), the dissipation rate of temperature intensity 
fluctuation becomes 

e T = C T T 1 | (|rT>2) , (4.28) 
o 

where^. 0^-^ is a new constant given by 

rt _ 2 / / ' nQs 

UTT1 ~ b7C D ' ^ 

4.1.3.2 Turbulent convection, term IV. 

The other term in (4.24) needing approximation Is the 
_ 

turbulent, diffusion term -.jrrr-^T^u, ) . We will assume that 
-g-T' u, is proportional• to the gradient of the fluctuating 
intensity of temperature, i.e. 

-§I'2u ^— (i'T'2) . (4.30) 
* <) k 

Then, by purely dimensional analysis, (4.30) becomes 

- ° T T 2 f ' ^ k
( * t , a ) - ( 4 - 3 1 ) 

2 
where^ is a constant and E Q/£. may be interpreted as the 
product of a velocity-scale and a length-scale. 

4.1.3.3 Approximate equation for two-dimensional 
intensity of temperature fluctuation. 

Introducing the approximations represented by (4.28), 
(4*31) and. rearranging the terms, (4*24) "becomes - • 
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x 

,2 
( I N C m f T 1 2^)4-(i5» 2) - ^ T « | l -

~ CTT1 I ^T'2> • (4.32) 
o 

If we neglect convection and diffusion terras, the 
equation (4.32) becomes 

mt 2 _ _ 2 —2 11?'^ g ' f &. ~\~K\ 

which is the relation proposed by launder (1975). Also, if we 
use the dissipation term (& T) in its original form (4.25), 
neglect the convection term and also neglect the molecular 
effect on the diffusion, (4.32) becomes the equation proposed 
by Zeman and Lumley (1976). 

In their model, Zeman and Lumley (1976) developed a 
transport equation for 6^, instead of using an approximation 
similar to (4.28), Naturally, their procedure increases the 
computing time. Also, the closure of a transport equation for 
6^ is achieved by using such crude approximations that its 
contribution to increasing the accuracy in predicting -J-T' is 
very small, Therefore, we regard approximation (4.28) as the 
most suitable for our calculations. 

For a two-dimensional flow with movement predominantly 
in the x-direetion, the boundary layer approximations (4.8) and 
(4.9) are applicable. As a consequence, (4.32) becomes 

y ^y 
(4.34) 
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A final comment about the inclusion of the molecular 
'I 2 g" 

diffusion term ^ — — (-g-T• ) seems in order. We recognise the 

small influence of this term and, like "many other molecular 
effects, it should perhaps be Ignored, but as we retain 

similar terms in the equations for turbulence energy, shear 

stress and dissipation, in order to maintain the same level of 
-to 

closure, it seems appropriate also^retaln this term in the 

intensity of temperatiire* fluctuation equation. 

4.1.4 The final form of the turbulent model. 

The thermal set of equations just developed, together 

with the three-equation model, form the new five-equation model 

of turbulence. Thus, summarizing, the equations which represent 

the new model of turbulence are: 

1), Mean momentum equation 

0 rj _ va , ,,o' 3 Ux — x 1 dq 
Dt bx - -t>yvy9y " y> ax 

(2.1) 

2) Turbulence energy equation 

D y _ 2_ 
W o ~ ^y ( V - ^ c ^ ) 0 — u u (2.6) 

3) Shear stress equation 

Dt^ ux uy ; = ^y - C 
Q U u u 

82^31^0 9 y + c E Q
 ; 

(2.14) 
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4) Dissipation of turbulence energy equatiot 
o 

Dt 3 y _ 
E 

5) Mean temperature equation 

u _u r 2 
o o 

Dt^ ~ 3y v 0 ^y ^ ; y •(4.12.) 

6); Convective heat flux equation 
,2 

D /• 
M - V 5 - ^ ( C U T 2 T ^ V , ) ) - ° O T 1 E 0 V - ^ o H 

E o 9 1l 

(4.23) 
7) intensity of temperature fluctuation equation 

,2 

Dt (#+C 
E 

^y |_ u TT2 £ ^ y »)^;(iT« 2) u y Qy UTT1 E 0
U 1 ' 

(4.34) 

Hanjalic.(1970) and Hanjalic and launder (1972b) give 
suitable values for constants C , C -, , C n , 0 , C c , C s ; n and C c n 

s si s 2 e 5 t' tl 6 2 
as shown in table 2,1 . Also, a comprehensive study on the 

influence of varying these constants was made in section 3.1 . 

Our next step is to determine the constants 0^.^, C^g* Gi3<i> 

^TT2 a n d °^2 v/hich appear in the thermal equations. 

4.2 Evaluation of constants in the convective he-it 
flux and intensity of temperature equations. 

4.2.1 The constants , C^-^ and oC^. 

The constants GTJ.T1, C,-^ and c< 2 can be found to 



31 

within narrow limits, provided that the set of equations 

•summarized in section- 4.1.4 satisfies the experimental data 

for simple turbulent flows. In this evaluation we use a 

similar process to that:-adopted by Launder (1975) . 

Firstly, Ĉ rp-̂  is determined by considering a grid-

generated turbulent flow. In this kind of flow, the production 

term is zero and the diffusion terms are negligible. Thus, the 

turbulence energy equation ( 2 . 6 ) and the intensity of 

temperature fluctuation (4 .34) become., respectively, 

B Ï Eo - u * cBT = - £ (4-35) 

and, 

U ^ 2 i j - °x d i U x j - °TT1 E ^ 2 ± • ^ - 3 ° , 

Substituting (4 .35) in (4 .36) and rearranging the 

terms, we have 

1 » A. ami 2N N 1 - O • "17 

^ d x V 2 " ; ~ TT1 E *dx 
(i-?'2) ° 

Following the work of Gibson and Schwarz (1963) , Launder (1975) 

assumed that T' varies inversely as the power 1.5 of distance 

behind the grid, i.e., 

% T ' 2 = A.x" 1' 5 . , ' '. (4 .38) 

where, A is a constant. Leslie (1975) recommends that the grid 

turbulence energy decays like x " 1 , 0 , i.e., 

(4 .39) 
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where, B is a constant. Relations (4 .38) and (4 .39) yield, 

respectively, 

- — ^-(è'Ï'2) = -1 .5 x 1 (4.40) 

2 

ax 

md, 

Thus, substituting (4,40) and (4.41) in (4.37),we obtain 

Orprp-ĵ  — 1.5 . (4.4ii) 

The values for the other constants and c£ g, a r e 

found using the experimental data for nearly homogeneous 

shear flows, in connection with the equations for connective 

heat flux and intensity of temperature fluctuation. For nearly 

homogeneous flow, both equations have the convection and 

diffusion terms very small and they can be neglected. Thus, 

from (4,23) and (4.34) we have, respectively, 

c u T i - - V o l ! - - " I I V ( 4- 4 3 ) 

and, 

V If - - CH1 l n

(* T" ) • U" 4 4 ) 
9. 

^T 
Substituting the mean temperature gradient —- from (4.44) into 

a J 
(4.43) and rearranging the terms- we have 

_ 1 ( u v ) ( ^ ' 2 ) 

CUT1 " "5*CTT1 (u~T^) ̂  " (4.45) 

Prom the experimental data of Webster (1964), the 

v 2 2 2 
correlation between fluctuating quantities (u T*) /((u )(T' )) 

is, a-aroximatelv. 0.2 . Introducing this value and the value , 
A 
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suggested for C(TUT,1 into (4.45), we obtain 

Ô JTl — 3 . 7 5 . (4.4o ) 

The constant cC^, defined in (3.3), is also 
evaluated from the experiments in nearly homogeneous shear 
flows. Champagne et al, (1970) found oC2=0.49 . Webster (1964),. 
with a similar kind of flow, but with temperature variation, 
found OCg varying from 0.4 to 0.6, depending on the Richardson 
number. Here we will adopt the mean of the values, that is 

cC o = 0.5 • \ (4.47) 

4.2.2 The constants C^p and C^^* 

For nearly homogeneous shear flows, the diffusion 
and convection terms appearing in the shear stress equation 
(2.14) can be neglected, thus 

C ,E' -r—U = - T=t U U sl ogj x E Q x y 

or, what is equivalent, 
2 

^ . - - ° B I T • ( 4 - 4 8 ) 

The inspection of equations (4.23) for u T * and 
" . • • . • . y 

2 
(4.34) for -g-T' shows that the coefficients of the diffusion 

terms, C U T 2
 a n < a G<2<?2' a r e proportional to S Q/£. . So, 

according to (4.48), the diffusion constants C^^g and Ĉ rp̂  a r e 

proportional to C o 1 ,too. Ratios C
s j / C U T 2 a n d ^'sl^^TP a r e 



identified as the effective Prandtl-Schmidt numbers. As 
Patankar and Spalding (1970) reported, effective Prandtl-
Schmidt numbers are around unity for most of', the confined 
flows. For free turbulent flows it seems that these numbers 
are lower (^0.07). In our computations we use ratios 

^sl^UT2 = 8 3 1 ̂  <~'sl///^TT2 ~ • ^ole 4.1 summarizes the 
values assigned to the constants in the thermal model. 

Table 4.1 Empirical constants used in thermal model. 

°UT1 Ornrm -L X ju oC2 si 
usl 
GTJT2 

C 
S I 

f 
T T 9 

3.75 1.5 0.5 0.07 1 I 

4.3 Plows studied and description of the solution 
procedure used. 

4.3.1 Plows studied. 

For the purpose of testing the complete model of 
turbulence just described, as well as for showing the 
capability and universality of the model, several types of 
turbulent flows are considered; 

a) Annular turbulent flow. 

b) Pipe turbulent flow. 

c) Boundary layer on*a flat-plate.• 
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d) Plane mixing layer (with and. without stagnant 
surroundings). . 

e) Plane jet in stagnant surroundings. 

For each type of flow, the set of 7 simultaneous 
equations, (2.1), (2.6), (2.14), (2.13),' .(4.12), (4.23) and 
(4.34), is solved numerically. The complexity of the 
calculations is such that, of course, the aid of a high-speed 
computer is essential. 

4.3.2 Solution procedure. 

The solution method employed is based on the finite-
difference procedure developed by Patankar and Spalding (1970), 
already referred to in section 2.6 .. The method is summarised 
in Appendix - 3. The computer program developed by the author 
to solve the three-equation model (and the other models 
developed in Chapter - 2) is expanded in order to solve the 
additional equations of the thermal model. One single program 
solves all the 5 flows listed in section 4.3.1- . Each type of 
flow is specified by a series of geometrical parameters and 
indices In the input data to the program. Initial profiles of 
the dependent variables and the specification of boundary 
conditions are described in the following section. 

£. 3. 2.1 Boundary, conditions for dependent variables. 

The flows- considered are a combination of two of the 
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boundary conditions for the variables ü,_, E'.., £ and 

u u are the same as specified by Hangalio and Launder '(1972). 
a y " 

rn ? The boundary conditions for the heat transfer variables 'I, u 

IF 

and -J-T' , for each one of the boundary types, are specified 

below. 

(i) Wall boundary. 

Boundary conditions for mean temperature, convective 

heat flux and intensity of temperature fluctuation, in a region 

near a wall can be deduced, by using the approximations of one-

dimensional Couette '.flow. The boundary condition for u T* is 

given by the mean temperature equation applied to Couette flow, 

which is 

= „ (4.49) 
C J p 

u T 
y 

where, subscript C denotes the condition at the edge of the 

viscous sublayer where the Couette flow•approximation is still 

valid. Consequently, for wall boundary layers, the conditions 

are actually applied "near" the wall. 

Boundary conditions for the intensity of temperature 

fluctuation follow directly from the intensity equation (4.34), 

after neglecting convection terms and diffusion terms, thus we 

following "boundaries: 

(I) Wall boundary. 

(ii) Free stream boundary. 

(iii) Symmetric boundary. 
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can write. 

2 1 

TTli. 
E. o - — 9 t 

y 3 y .4.50} 
c 

The boundary condition for the temperature "near" 
the wall can be established by using well-known empirical 
functions. The logarithmic law (or law of the wall) for the 
temperature profiles provides the means for fixing the mean 
temperature at the edge of the viscous sublayer. The 
temperature logarithmic law, for smooth walls, at the edge of 
the viscous sublayer is represented by 

4 " 
= B m(Pr) + B ln( 

In u~ ( 4 * 51 ) 

where, subscript 's denotes conditions at wall, y c is the 
distance from the wall to the edge of the viscous sublayer, 
B m(Pr) and B are constants which depend on the type and 
thermal condition of wall surface. 

Spalding (1964) surveyed the experimental data and 
recommended for smooth walls B^Pr) = 3.3 and B = 2.22 . In 
order to better specify the condition of the fluid and type of 
wall, most workers have preferred to resolve Bm(Pr) as 

B T(Pr) = B s + G(Pr) (4.52) 

Where, B„ is a constant accounting for the type of wall and 
G(Pr) is a function which accounts for the condition of the . 
fluid. For smooth walls B„ is usually taken eoual to 5.5 . 

s 
Many relations for G-(Pr) have, been proposed, for example, 
Leslie and Hassid (1973) used a correction in the von ICarman 
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(1963) who found experimentally the relationship (valid in 
the •fully rough' region (e+^-70)) 

BrI?(e'f,Pr) = 5 . 1 9(e +)°- 2Pr 0' 4 4 , ( 4 . 5 5 ) 

-P JL where, e"1" = Re.(-p)2.-| . (4.56) 2' ' De 

analogy and computed the function G(Pr). Their res-alts are 
tabulated as a function of'the Prandtl number. Another 
proposed form for G(?r), also based on the von Karman analogy,-
is 

G(Pr) = 5(Pr - 1) + 5-In 1 + |(Pr - l)j . (4.53) 

Our calculations are performed for a fluid with 
?r=0.7 . This value of Pr introduced in (4.53) and (4.52) 
gives Br?(Pr) = 2 .56. Introducing Leslie and Hassid (1973) results 
in (4.52) the value B,p(Pr) = 2.63 is obtained. ¥e adopt 
B,j(Pr) = 2.9 which gives the most accurate predictions in our 
numerical calculations. The other constant, B, which appears 
in (4.51) is taken equal to 2.5 , following most other authors, 

- Por rough walls, the temperature law of the wall is 
conventionally represented as 

0 + = 3 r T(e +,Pr) + B.ln(^) . " (4.54) 

Where, B r q,(e +,Pr) is a function which describes the conditions, 
of the wall. This function is not so easily found as B^(Pr) 
since there is greater disagreement between the experimental 
data. Several relations for F r T(e +,Pr) have been proposed. The 
one considered the best is that due to Dipprey and Sabersky 
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(i i) Free boundary. 

At the free-stream edge, the boundary condition 
must be the same as the undisturbed surrounding flow condition, 
that is, 

T = T, 'G 
and 

u T' 
L y J G 

= 0 

(4.57) 

' (4.58) 

Where.>. subscript G denotes evaluation of variables at the edge 
of the free boundary. The condition for the intensity of 
temperature fluctuation is established by the degenerate form 
of the intensity of temperature equation (4.34), which is 

U d 
G dy. 

-G 
TT1 E 

OLr 
Gr (4.59) 

(iii) Symmetry axis. • . 

When the boundary layer- is a symmetric axis, the 
boundary conditions for the convective heat flux and intensity 
of temperature fluctuation are, respectively, 

u T' = 0 (4-60) 

and 
2 

4.3.2.2 Initial profiles of dependent variables. 

, In addition to the boundary conditions, profiles for 
dependent variables at the beginning of the step by step 

> 

procedure are also needed. At the scarting point, the mean 
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temperature is assumed constant, the intensity of temperature 
fluctuation is assumed uniform and proportional to the mean 
temperature and, -finally, the connective heat flux is set 
equal to zero. It is perhaps worth emphasizing here that the 
types of flow considered in this chapter are self-preserving 
or equilibrium flows, and the initial profiles do not have a 
significant effect on the flow downstream. 

4.4 Discussion of results. 

4*4.1 Turbulent annular flow. 

The complete:model of turbulence, combining hydro-
dynamic and thermal effects (from now on called five-equation 
model), is applied -to an annular flow under a number of wall 
conditions.. We will give only the results for the case of 
smooth annuli heated (or cooled) on the inner side while the 
outer side is insulated. The fluid used is air with a Prandtl 
number equal to 0.7 , and the maximum temperature difference 
inside the channel ( e r T . v ) is 3 0 ° C . Numerical calculations are 

i.'iij-A. 

performed using a non-uniform grid with 6 0 points. The dynamical 
equations are solved using, the set of constants given in table 
2.1 . In order to verify the sensitivity of the thermal 
quantities to changes in the constants, the constants and 
C t T I were varied in a range of values around the calculated 
values shown in table 4.1 .. Cqj^ a n d C ^ l w e r e v a r i e d from 2.5 
to 4.0 and from 1.0 to 2.p, respectively. Very small 
differences were observed in the results, therefore, the values 
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of the constants assigned in table 4-1 are retained. Hesuits 
for smooth annuli are shown in figures 4.1 to 4.12 . 

Temperature (8/9„T.-v). and velocity (u/U,.,,v) profiles 
are plotted in figure 4.1 . Here, 9 stands for the difference 
between the temperature at the internal wall and the 
temperature at a given point in the fluid, 

i.e. 9 = 

And therefore, 

T . - T(r) si v 1 

1 . - T,., si m (4,63) 

where, T . is the temperature at the Internal wall and T„„ is ' si m 

the minimum (or maxlmu^a) fluid temperature when the fluid Is 
heated (or cooled). The velocity profile; shown In figure 4.1 
is compared with the experimental results of lawn (1970), and 
our predictions agree very well. Since we use a fluid with 
Pr=0,7, the temperature distribution should lie below the 
velocity distribution, although they should be close to one 
another. As can b.e seen in figure 4.1, when the internal wall 
is cooled (or heated), the velocity and temperature profiles 
are not too close; this is because the velocity is much more 
sensitive to the. influence of the small radius ratio, while the 
temperature is almost unaffected by the radius ratio, although 
as we will see later, the heat transfer coefficient is slightly 
affected by the radius ratio. But, when the conditions'of 
heating are changed, i.e., when the internal wall is insulated 
and the external wall cooled (or heated), velocity and 
temperature show a much closer agreement, as is also shown in 
figure 4..-1 
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'Temperature and velocity profiles in the non-

dimensional forms e T and u + are plotted in figure 4.3 , All 

results are referred to the internal wall. Velocity profile 

is compared with the experimental results of Knudsen and Kats 

(1958) for annuli with small radius ratio. As can be seen, our 

results are well inside the range of Knudsen and Katz annular 

measurements. The temperature profile Is compared with two 

relationships: one proposed by Spalding (1964) and the other is 

deduced from the results of Leslie and Hassid ( 1 9 7 3 ) . The 

relationship proposed by Spalding (1964) is based on the 

results of a number of experiments. He proposes the relation 

e t = 3,3 + 2.22 In y t . ...(4.-64) 

Using the results -obtained by Leslie and Hassid (1973) we can 

find a new relation for ©t. For a smooth wall B = 5.5 and from 

Leslie-and Hassid with Pr=0.7 we get G(Pr )=-2 .87 t thus ( 4 . 5 2 ) 

gives B^(Pr )=2 .63 . Hence, with B=2,5 , ( 4 . 5 1 ) becomes 

et = 2.63 +- 2,5 In yt . (4.6-5) 

Relations ( 4 . 6 4 ) and ( 4 . 6 5 ) are also plotted in figure 4 ,3 . 

As we can see, our results compare well with both relationships. 

The shear stress and convective heat flux profiles 

are shown in figure 4 ,2 . The shear stress distribution is in 

good agreement- with the Lawn (1970) experimental results. The 

extreme difficulty of measuring fluctuating temperature 

correlations is the responsible for the lack of experimental 

results in this, field of study. Thus our predictions cannot be 

compared with experimental data. Nevertheless,' we can see in 
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figure 4.2'the similarity between shear stress and convectiva 
heat flux profiles, which confirms the assumption at the heart 
of all analogies between momentum and heat'transfer. 

The distributions of turbulence energy and intensity 
of temperature fluctuation are shown in figure' 4.4 . The ratios 
shear stress/turbulence energy and connective heat flux/{ 
intensity of temperature fluctuation x turbulence energy) are 
plotted in figure 4.5 . In both figures, the exclusively 
dynamic correlations are in good agreement with the Lawn (1970) 
experimental results for smooth annulus. Although there is no 
available experimental data to corroborate our theoretical 
results for the heat transfer correlations shown in figures 4.4 
and 4.5 , it seems that our distributions represent well the 
physical behaviour of ^he intensity of temperature fluctuation 
and convective heat flux ratio. 

The balances of turbulence • energy and intensif:/ of 
temperature fluctuation, in terms of each component 
(production, dissipation and diffusion), are plotted in figures 
4.6. and 4.7 , respectively. The. turbulence energy terms agree 
well with the measured values of Lawn (1970). In figure 4.7 , 
the same kind of behaviour,as shown in figure 4.6 for the 
energy , is displayed by the components of the intensity of 
temperature fluctuation. 

Figure 4.8 shows.the comparison of our results for 
the intensif;/ of temperature fluctuation f^T 1 2/l ) with the 
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or, what is equivalent, 

u T.» = y />c p
 v T ^ y * 

Thus the diffusivity ratio C&^/Vrj,) is 

3 
(4.69) 

RN x y 0y 

The inverse of the diffusivity ratio is commonly 
called turbulent Prandtl number (Pr +). 

experimental measurements of Nicholl (1970) for channel flow. 
In the region very near the wall, where the. laminar sublayer 
still has influence, the experimental values are larger than 
ours. But Inside the logarithmic region both theory and 
experiment are much closer and acceptable, considering the 
different heating conditions. Nicholl*s results were obtained 
with %T,r£=80 °C and under the influence of buoyancy, while our 
results are obtained for a 8^^=30 °C and no buoyancy effects 
are considered. 

Another interesting' parameter In convective heat 
flows is the relation between the eddy diffusivities of heat: 
and momentum.. The eddy diffusivity for momentum (Vj) is defined 

" = T If* = • (4-66) 

The counterpart for heat, the eddy diffusivity for heat C^) is 
defined by 
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In most work on heat transfer it is assumed that 
^rp/Vgv=l» even though experimental investigation has shown that 
this assumption is not true. The diffusivity ratio depends 
on the type of flow, Reynolds number and geometry of the 
channel. Townsend (1976) states that the diffusivity ratio can 
vary between 1.0 for large strains and 2.5 for small strains. 
In figure 4.9 we show our predicted diffusivity ratio for an 
annulus with small radius ratio. The ratio ^ ^ / ^ is calculated 
using (4.69) with the distributions for shear stress, convective 
heat flux, temperature gradient and velocity gradient, obtained 
from the five-equation model. As we can see in figure 4.9 , the 
diffusivity ratio varies from 1.5 near the Inner 'wall to 2,1 in 
the region of maximum velocity, corroborating the experimental 
results. 

Finally, the heat transfer coefficients, in terms of 
Nusse.lt numbers, are compared in figures.4.10 to 4.12 . Nusselt 
numbers with respect to the heated (or cooled) inner side of an 
annulus are shown in figure 4.10 . Our predictions with the 
five-equation model for the case of constant wall temperature 
are compared with the experimental results of Quarmby and 
Anand (1970). The theoretical and experimental- results are in 
fairly good agreement. As can be observed, the Nusselt number 
increases slightly with decreasing radius ratio. Figure.4.11 
shows results for a different cooling arrangement. Here the 
external wall is cooled with constant temperature and the 
internal wail is insulated. Our predictions for the external 
Nusselt number (Nu ) as a. function of Reynolds number and 
radius ratio are shown in figure 4.11 . Our results are again 

http://Nusse.lt
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compared with the corresponding data of Quarmby and Anand(197G) 
which were obtained experimentally under similar conditions. 
Again, theory and experiment agree quite well. It is-worth 
noting that in this configuration the external Nusselt number 
is nearly independent of the radius ratio. 

In order to establish the influence of the type•of 
cooling on the wall, we considered a case in which the wall 
temperature changes step by step (this configuration is 
equivalent to the case when wall heat flux is.constant). We 
study an annular flow with two different radius ratios, R*=0.2 
and R*=0.5 . The internal wail temperature is Increased 
linearly from the ..entrance °f the channel to the exit of the 
channel. The difference of wall temperature from entrance to 
exit is taken to be 30 °G. Results for internal Nusselt number 
as a function of the Reynolds number, and radius ratio are. 
plotted in figure 4.12 . Our predictions are compared with the 
experimental measurements of Kays and Leung (1963) and with 
the experimental correlation based on the experiments of 
Quarmby (1967) which is 

log Nil = - K x + 0.706 log(Re) (4.70) 

where, 
log K± = 0.1658 - 0.1056 log(R o/R i) . (4.71) 

As can be seen in figure 4.12, the agreement between 
our predictions and the experiments is quite good. Comparing 
the results of figure 4.12 with those of figure 4.10, we-see' 
that for the same radius ratio and same Reynolds number, the 
Nusselt number is slightly higher when the wall heat flux is 
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constant (fig,4.12) than when the wall temperature is constant 
(fig, 4,10), which corroborates the experimentally observed -
result. 

4.4.2 Turbulent pipe flow. 

The second flow studied is the turbulent pipe flow. 
Both smooth and rough geometries are considered. The fluid Is 
air and the wall temperature is assumed constant. The maximum 
difference of temperature between fluid'••and-'wall Is 30 °C, Our 
predictions with the five-equation model are presented in 
figures 4.13 to 4.17 . 

Temperature profiles (0/9,,^^) in a smooth pipe are 
shown in figure 4.13 . Our predictions are compared with the 
experimental results of Seban and Shimazaki (1951) which were 
also obtained for a pipe flow with constant wall temperature. 
Our results are also compared with the'theoretical results 
obtained by using Martinelli's analogy, as described by 
Xnudsen and Katz (1958). As can be seen in figure 4.13, the 
results from the Martinelli's analogy are higher than the 
experimental results in the logarithmic region. The agreement 
between our predictions and the experimental data is better 
although our results are slightly larger in the log region. In 
figure 4.14, velocity-and temperature in the non-dimensional 
forms (u + and 9 +).are compared with experimental correlations. 
Telocity profile is compared with the law of the wall for 
smooth surfaces, represented by 



108. 

u = B + B ln(y +) (4.72) 

Spalding (1961b)' and Rest in. and Richardson (1963) 
surveyed the experimental relations proposed for the law of the 
wall in smooth surfaces. Prom the results they included in 
their review, we take as representative values B =5.-5 and 

- s 
B=2,5 . The comparison between predicted u + and correlation 
(4.72) shows a fairly, good agreement. The temperature profile 
is compared with (4.65), which was proposed by Leslie (1977), 
and with (4.64)- which was proposed by Spalding (1964). Our 
results, as shown in figure 4.14, lie between these two sets of 
results, which indicates the validity of our theoretical model. 

figure 4,15 , Our calculated friction factors agree quite well 
with the results from Blasius' formula (3.36). For Stanton 
numbers, several relations both empirical and semi-empirical 
have been proposed.. All these relations are based on some kind 
of analogy between heat and momentum. Leslie and Hassid (1973) 
working with exact equations rather than approximations, and 
using an improved velocity profile (u +=f(y +)), developed a 
relationship applicable to moderate Prandtl numbers. For smooth 
pipes, they recommend the relation: 

where, P=l8,,2 and Q=15.5 for pipe flow and (?'(Pr).- is the 

function introduced in (4.-52), G-(Pr)=-2.87 for Pr=0.7 . The 
> 

Stanton numbers given by our model and by (4.73) are compared 

Friction factors and Stanton numbers are compared in 

(4.73) 

in figure 4.15 The results given by the two methods can be 
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seen to be in good agreement. 

BRA.'hsSre.'R 
Analogies between heat and momentum;made by previous 

A 
workers have been quite successful in predicting heat transfer 

from smooth surfaces. But they have not been so successful 

.when applied to the much more complex-problem of turbulent 

heat transfer in rough pipes. In order to test the capability 

of the five-equation model to solve a flow with rough walls, 

we considered the case of pipe flow with sand-roughening, The 

roughness ratio (D/e) is taken, equal to 200 and the Reynolds 
5 

number is- equal to 1.0x10 . The results of the calculated 

velocity and temperature profiles are shown in figure 4.16 .' 

The velocity distribution is compared with the law of the wall 

(3.15), with B r = 8 » 4 8 . A s we can see, very good agreement Is 

obtained. The temperature profile (0 +) given by the model is 

compared with that given by the temperature law of the wall 

expression, which is 

R —r 
9 + = B r T(e +,Pr) + B ln(—~—-) . ( 4 . 7 4 ) 

• The calculated values shown in. figure 4*16 are 

obtained using for the boundary condition ( 4 . 5 4 ) in the five-

equation model the following value of B r^(e +,Pr) 
B r T(e +,Pr) = 4.70(e +) 0* 2Pr 0- 4 4 . ( 4 . 7 5 ) 

The reason why we choose ( 4 . 7 5 ) instead of the experimental 

relation given by ( 4 . 5 5 ) will be made clear shortly. The 

comparison of predicted temperature profile obtained with the 

five equation model and results from ( 4 . 7 4 ) , is shown in 

figure 4*16 . As can be seen our predictions agree quite well 
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Stanton numbers for rough pipes with sand roughness 
are shown in figure 4.17 Continuing-the "-work- of Leslie and 
Hassid (1973) for smooth pipes, Leslie (1977) proposed the 
following, theoretically derived,. relation for Stanton numbers 
in rough SIX rfaces: 

1 
St 

2 
+ R 

B r T(e r) - B Ce +) r •P + R 
2 ^ -9 

(4, ,' O } 

f̂tierey the index R is used to indicate the rough condition. All 
parameters appearing in (4.76) 'were already described. Based on 
their experimental data, Dipprey and Sabersky (1963) proposed 
the relation 

+ R "R 'RL 
B rT (e

+,Pr) - B r(e T) (4 .77) 

Where^- B T,^( e +,Pr) is given by (4.55). The Dipprey and Sabersky 
results are plotted in figure 4,17 .We solve the five-equation 
model using the Dipprey and Sabersky relation (4.55) as the 
boundary condition for the rough wall and the results obtained 
are also shown in figure 4.17 . As can be seen, our predictions 
are lower than the experimental results? the same discrepancy 
is observed when Leslie's expression (4.76) is used with (4.55). 
Therefore, using a trial technique we vary the constants in 
(4.55), and use this new relation as the boundary condition in 
our numerical calculations. Th2 iteration is continued until 
our theoretical values coincide with the experimental data. The 

with results from (4.74) using (4 . 75 ) . For clarify, the 9 + 

profile of (4,74) using (4.55) is not shown in figure 4.16, but 
this combination gives results no higher than 6$ of our 
predictions. 



best fit is obtained with expression (4.75). As shown in 
figure 4.17, in this case, the agreement is very good; using 
(4.75) in Leslie's relation (4.76), a good agreement is also 
obtained. 

Since the value of Br,j(e+,Pr) given by (4.75)V 
introduced as boundary condition in our five-equation model, 
gives the best agreement with experiment for Stanton numbers, 
we assume that this value also predicts more accurate 
temperature profile (which is the profile shown in figure 4.16}» 
Therefore, we propose that the temperature law of the wall is 
better represented by (4.74) when the B.̂ j,-(e"r",Pr} value given by 
(4.75) is used. ~;, m 2 

4.4.3 Plat-plate boundary layer. 

The experimental results and the predictions of the 
five-equation model for a smooth flat-plate boundary layer are 
compared here. An undisturbed velocity (U«>) equal to 40 m/s is 
used in all our calculations. The maximum difference of 
temperature between fluid and wall (8 , f f i r ) is 30 °C. Results 
from the five-equation model are shown in figures 4.18 to 4.24. 

Velocity and temperature profiles are plotted in 
figure 4.18 . The velocity distribution is compared with the 
experimental results of Klebanoff (1955) and a good agreement 
is displayed.. The temperature profile, as expected, is slightly 
lower than the velocity profile, however the shape is similar. 
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The non-dimensional velocity and temperature profiles are 
shown in figure 4.20 . The predicted u profile is compared 
with the experimental relationships proposed by Nikuradse. 
(1950) and Schultz-Grunow (1941). Our results agree well with 
the Schultz-Grunow. expression arid are slightly lower than the 
Nikuradse values. The temperature profile 9 + is again compared 
with the expression (4.64), • proposed by Spalding (1964) as the 
best representation of the thermal law of the wall. As. can. be 
seen, the predicted values are quite close to those of 
Spalding's expression. 

The shear stress and the convecfive heat flux 
profiles'are plotted in figure 4.19, while the turbulence 
energy and the intensity of temperature fluctuation are shown 
in figure 4.21 . Predictions for exclusively momentum 
correlations are compared with the experiment's of Klebanoff 
(1950) and the agreement is good for nearly all the flow area,. 
Slight departure of the predicted results from the experimental 
ones occurs when the free boundary region is approached. But 
this departure is acceptable considering that near a free 
boundary the flow is characterised by extreme .instability and 
even the experimental results show an unusual degree of 
uncertainty in this region. Our calculated values of the 
convecfive heat flux and intensity of temperature show a 
similarity to the shear stress and turbulence energy, 
respectively. 

Figure 4,22 displays the variation of shear stress/ 

turbulence energy ratio (u vu /E ). A characteristic of 
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turbulent flows is the approximate constancy of shear stress/ 
turbulence energy ratio for nearly all the area across the 
flow. In figure 4.22 this expected constancy Is -.displayed by 
the calculated values and a good agreement with the 
experimental data of Klebanoff (1950) is obtained. Theor Q uical 
and experimental values for the ratio shear stress/turbulence 
energy in the constant region are approximately 0.28 . 

One would expect a similar characteristic between the 
various heat transfer correlations. Thus, the convective heat 
flux/(turbulence energy x intensity of temperature 'fluctuation) 
ratio is also plotted in figure 4.22 ..The constancy of the 
ratio is verified, although the heat correlations ratio is 
greater than the momentum correlations ratio. Townsend (1976) 
stated that the heat correlations ratio should be around 0.36 . 
Launder (1976) summarized the experimental results of this 
correlation and we make use of his data to produce table 4.2 . 
In his original summary, Launder listed the: ratio 
(u~T~')2/ (u 2)(T" 2) . The transformed ratio (u yI'j/ (EQ)?'(-fT1'~!)^ 
listed in table 4.2 is obtained assuming u = 0.5E . Although 
there is too large a variation among the measurements to make 
definite conclusions, analysing table 4.2, it seems that a 
value between 0.40 and 0.50 is the most likely., From our 
results in figure 4.22 we obtain a value of 0.45 in the 
constant ratio region ana we note that this lies inside the 
range of experimental data. 

Figures 4.23 and 4,24 shew, respectively, the 

turbulence energy balance and the intensity of temperature 
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Table 4.-2 Scalar flux correlation ratio in shear flows 
in local equilibrium (after Launder (1976)). 

Author 
u T ! 

y Geometry 

Webster (1964) 0.39-0.-55 Homogeneous shear flow 

Bremhorst & Bullock(l973) 0,45 Pipe flow 

Bourke & Pulling (1970) 0,45 Pipe flow . 

lawn & White (1972) 0.40 Pipe flow 

Ibragimov et al. (1968) 0.77 Pipe flow 

Arya & Plate (1969) • 0.33 Smooth flat plate 

Johnson (1959) 0.45 Smooth flat plate 

Pimenta et al. (1975) 0.5 5-0. .6 3 Sough flat plate 

fluctuation balance. For the turbulence energy as shown in 
figure 4.23. the dissipation, production, diffusion and 
advection are in close agreement to the corresponding terms 
measured by Klebanoff (1950)., The distribution of each term 
contained in the intensity of temperature fluctuation is shown 
in figure 4.24 . As can be seen, each term has a similar 
behaviour to the correspondent term in the turbulence energy 
equation. As expected, the production and dissipation terms 
are nearly equal at every point across the flow.. 



4.4.4 Plane mixing layer. 

The velocity profile obtained by means of the five-

equation model is'shown in figure 4.25 . The velocity profile 

for the case of zero velocity ratio is compared with the 

experimental results of Wygnanski and Fiedler (1970) and with 

the analytical results obtained by Tollmien ( 1 9 4 5 ) . As can be 

seen, both theories and experiment are in good agreement. It is 

interesting to note that for the case of a plane mixing layer 

with a velocity ratio 0.5 ? the same velocity distribution is 
U(y)-U 2 

obtained, provided the ratio (̂  f?—) is used, instead of 
uffiAX L 2«> 

u(y) 
UMAX 

The temperature profile obtained with the five-equation 

model, in terms of g , is also plotted in figure 4.25 . The 
MAX 

differences of temperature denoted by 9 and Q^-tj- a r e calculated 

using, respectively, (4,62) and ( 4 . 6 3 ) , T • being, for this type 

of flow, the undisturbed temperature at the internal boundary. 

The temperature ratio is compared with the analytical solution 

proposed by Tollmien (1945), as we can see, our model gives 

predictions that are much more realistic than the simple linear 

Trie mixing layer between two 'streams, initially 

having uniform velocities U-^ and , is called the 

turbulent plane mixing layer. Cases with and without stagnant 

surroundings (one of the layers has zero velocity) are 

considered. Here•we show results for two cases, one with zero 

velocity ratio (U 0 =0) and the other with velocity ratio ~ =0.5 

In both cases, the maximum difference of temperature between 

the two layers is set to 30 °C. The fluid considered is air 

•with' Prandtl number equal to 0.7 • '«• 
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profile proposed by Tollmien. 

An important parameter commonly measured in free 
turbulent flows is the rate of spreading. The rate of spreading 

U 
»dx for momentum and for heat is defined, respectively, by 

d 1 T 

and — . Where, l u and 1^ are characteristic lengths across 
the flow, both parameters depend mainly on the type of flow. 
For the plane mixing layer we define 1 (or l m) as the distance 

IT ^ 
across the flow between the points where ™ (or 5 > is 

S l A X • % A X 

equal to 0.1 and 0.9 . In table 4.3 we show a comparison 
between the measured spreading parameters and those predicted 
by our model. As can be seen, our predictions for the two 
types of plane mixing layer are well in-side the variation of 
the experimental data. 

The shear stress and convective heat flux profiles 
are shown in figure 4.26 . Turbulence energy and intensity of 
temperature fluctuation distributions are plotted in figure 4.27. 
Hoth momentum correlations - shear stress and turbulence energy-
agree well with the Wygnanski and Fiedler (1970), and 3'radshaw 
et al. (1964) experimental results. Again, a small departure is 
noticeable in the predicted re suit s when the free boundary is 
approached. It is impossible to say conclusively that the 
discrepancy in this region is due to a weakness of the model 
because is commonly accepted it is difficult to make reliable 
experiments in this region, therefore, it is reasonable to 
assume that the experimental results contain a large error. The 
heat correlations, also plotted in figures 4.26 and 4.27, display 
a similarity to the momentum relations both in form and location 
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Table 4.3 Predicted and measured rates of spread in 
plane mixing layers and plane jets. 

Kind of flow Predicted 3xd6rimental Data sources 
rates of 
spread 

data 

(A) Plane mixing 
layer 

1) Velocity-
ratio = 0 

2) Velocity 
ratio = 0.5 

dx - ° - 1 4 5 

d lrp. 
' - ^ = 0.146 

ax ..• 

0.130;0.150? 
0.160;0.200 

0.165 • - ; 

Various 
workers 
cited by 
Gibson .and 
.Launder(1976) 

(A) Plane mixing 
layer 

1) Velocity-
ratio = 0 

2) Velocity 
ratio = 0.5 

d 1 
dx = ° - 0 5 0 

d 1m 
, 1 = 0.057 
dx 

0.046 

.0.051 

Watt(1967) 
data cited by 
Gibson and 
Launder(l976) 

(B) Plane jets 

d l u , = 0.110 dx 

i 1m 

0.088;O,096; 
0.120;0.096 

0.123;0.137; 
0.141;0.170 

Daira cited by 
Jenkins and 
Goldschmidt 

(1973) 
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of maximum values. 

Trie shear stress/t ur oui eric e energy ratio and 
convective heat flux/(turbulence energy x intensity of 
temperature fluctuation) ratio are shown,in figure 4.28 . The 
predicted momentum correlation, in • agreement with the 
experimental measurements of Wygnanski and Fiedler (1970), 
exhibits a constant value for nearly the entire section across 
the flow... The predicted ratio of 0.28 is cuite near the 
experimental value of 0„26 . The heat correlation also shows 
the same kind of constancy, with a predicted ratio of 0.46 . 
This value is nearly the same as predicted for flat-tilate 
boundary layers, which shows that the flux correlations are not 
affected by the présence of a wall. Of the expérimental data 
summarized in table 4.2, only Webster's ( 1964) : data relates'to 
free shear flow. Our value of 0.46 lies, roughly at the mid­
point of the Webster dat^a. 

For a plane mixing layer, our- predicted, diffusivlty 
ratio ( ^ / \ / f J i ) defined by (4,69), is plotted in figure 4.29 , As 
can be seen, a variation from 2.2 in the region of maximum 
production to 1.5 towards the edges is predicted by our model. 
Launder's (1976) survey reveals a wide- variation in the 
experimental results and it is not possible to make a concrete 
conclusion about the best experimental estimative for the 
diffusivity ratio. But a variation between 2..0 at the region of 
maximum production to 1.5 at - the edge of the boundary agrees 
with most of the experimental data, and confirms the reliability 
of the model in the particular context of plane'mixing layers. 
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4.4.5 Plane jet in stagnant surrounding. 

A two-dimensional turbulent plane jet results when a 
jet flows freely through a rectangular orifice into a 
surrounding' fluid of uniform velocity. This type of jet flow 
occurs when the velocity on the centre-line of the jet is much 
greater than that of the surrounding flow. Here we consider the 
case of stagnant surroundings, i.e., the case when the 
undisturbed velocity of the ambient fluid is zero. We apply the 
five-equation model to the plane jet, and our predicted results 
for both thermal and dynamic quantities are summarized in 
figures 4.30 to 4.33 . ^ ;; 

; The distributions for velocity ) and temberature 
(TT ) are shown in figure 4.30 ». The temoeratu^e differences 9 

WHAX ' ^ 
and 6T,TÂ r are calculated using (4.62) and (4.63), where, T ... is 

MiLA. . ' S I 

the undisturbed temperature of the surrounding flow, y^ ^ is 
the value of the cross-stream coordinate, measured from the 
centre of the jet, where the velocity is half the maximum jet 
velocity. The velocity profile is compared with the experimental ; 
results of Bradbury (1965), while, the temperature distribution 
is compared with the Jenkins and G-oldschmidt (1973) experimental I 

data. As can be seen in figure 4.30, the predictions for both 
temperature and velocity agree well with the experimental 
results". . . 

d \ •• 
The rates of spreading- for momentum and heat, ^ — 

d 1_ . - ; 
and -gj— , respectively, are defined in a similar way to that 
for plane mixing layers. Here we define 1 (or 1_) as the 
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The turbulence energy and intensity of temperature 
fluctuation profiles are shown in figure 4.31 . The turbulence 
energy distribution is in close agreement with Bradbury' s 
(1965) experimental results, and the intensity of temperature, 
profile shows a similarity to .the turbulence energy profile. 
The flux correlations shear stress/turbulence energy ratio and 
convective heat flux/(turbulence energy x intensity of 
temperature) are plotted in figure 4.32 . The constant value 
of .0.30 given by the theory for the momentum correlation is 
very close to the value of 0*32 impxied by the experimental 
data of Bradbury (1965). The constant value of the heat flux 
correlation over a region is also verified for jet' flows. In 
the constant region, our results give a flux correlation ratio 
of 0.46 which agrees with most of the experimental ratios 
summarized in table 4.2 ». 

Finally, our predictions for the diffusivity ratio 
are shown in figure 4.33 . launder (1976) pointed out that the 
variation of the diffusivity ratio in plane jets should be 
similar to that in plane mixing layers. If this is true, than 

"^T 
one would expect the experimental values of -?— to vary from. 

V T 
about 2.,0 (in the region of maximum production) ' to about 1.5 

> 
(at the edge), A study of figure 4.33 shows that our results 

distance between the centre of the jet ana the point where 
U 9 
y? (or ^ ) is equal to 0.5 . Our -oredietions are shown in 
UMAX °MAX 
table 4*3, and our results are well inside the range of 
variation of the experimental data. 
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vary steadily from 2,3 at the centre of the jet to 1.5 at the 

edge.. This tends to confirm our theory and launder's 

hypothesis. 

> 
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CHAPTER - 5 

5. Conclusions and recommendations for future 
developments. 

5.-1 Conclusions. 

The following conclusions regarding two-dimensional 
incompressible turbulent flows can be drawn from the work 
presented in this thesis. 

(1) An appraisal, both quantitative and qualitative,, of 
some isothermal models of turbulence, already existing 
in the literature, shows that a three-equation model 
is the most suitable for predicting turbulent boundary 
layers, based on such criteria as range of flows, 
accuracy and computing-time economy. 

(2) Aj>?l study of the influence of varying the constants in 
a three-equation model, applied to annular flow, 
discloses an almost negligible (less than 2$) influence 
on velocity and shear stress distributions even when 
some constants are varied by as much as 50fo- , Only the 
turbulence energy distribution shows any sensitivity 

to the variation and then only to the variation of the 
constant C , (see (2.14)). 



(3) The optimum three-equation model is applied to 
specific problems such as: 
(a) prediction of the point of maximum velocity in a 

smooth annulus, varying the radius ratio, 
(b) prediction of the characteristic laws of 

similarity in a turbulent rough pipe flow, and, 
(c) prediction of friction factors in turbulent annular 

flow with symmetric and asymmetric wall conditions. 
A comparison of the predictions of the model with the 
experimental data for the flows considered confirms 
the validity of the theoretical model chosen. 

(4) A complementary model of convective heat transfer, 
capable of predicting two-dimensional, incompressible 
turbulent thermal boundary layers is developed. ' 
Numerical.solutions of the thermal model, 
simultaneously with the three-equation model, are 
performed for annular, pipe,, flat-plate, mixing layer 
and plane jet flows. In general, a good agreement for. 
temperature distributions (8 and 0"1*), between the 
predictions of the theoretical model and experimental 
results, is achieved. 

(5) Predicted proflies for heat transfer correlations, 
such as convective heat flux and intensity of 
temperature fluctuation show a strong similarity to 
the correspondent distributions for momentum - shear, 
stress and turbulence energy. Our predictions of 
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characteristic flow parameters, such as diffusivity 
.ratio, spreading ratio and ccnvective heat flux/ 
intensity of temperature ; ratio, are also in good 
agreement with the experimental data. 

(6) Predicted Nusselt numbers, in concentric annuli heated 
(or cooled) on one side while the other side is 
insulated, match well the experimental data. We find . 
the radius ratio effect on the Nusselt number is smalls 
when the outer wall is heated (or cooled) than when 
the inner wall is heated (or. cooled). Constant wall 
temperature boundary conditions give slightly lower 
Nusselt numbers than in the case of a linear rise in 
wall temperature (which is equivalent to uniform heat 
flux). 

(7) In rough pipe turbulent flow, the relation 

B r T(e +,Pr) = 4.70(e +)°- 2Pr 0* 4 4 (4.75) 

gives a better representation to the temperature law 
of the wall than the relation (4,55) proposed by 
Dipprey and Sabersky (1963). The relation (4.75) also 
gives Stanton numbers which are in better agreement 
with the experimental data. 
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5.2 Future developments. 

To the present time, for most of the real fluid 
flows, no measurements of fluctuating heat flux quantities such 

— : — 2 
as u^T* and T* have he en reported in the literature.. This, 
undoubtedly, is due to the technical difficulties presented by 
such measurements, but^also possibly due to the lack of.Incentive 
to produce experimental results, since there have been no 
theoretical results for comparison. Mow that some theoretical 
models of turbulent heat flux are beginning to appear, a great 
shortage of thermal measurements is apparent. Therefore, 
parallel to theoretical investigations, the experimental field 
must now be extensively researched. Thus, we hope that the 
development and improvement of measurement techniques, either 
by the well established wire anemometer technique or by the new 
laser Doppler anemometer technique, will overcome the technical 
difficulties and enable investigators to produce more basic and 
comprehensive experimental results relating to thermal 
turbulence. 

The first recommendation for the extension of the 
model is to include buoyancy effects. Such effects can be 
represented in'the Sfavier-Stokes equation by the inclusion of 
external forces due to gravitational effects. Thus, each 
equation of the model which is derived from the Navier-Stokes 
equation would then include these terms. Consequently, the 
shear stress- and turbulence energy equations would then have 
the extra production term >- ^- u^T* , where, g^ is the 
gravitational acceleration in the direction x.. Also, the 
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convective heat flux equation would have the additional term 
- Y" • There is an influence of the gravitational field 
in the dissipation equation too. hut due to its smallness, as 
a first approximation it could be neglected. Special attention 
must be given to the approximation of the pressure-strain 
terms (in shear stress and convective heat flux equations) 
because, now, the Poisson equation for the pressure fluctuatin 
term is affected by terms like m—~- . Alter the inclusion 
of these additional terms it would then be possible to apply 
the five-equation model to flows such as the atmospheric 
stratified shear flow. 

Because flows characterized by low Reynolds number 
are important in engineering applications, it is desirable to 
extend our model in order to include flows of this nature. 
Unlike the high Reynolds^!lows, the low Reynolds^flows are 
affected by the viscous sub-layer, where the molecular 
properties affect the process of production, diffusion and, 
mainly, dissipation of turbulence. Tentative solutions using 
simple models such as the mixing length or the eddy viscosity 
have resulted in unsatisfactory predictions. Some published 
work suggest that models based on transport equations have a 
better likelihood of success. Thus, a model for low Reynolds 
number flows, based on our model, can be developed provided 
that: (1) molecular diffusion terms are included, (2) further 
term® are added to allow for the fact the dissipation process 
jae^* the wall are not isotropic. It should be noted that some 
moleculx"" terms (viscosity and thermal conductivity) are 
already incbx^ed in our model,, but there are others neglected 
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whose inclusion should now be considered. Also, a study and 
verification of the value of the constants should be made, it 
being possible that they depend upon the Reynolds number. 

The present model was entirely developed for 
incompressible flows (constant properties). To comply, with this 
condition, our model can only be applied when the difference of 
temperature between boundary and undisturbed flow is relatively 
small. Many real flows have differences of temperature not so 
small, thus, it should be of value to Include compressibility 
effects in our model in order to extend the model to predict 
such flows. A simple method is to incorporate the best possible 
functional relationships for the variation of.density, 
viscosity and thermal conductivity with pressure and 
temperature. Naturally, a careful study of the validity of some 
of the approximations must be made. Such a model could then be 
applied to flows with greater temperature differences, for 
example, it could be used for the design of gas-cooled reactor 
fuel elements in order to predict temperature distributions, as 
well as velocity, turbulence energy, convective heat flux 
profiles and many other important correlations. 

The study of two-dimensional flows was our main 
objective, but some three-dimensional flows have similar 
characteristics and it is possible to extend our model to apply 
to these flows. Such three-dimensional flows as the round jet, 
the flow over an aerofoil, flow in a non-circular channel come 
into this category. These flows are characterized by the fact 
that there is a predominant direction of flow, and also the 
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gradients in two of the directions (say, x and z) are small 
compared with the gradient normal to the surface,. Consequently, 
the ordinary boundary layer approximations apply and.the 
upstream conditions alone determine the conditions downstream. 
In these flows'all Reynolds stresses are important,, thus, one 
of the first considerations would be to develop an individual 

2 ~2~ 2 eauation for each normal stress u , u and u Instead of x 7 y z 
using the turbulence energy equation. Equations for the lateral 
shear stress u u and lateral convective heat flux u !Ef would 

.A. 2 2 
be approximated, in addition to the already developed 
equations for u u and u T' . Due to the parabolic character 1 x y y 
of the equations, the same numerical method (marching 
procedure) could be employed. In most of these flows there is 
a variation of pressure in the direction normal to the flow, 
thus, an allowance for the pressure variation hi the cross-
stream plane should be included in the numerical calculations. 
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APPENDIX - 1 

(a + b - u r ) ^ = ^ ~ ( c £ £ ) + d (A.3) 
15 x v 1 Q-ur ^-ur 

where, 
$ is the general dependent variable (see table A.l) 

a = rTm»/(*|L.-yT) (A...4) 

A brief description of the numerical method of 
Patankar and Spalding. 

Patankar and Spalding (1970) developed a general 
method of calculating boundary layer flows, by solving 
numerically the partial differential equations by a finite-
differences procedure. A brief description of the method is 
given in this appendix. 

Each one of the models of turbulence presented in this 
thesis has two or more partial differential equations to be 
solved. An inspection of these equations, which are -summarized 
in section 4.1.4, shows.that, they have a similar mathematical 
structure, therefore, it is possible to develop a general form 
of solution, as follows. It is common, in turbulent boundary 
layers to use the stream function as the cross-stream variable 
in place of y,. T.he*Rx~\|i system Is: known-as the von U s e s 
coordinate system. The stream function is defined by 

^ y ~ / U x r ' 9 x - / V ' ' " L J 

In practice, it is more convenient to use a dimenslonless stream 
function "uÔ as the cross-stream variable. The function *UT( called 
grid function) is defined by 

'Xxr=jp^ ' Ti =
 ? ^ = ~V^B ( I U 2 ) . 

where, m| and m£ are the mass flows entering the internal and 
external boundaries, respectively. Then, using (A.1) and (A..2), 
the- set of turbulence equations of section 4.1.4 is transformed' 
from the system x-y to the system x-ruf. Any of the seven: 
transport equations is then reduced to the general form 
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Table A.l : Terms c and d for set of equations. 

$ 
X 

c d 

u 
X 0 f

 r ^ U x u y ^ 1 dn 
^ V e - ^ / U x <ix 

u u x y 
r 2 ^ .U„ -p2 
- — ~ 5

( ^ + / c s i ? ) 
C s 2 f „ w

 g U x t £ u x u y , 
u x -^sr-'oay + ~ * • 

E o 

2 » i 2 •' QU 
u x

v
 x yoy 

£ 
ry=U_ E 2 -, , £ u u QU 2 

~ U > b£l E /?y +Ss2Sj 
X u o 

T - - a<|) • _ i < #-(u T')) 
U x

x ?y v y / 7 

u T' 
7 

2 • 2 ' ITP U ET 
X " ° ) U/hjTlE^V" + LU^oQj} 

0 

2 1 
r ^ UX Tc Eo 

" ^ V J ? + °TTll0
(l1,2" 

b = (r Em^ - r ^ ) / ^ - ^ ) . (A .5) 

c and d are relations between dependent variables. 
The exact expressions for c and d are in table A.l . 
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The general equation (A.3) is solved by a micro-
integral evaluation. The cross-flow is divided -into If strips 
(N is therefore, the number of grid points), each strip 
corresponds to one value of-uT , which varies from 0 to 1 
("1*4=0 at inner boundary and "uf=l at outer boundary). A control 
volume is defined between 3 consecutive grid points as shown 
in figure A.l . 

External boundary 

internal boundary 

Figure A.l: A typical control volume (shaded) for 
which micro-integrals are formulated. 

Applying (A.3) to the control volume of figure A.l 
we have the following micro-integral equation: 

9 x 2 - W 
d.~ufdx d-u/dx (A. 6) 

The integral equation (A.6) Is solved using the 
trapezoidal rules and the following assumptions: 

(i) ixf is constant with i, thus, 'V - ^ = V. . 
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(ii) (j> varies linearly between adjacent cross-
s t r i D S , that is, for 'W-"VT. . n / o ' ' 1,3+1/2 

$1,3+1/2 = l ( f i , 3 + ii,3>l } V 

(iii) Values of $ . between x. and x. are uniform v ; 13 i-l l 
and equal to J . . , i.e., 

for x. < x < x. — » $ = $. . . i-l ~- i I Ix,3 

Thus, after extensive algebra (A.6) becomes: 

Coefficients A., B. and C- are functions of a, b, 

c and d, as well as the grid parameters. All three 
coefficients are calculated for the' previous step (say, x^ -, ) 
were all parameters are known. 

Equation (A.7) can be transformed into the 
simpler form: 

= Al 5i, j +i + B ! •• ( A - 8 ) 

Where, 

A* =• k./il-B.A^) • (A,9) 

' B I = ( B 3 B U + C 3 ) / ( 1 - B D A 1 - 1 } ( A ' 1 0 ) 

A 2 = A 2 (A.ll) 
B 2 = B 2 fl + °2 (A.12) 

At start of calculations (section x. ) all 
T ' j.—x 

parameters and distributions 0. n .are assigned thus, A* 
11—x,3 3 

and B* can be calculated for all the grid points (3*=l,N+3). 3 
Equation (A.8) is then solved by back-substitution from 
3=N+3 (external boundary whose conditions are imposed or 
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known, I.e.., (j). w/_ is fixed) to 3=1 (internal boundary) for 
section, x^ . This procedure enables the calculation of the 
profile of the dependent jfe variable <j). . for the whole section 

• 1 > 3 
x. ... Hew values for Â t and B̂ t can now be calculated. An 

1 J 3 
increase In x is then given and all the operations are 
repeated for the next step, and so on, until the end of the 
channel. 

Based on this numerical method we develop a 
computer program called TTBL (Two-dimensional Turbulent Boundary 
Layers), capable of solving any one of the models proposed in 
chapter - 2, as well as the thermal model described in ehapter-
4. The selection of the model to be solved is made through the 
index NEQ which stands for the number of equations to be solved. 
The flow geometry can be a combination of any two of the three 
boundaries: wall, free and symmetry line* The specification of. 
geometry is.made by using indices KIN: and KEX , which refer to 
the Internal and external boundaries, respectively,. KIN and KEX 
are attributed the values 1, 2 or 3 depending on whether tne 
boundary is a wall, free or a symmetry line. 

Two grid functions (*W) are incorporated; one is the 
uniform grid, where all the grid points are equally spaced 
between Internal and external boundaries; the other is the 
logarithmic grid, where the density of grid points is greater 
as the boundary is approached,. Any one of the two grids can be 
selected at the start of the program via the data,, The 
logarithmic- grid is particularly used in flows where there is 
an' asymmetry in the- profiles of turbulent' quantities it has the 
advantage of giving more accurate results, but the 
disadvantage of being more sensitive to Instabilities in the 
solution of differential equations in comparison to the uniform 
grid. 

The tendency of instabilities of the numerical 
solution in general can be prevented by selecting a suitable 
grid distribution with an adequate number of grid points and/or 



145.. 

choosing a smaller forward increment. A x „• There is no exact 
rule to establish either IaT or A x _ But from our experience 
we found that grids with N between 40 and 60 points are 
suitable; and forward increments A . x of about 4/S of the 
distance between the two boundaries of the fluid flow proved 
to be sufficient.. 

Computing' time,, obviously, depends on the number of 
equations,, number of grid points and size of forward step.. 
Our program was run. on a CDC 7600 computer. In a, typical, case, 
for N=60 points and a A x about fyfo of cross-stream distance 
between boundaries,, a run of the thermal model (7 differential 
equations to be solved) took less than 15 seconds.. Whereas a 
run of the three-equation model (4 differential equations to . 
be solved) took less than 10 seconds per case. " 
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APPENDIX - 2 

Approximation of pressure-rate teriu_ in the 

convective heat flux equation. 

'The pressure-rate of strain term appearing in the 

Reynolds shear stress equation was approximated by Ban3alio 'and 

launder (1972b) and launder.et al. (1975) following-proposal by 

Chou (1945) and Rotta ( 1 9 6 2 ) . We will use a similar procedure 

in-order to approximate the "oressure-rate term ( — ) which 

appears in the convective heat flux equation, 

Taking the divergent of the îîavier-Stokes equation for 

turbulent flow and 8using the continuity equation, we find the 

transport equation for the pressure fluctuation 

1 " t v 1 

f 0-x2 ~ ' Q x k ^ " Q x ^ V V u k V (B .1) 

A formal integration of (B.l) over the volume of the flow gives 

pre s the fluctuating pressure at a position r Q : 

p.v? ) _ JL I L 2 ^ . B s - (u u -Û7Û )1 ..«toi)' 
vk 0 ra-

2 

r Q r I 

Qmi (B. 2) 
Multiplying (B,-2) by (>.•" )-» and averaging, we obtain 

g x i r Q 

T3»-9T' 

- 4ir / 
( . 2 ! Ï 3 ! 5 e h ^ 1 w ^ ^ ) , ( ^ ' ) l ] d ( v o l ) 

* x k ^ x m ^ x i r o l ¥ \ J r ^ i r | ? l | 

(B.3) 

The left hand side of (B.3) Is just the pressure-rate 

term of the convective heat flux equation, whose approximated 

form we are seeking. By inspection of (B.3) we' see that the 



pressure strain originates from two processes: (1) effects due 

to mean velocity over fluctuating components u and T 1 , and 

(2) effects from purely turbulence interactions. Prom this we 

can assume that the pressure strain (B.3) is the sum of the 

two terms, 

p ^f^x^mean $ x,^'turbulent (B..4) 
r i o w 

Turbulent component in (B.4). 

A similar term appears, when the pressure-strain term 

for the ReynoIdsshear stress equation is approximated, it then 

has the form 

id y: _L. +:
;: a\ 

j> v9x. : 9x..'turbulent . • 

Rotta (1962), proposed (and thereafter every worker who mado 

closure approximations for the pressure-strain term did the 

same) the relation, 
Qu. Ç)\x • £ 2 

f + ^ t u r b u l e n t = ~ Cf>l l Q

( ui Uô " I ̂ i.jV 

where, Câ  is a constant.. 

By analogy, we will assume that the turbulent: 

component in (B.4) can be approximated by 

y ^TT'turbulent - UT1 E Q i~ ' ^ * J ) 

where, is also a constant. 
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Líe an flow component in (5.4). 

Prom (B.3), the mean flow component is 

'/TJ'PT' N .... • 1 / ,^ um ^ U k x s • ci (vol) 

v A « v - 2 it / lQx,„: Qx„ ;r l2x. j'r * 'i-*"-7 p QXj; 'mean 
k " m i o r - i o flow yvol 

(B.6) 

Assuming a flow with homogeneous turbulence, where the mean 

properties can he assumed independent of position, (B.6) can-

he written as 

/P'DT.' V m T" ^ T Jk 

{ A. - ) = £ L 

Kf> Qx. mean K ¿ * ̂ x 
^ flow 

m 

í "p. 7 ) 

m T'; 

where the tensor a, - is defined by, i 

m T* 

^ i ' 
d(vol) 

vol 

(B.8) 

Again, following Rotta (1962), the fourth-order tenso 

m T sÇ ^ must satisfy the following conditions, in.order to satisj 

the symmetry requirements and the laws of conservation: 

m Ï» 
i 

m ,T F m 

a. 7 = 2 u T.' 
x i . m 

(B,9) 

(B.10). 

The condition (B.10) suggests a form for the tensor a .7 that 
k: i 

is a combination of convective heat flux terms.. Therefore with 

tnis assumption, tne most general iorm tor a. 
m T r 

1 f n r n i -Pn-r* n " . S h o u l d b i iC -1 

where, c< , Jb andl\ are constants and m, k and i are indices 

which can be any of the coordinates x, y or z. Subscripts m, 

k and i refer only to velocity components, and terms like cT^, 

are meaningless, thus the only way (B.ll) can satisfy all the 
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f = cCumT« . . ", (B.13) 

If (B.13) must satisfy the law of conservation (B.10), then 

2 u mT» = oC u^T' and oC = 2.0 (B.14) 

Thus, relating (B.7) and. (B.13) we obtain the mean 
flow component of the pressure-rate term, namely, 

"d' 3 t n ^ u i 
1 flow m 

Finally, substituting (B.15) and (B.5) in (B.4) we 

derive the total pressure-rate term to be used in the 

convective heat flux equation: 

(/Hi5 - - °on l 0 v ' • * v 7 ! ^ • < B - i 6 > 

symmetry conditions in (B,9) is by making 

As ( T ^ k is different from zero only when i=k, (B.12) can be 

written as 
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APPENDIX 

Approximation of -the triple-correlation term in the 
connective heat flux eauatlon. 

The analysis of a triple-correlation equation 
provides a foundation for approximating the triple-correlation 
term appearing in the connective heat flux equation. The 
equation: for triple-correlation is obtained, after some 
mathematical manipulation, by multiplying two similar Navier™ 
Stokes equations in *i r and *k» .coordinates- and 'the temperature 
equation,, for turbulent flows, by u, T%. u.T* and u.u, , 

"is. X X 1C 

respectively, then summing the 3 resultant equations and 
averaging each term-, Einally, making use of the mean momentum 
equations for 'i' and 'k* coordinates as well as the mean 
temperature equation, we obtain the triple-correlation equation 
(rru.iij' ) In. its exact form, neglecting only external forces 
JJ X X A . 

effects- This general form is: 

#r(u.u, T» ) Dt v x^c J' 

, u, -^~u ' x k^x m m KrrF'l- ( I D 

(III) 

(I) 

i &. -U, + u.u. 9 T ) + 

(IV) 

( Y ) 
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Following Hanjalic and launder (1972), the fourth-
order correlation term (I) in (C.l) can he approximated in term,' 
of second-order correlations as follows: 

u.u,u I* i k m u.u ,u, T• + u.u, ,u I' 
i m k x k m 

u m u k * u i T ' * ^ c ' 2 ) 

Using this approximation for (I) and adding It to term (II) of 
(C.l) gives 

( i M i i ) = - ( ^ m ^ - V + u--rj" ̂ 2 : 
m 

(0.3) 

Each of the first two components of term (ill) has 
order of magnitude IX2 9 

l. tie ,. where. OX , 6 and t are 
a velocity-scale, a temperature-scale and a length-scale. Any 

term of (C,3) has the "'order of "ox3 G- , thus, as we only 
consider flows with high Reynolds numbers, the first two 
components of (III) are negligible when compared with the terms 
"of (C.3), The same applies to the last component of (III)., 
because we are considering fluids which have "V and. of the 
same order. Therefore, we can neglect all components of term 
(III) in (C.1). A comparison of each term of (IV) with the 
approximation of turbulent terms on pressure-rate (Appendlx-2, 
relation (B.5)), suggests the relationship 

(IV) = - I- (u, T + ' u,T'|5^ = -• C a Q . | u.u^T' f v nsr * x. Tc. sa E x k 
O • . (C.4) 

The last term (V) in (C,.l) is itself a sum consisting 
of products of average mean quantities and fluctuating 
correlations. Although, when considered theoretically, each 
term of (V) has the same order of magnitude as each term in 
(C.3), as a first approximation we are going to neglect all 
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terms which are products of fluctuating terms and mean flow 
terms. By this argument', term (V) can he'neglected. For the 
same reason, the convective term in .(CI), ^ ( u . u ^ f ) , is also 
negligible,. We concede that this approximation is somewhat 
crude, but triple-correlations are already small in magnitude 
and the exclusion of one or two terms should not' introduce a 
significant error. 

Introducing the approximations discussed above, with 
relations (C3) and (C.4) into (CI) we obtain 

( n. x.- \ 
' a---.. ' ' I C 5 J 

where, G T T m o is a new constant (= l/C _ ) . 

The triple-correlation term given by expression 
(C5) is the approximated form of u^u vT* which we use to 
close the turbulent diffusion term in the equation of convectiv 
heat. flux. 
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in smooth armulus, , n , „4 ~ „ n , _5 

I . u x j lU ^ Re^.7.0x10 . 



— o D/e = 40 
©• D/e = 420 
+ D/e =' 800 

Experiment: 
R —R 

: u + = B + 2.5 ln(-H—) , (3.15) 
Predictions: + > ^ } B r = 8 ^ = 8 - 4 8 

©4-

-—E3 
• o+" 

•B) 

-L. 1 1 1 1 L .J- L_™L«_I JL -I J j-

0' 0 1 0 1 
(RQ- R)/e 

1 0 ' 4 x 1 0 ' 
Figure 3.4 Non-dimensional velocity profile in a sand roughened pipe with 

different degrees of roughness. Re=5.0xl0 . 



Fig. 3.5 Friction factors in a turbulent pipe flow with sand 
• • 5 and square ribs roughness. Re=5.0xl0 . 
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Fig. 3.6 Defect function (h(^ )) in a pipe with sand 
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Rj/R =0.405 \ De/e=113.64 . 
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Figure 3,9 Variation of overall friction factor (y'l/f) with roughness ratio 
(De/e) in an annulus internally roughened. Tie=5 ,OxlQD; R../R =0.5' 
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method (Hall's Transf.) 
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Figure 3.11 Priction factors obtained with the 3-equation model compared 

with friction factors obtained using iterative method, in an 
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annulus internally roughened. Re=5.0x10 ; E*=0.5.. 
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Figure 3.12 Overall friction factors obtained with the 3-equation model compared 

with friction factors obtained using Hall's transformation in an 
annulus internally roughened. 
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Pig. 3.13 Transformed friction factors in an annulus 
internally roughened: square ribs. He = 5.0x100; 
R* = 0.5 . Schlichting relation (3.18) 

Wilkie relation ( 3 . 3 9 ) • 
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Fig. 4.1 Velocity and temperature profiles in a smooth, annulus: 
inner wall heated (or cooled) and outer wall insulated 

>5 Pr=0..7 ; R.e=1.0xl0 
Velocity:o Experiment, lawn (1970) ; 

R*=G.lS and . =30 C . 
Predictions, 

'Temperature: Predictions (internal .wall cooled) 
Pre die. (external wall heated or cool.) 

(R-Rjj/tRr-Rj) 

Fig. 4.2 Shear stress and eonvective heat flux profiles in 
symmetric smooth annulus with small radius ratio. 
Shear stress (u^u,r): 0 Experiment, Lawn (1970); 

Predictions. 
Convective heat flux (u T* ) : Predictions. 
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Expression (4.65), Leslie (1977) 
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Pig. 4.3 Non-dimensional velocity (uj~) and temperature (8^) 
profiles for the inner portion of a smooth annulus 
with small radius ratio. Pr=0.7 ; Re^l.OxlO"' ; 
R*=0.1o 9^ =30 °C . 
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Pig. .4.4 Turbulence energy and intensity of temperature 
profiles in a symmetric annulusr. inner wall heated 
(or cooled). and outer wall insulated,. 
Turbulence energy- (E"Q: © Experiment, Lawn (1970). 

. Predictions.-
7"T 

Intensity of tem perature(1/2T* c ) : Predictions, 

Pig-. 4.5- The ratios shear stress/turbulence energy and 
connective heat/(intensity of temperature x . 
turbulence- energy) in a smooth annulus, 
Shear stress (ù7^u/E o): © Experiment, Lawn (1970). 

J — _ predictions. 
Connective heat:.—----Predictions, . 
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(1) Pro due t i on:(-u^u—) ( ^ Q - \ )/u^ Q; 
(2) Dissipation:(£.(R ))/u^ TO 

•so (3) Difiusion:(^{^ e f f)-^}(R o~R i)/u, 

(R- Rj)/(Ro~ Rj) 

6 Turbulence energy balance in a symmetric smooth 
annulus. 
© + m Experiment, Lawn (1970), 

Predictions. 
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(1) Pro due t ion:(-uyT-1|}(EQ~R±)/U%Q.8; 

(2) Dissipation:(G T T 1 |T• 2/S„)(R„-R,)/u,,„.6^ o' v o 1' 'So max 

(3) Diffusion:(|^(^ e f f)^ |tv 2)(R^-R,)/u_. 8f; o x' to 'max 

0 - 2 0 - 4 0 - 6 ( R - R : ) / t R - R j } 
4.7 Intensity of temperature, fluctuation balance in a 

symmetric smooth annulus: heated (or cooled) on inne: 
wall and insulated on outer wall, 

. . Predictions. 



175, 

0-03 

002 

0-01 

• * r ~ — ~ r~—r—~T~ r - p — 1 ~ -j— 

Nicholl (1970) experimental data 
channel flow, heated floor, 
Re=4,8xl0 4 ; e

r , i a x " 8 0 0 

— * — Predictions, annular flow,, inner 
wall heated, Re=1.0xlO'; 
emo =30 °c 
max 

00 0-2 0-4 0-6 0-8 
(R-Rj)/(R 0- Rj) or y/Ah 

10 

Pig. 4,8 Intensity of temperature fluctuation profiles in 
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Pig. 4,9 Eddy diffusi'/ity of-heat and momentum ratio (̂pÂ,) 
In a symmetric smooth annulus: inner wall heated (or 
cooled) and outer wall insulated. Pr=0»7 ; He=1.0xl0 

6 m a x = 3 0 ° C • 
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Pig. 4.10 Pully developed Nusselt numbers for the inner wall of 
a turbulent flow in a smooth annulus: heated (or 
cooled) on the inner side; constant wall temperature. 
Pr=o.7 ; 0 = 3 0 °G . 
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Pig. 4.11 Fully developed Nusselt numbers for the outer wall of 

a turbulent flow in a smooth annulus: heated (or 
cooled) on the outer side; constant wall temperature. 
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Pig.4.12 Fully developed Nusselt numbers for the inner wall of 
a turbulent flow in a smooth annulus: heated (or 
cooled) on the inner side; wall temperature, increasing 
linearly in direction of flow. Pr=0.7 ; 9 = 30°C , 
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Figure 4 . 1 4 Non-dimensional velocity (u ) and temperature distribution (0") 
in a smooth pipe flow. Pr=0 .7/ I Re=l.0x10 J, 
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Pig. 4.15 Friction factors and Stanton numbers in a smooth 
pipe flow. Pr=0.7 . 
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Figure 4.16 Velocity and temperature distributions in a rough (sand) pipe 
flow. Re^l.OxlO5 ; Pr=0.7 ; D/e=200 . 
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4.17 Friction factors and Stanton numbers in. a pipe with • 5 . 'sand1 roughness. Re=5.0xlQ ; Pr=0.7 . 
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Fig,-- 4.18 Velocity and temperature profiles in a heated (or 
cooled) flat-plate boundary layer. Pr-=C.7 =20°C 
-Velocity -(U/UL,,,,) :• © Experiment;.,. Klebanoff (1955V 

• — rredictxons • 
Temperature (9/9 ) ; Predictions. 
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Pig.- 4.19 Shear stress and connective heat- flux profiles in a 
heated (or cooled) flat—plate boundary layer. 
Shear stress(u„u ) t © Experiment, Klebanoff (1955) 

^ Predictions 
Connective heat flux(u _T* ) :• ^".dictions. 
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Figure 4.20 Non-dimensional velocity (u1") and temperature (9 +) distributions 
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Fig-. 4*.22 Momentum and heat transfer flux correlations in a 
flat-plate boundary layer. 
Momentum (~u,xi JE ) : o Experiment .Klebanof f (1955) 

A y — — Predictions 
Heat flux correlation; Predictions. 
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Pig. 4.23 Turbulence energy balance in a smooth flat-plate 
boundary layer. Pr=0.7 ; 1100=40 m/s ; 9 =30 °C . 
— — Experiment., Klebanoff(1955) ,. • . 

Predictions.. 
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(1) Production: ( - u ^ ^ c f y C Q ^ ^ ^ ) 
(2) Dissipation:•(C T ? 1|T«; 2e/E 0);.(r/(e^,D m„) 
{3) Diffusion:(^(tf e f f5L. |l• 2).<f/(9 2 _ . U _ J max max' 

Fig. 4.24 intensity of temperature fluctuation "balance in a 

smooth flat-plate boundary layer, Pr=0,7; 9„„=30°C. 
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Predictions. 
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Velocity ( U / U m a x ) : 
o Experiment, Wignanski and Fiedler (1970) 

Analitical solution by Tollmien (1945). 
from Patankar and Spalding (1970) 

Predictions. 
Temperature (0/9 ) •; ——- % / max/ -

x Analitical solution by Tollmien (1945) 
Predictions.' 

Fig. 4.25 Velocity and temperature profiles in a plane mixing 
layer, with zero Telocity ratio.. Pr=0.-7 ; 9 =30°C. 
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Shear stress (u u ) : — v x y' 
o Experiment, Wygnanski and Fiedler (1970) 
B Experiment, Bradshaw et al. (1964) 

Predictions . 
Convective heat flux (u i" ): 

—Predictions. 

Fig. 4.26 Shear stress and convective heat flux profiles in a 
plane mixing layer r with zero velocity ratio. 
Pr=0,7 ; 6 =30 °C ., f * max J 
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Turbulence ener-zrr ( E ) : 
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o Experiment, Wignanski and Fiedler (1970) 
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Temperature intensity (wT' ) : 
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Fig-. 4.27 Turbulence energy and temperature intensity 
fluctuation profiles in a mixing layer flow, with 
zero velocity ratio. Pr=0.7 ; 0 „ =30 °G ... 
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ig, 4»28 Momentum and heat transfer flux correlations in a 
.plane mixing layer, with zero velocity ratio. 
Momentum (u u /E ):--©--Experiment, 'Jlv^anski and 

-r 0 . ~ .Fiedler (1970) 
-x- Predictions 

Heat transfer:— B— Predictions. 
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ig. 4.29 Eddy diffusivity of heat and momentum ratio in a 
plane mixing layer flow, with zero velocity ratio, 
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Velocity ( U / U m a x ) : 
o Experiment, Bradbury (1965) 
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Temperature (8/9^.1: 
a x Experiment, Jenkins and Goldschmidt (1973) 

at.2 stations, 9 '=20.7 C * max. 
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Pig. 4.30 Mean velocity and mean, temperature .profiles in a 
plane jet in stagnant surroundings. ?r=0,7 ; 
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Fig. 4.31 Turbulence energy and intensity of temperature 
fluctuation profiles in a plane jet. Pr=Q,7;9 _ =30°C. 
Turbulence energy ( E Q ) : * Experiment. Bradbury (1965) 
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