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A survey and evaluation of some models of turbﬁlﬁnc;
for isothermal Hurbulent flows is made. Iodels such as oiving-
length, one-eguation, two-equations and three-eguations are
solved with the aid of a high speed computer for annular
turbulent flows., The results zre comparsd with eac o%her and
with ex nerlmemt and tbe significance is discussed, The three-
equation model (three transport eguations plus the mean

velocity ecuation) emerges as the most accurate and canable of

to soive a number of turbulent flows, Also, this model does not
reguire the prescription of any arblﬁra%y Ee wgth scale.
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A study of tra effect of varying the constants in the
~threes—-eguation model shows that the velocity znd shear stress
profiles are insensitive to the variation of the constants, A
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variation of un to 50% in the valus
at most, less than 2% variation in the velocity and shear
stress profiles. Only the turbulence energy distribution shows

‘some sensitivity. The position of maximum velocity for smooth

QJ

anmuli with different radius ratios, as well as T i ti
factors for a number of wall conditions are calculated with the
three—~eguation model, The comvarison between predictions and

experimental data shows a fairly good agreement,

Starting from this three—ecuation model, an extended

model, capable of predictirg turbuleat, two-dimensional,
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incompressible thermzl boundery layers is develoned. Three
more eguations are incorporated in the isothermal model,
namely, (1) mean temperature equation (T}, (2) convective heat

flux ecuation (u T') and (3) equation for the intensity of
y ;

' . 2 . . .
temperature fluctuation ($T'7). Appropriste approximations are
introduced and the new model of parabolic differential

eguations is sgolved simultaneously with the ecuzations for the

equations plus mean velocity and mean Temverature equations)

is applied %o a number of real flows, with and without the
presence of walls, Both rough and smooth walls are considered,

results

£

Generally, good agreement is obbained wnen predicte

are comvared with the available experimental data.
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1. Introduction.

1.1 Models of turbulence.

LN
N

Turbulence always has been a major area of interesd
in the field of fluild mechanics: due to its importance,
complexity and difficulty. Historically, Reynolds (1883) Wés
kthe’first to draw attention to‘ﬁarbulence on a gualitative-

guantitative basis. Reynolds himself showed that the

ol

~

statistical averaging of the Navier-Stoxes equations, by
 dec0mpositi0n of the wvelocity field into‘mean and fluctuating
components and tim;;aQQfaging the geveral terms, leads to the
equations of motion for fturbulent flow. Because Reynolds wag
‘the first to develop such equations, these equations are
often called Reynolds momentum eguations. These‘equations
 inv01ve the relztion between average znd fluctuating terms
and‘describe the conservation of mgmentam in a turbulent

flow, The Reynolds eguations still remain the fundamental

equations in‘any study of turbulence.

From the engineer's point of view, because he is
interested in prediction of mean-flow quantities, his main
interegt focuses on the solution of the Reynolds equatlons,
for a2 gpecified real fluid‘flow, A gquantitative analysis of
turbulence requires a realistic formulation of macroscopic

“pehaviour of the fluid mot&on; therefore, it regu.res
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uirements for
the conservation of mass, momentum =nd eﬁerﬁv. Jhatever
method is used to solve the momenbtum equatbtions, it leads
inevitably to a situation in which there 5“6 more unknowns
than equations. Therefore, even for the simplest flow,‘we
always have a “closuré" rovlem. Thus, vo solve a turbulence
problem, we must "model®” the real flow by means of
arbitrary simplifications , by neglectiﬁg terms or Ry

expressing them in convenient forms by analogy with laminar

flows

Until 1925 only simple and empirical theofieé of
turbulencé were developed. The»convenient mixing-length
theory, introéuoedxﬁy,%fandtl (1925); remained as the most

mpor ant and influential theory for a long time., Wit?

Taylor (1935) the idea of turbulent motion as randonm
continuous function of positioh and vime was introduceﬂ and,
with it, the more rigorous methods of the statistical theory

o

L‘L}

of turbulence. Then, more sophisticated meﬁhods be
appear. Either by the develonmentkéf new relationships with
more phy51cal meaning not implicit in thexbasio principles
already introduced; or by the development of new relations

in the form of new equations,

The vast majority of the attemnis to predict
turbulent motion follow the pattern of combinihg mathematica
and physical arguments. The main weakness is that‘no method
is oorniete, no model of turbulence so far generated is

and.
perfect or general,,always some empirical information must

IS
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Before the advent of ﬂlgl~%ﬂeea computers the range

£

of turbulence problems that could be hendled was very limived,
mainly because of mathematical difficulties in solving the

complex equations.

-

his explains why before the 13560's on
very limited number bf flows could be considered. 4né Facse
were only solvable due 10 the gross simplifications introduced
by integral wprocedures which had dominated the field until
that date. The iﬁtegral equation methods were developed in
order To speed numerical solutions by hand cslculations. This
method‘must incorporate, implicitly or explicitly,
suppositions about the global infl ueice’of turbulenée in the
mean flow. ulODal ﬂyUOupeses are valid only over a very
restricted range of conditionss therefore, it is difficult o
extend such methods to wider classes of flows. Accuracy and
width of applicability caunot be achieved without solving the
partial diffsrential eguations, and to solve them, the

knowledge of local properties is reguired.

With the advent of fast computérs the use of more
sophisticated numerical methods for solving the partial
differential equations became Tfeas sible .‘From'the Stanford
Conference on computation of turbulent boundary layers, Kline
et 21i.(1969), it emerged that methods using partial
differential equations are more accurate and practical than
the best of the integral methods. Then, a_vigorous attack

in the furbulence problem,” via partial iifferential me t%ods
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started, 4n evolution from simple %o more sophisticate
mnethods, covering a very wide range of flows, followed.

Launder and Svalding (1972) give a complete and detailed

survey of the avaiiable turbulent madéls; from the simplest |
ones: mixing length theory and turbulent viscosity methods to
the complex ones, such as, the multi-equation models. Also,

very interegting and useful up to dzte surveys on turbulsncs
models are presented by Bradshaw {1976), Fernholz (1976), |
Johnston (1976) and Reynolds and Cebeci {1975). Fernholz deals |
with the external, two and three—dimensional boundary layers
Johnston surveys the internal flow models and Reynéldsfﬁeﬁeci

are interested in the methods of ezlculasting dboundary levers
& 3

in turbulent flows. ..

From the wide number of models proposed we see no
method is absolutely generals always.conditions and
limitations of applicability are inherent in each model.
Mbﬁivated by the desire to remove these restriciions and To
achie%e greater generality, a.collectiaﬁAof work has been
produced, founded on very Tormal and.sophisticated statistical - |
theories of turbulence. In the h0pe'of finding a general
formalism without the need for empirical assumptions, ' |
theorétiéal WOrKSVSuch‘as‘Orszag (1973}; Monin and Yaglom (1975)
Leslie (1973) aﬁd Lumley (1970) have appeared, So far, however,

rather arbitrary postulates are needed in theilr theories too.

: It seems that the turbulence models, 1l.e., the partial
N R > . .

alffarential equations models that lend themselves to a

\;s:\
numerical sSh%abs

on, are the only practical way of Treating




Turbulient flows. Hany individual invéstiga%icﬁs have bsen
reported based on the idea of using 2 self-contained set of
differential equations. Apart from the early mixing length and
turbulent viscosity methods, we have models comprising one-to
many equations. Among:the cne-equation models proposed we find
the models of Glushko (1965), Bradshaw et al. {1367) and Nse
and Kovasznay (1969). Glushko adopted the tactic of simulating ‘
the turbulence energy equation and agsumed the turbulent
viscosity proportional to the squére’root of the turbulence
energy; Bradshaw at al,, on the other'hand, developed an
equation directly for the sheaf'stress; whnereas, Nee andk
Kovasznay developed a model where the kinematia'tur%alént
viscosity'is aeterming%e&-fram a differen%ial‘equaiiane |
pr o omo :

All the two-equation models take the turbulence energy\
equation as the first equation; the distinction hetween‘models |
is in the second equation adopted. Ng and Spalding (1976} |
proposed a two-equation model where the‘seoond equatign is the ‘

turbulence energy-length scale product. Among the multi-equation

models, Hanjalic (1970) proposed a thfee—e@uation model, in
which the egquations for the turbulence energy, shear stress and
digsipation are soived, With slight modifications, Hanjalic and
Taunder (1972%) proposed a very similar, bub extended model,
‘which refers to T constants.‘Mentien may also beg made of Daly ‘
aﬁd Harlow (1970) who developed a model of 5 equations, where
the ‘turbulence energy equaticn iz substituted foﬁ the 3 normal
Reynolds stresses equaticns; Based on the Hanjalic and |
Launder (1972b}kmodel, Launder et al, (1¢75) deve10peﬁka model

also of 5 egquations, similar to Daly and Harlow's model,



but with more realistic approximations, mainly in the treatment
of the pressure-rate of strain term near a wall boundary. More
ambitious models are those of Chou (1945), Da&idov (1961} and
Kolovandin and Vatutin (1969) proposing models with 17, 23 and
28 differential equations, respectively; these more complex

models are also reviewed by Launder and Spalding (1972).

Naturally, a better representation of the real flow
can be achieved by meéns of a model with more and more
equations, but this would result’in increasing demand for
computing time which is directly prOpDrtional to the number of
equations. Now, it is widely accepted that multi‘equétian
models should become the stan&ara methed of solving turbulent
flows, such is the degree of generality and precision of this

technique. The principal guestion to be resolved is, what is

the minimum necessary number of differential equations capable

of representing well a wide range of turbulent flows, Compubing

time costs money, therefore, from the economidal;paint of view,
it is evident that models like those proposed by Chou, Davidov
and Xolovandin-Vatubin are virituzlly unsbl?able. In this Work,
we shall concentrate our attention on'intermedia%e models with
the purpose of selecting one, hopefully thé best, that can be
extended to deal with thermal bouﬁdaryylayers. Suc%imodel
should, ideally, contain the minimum number of equations
consistent with the‘qualities of generality, precision and

computing-economy,
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turbulently in closed
modes of industrial heat transfer. Engineering applications

of convective heat and mass traansfer are multiple and extremely-

varied, ~ , v |

By the nature of the mechanisms 1nvolved, the is
an analogy between momentum and heat transfer, and a close
relationship‘between convective heat transfer processes and :
fluid dynemics is observable., Thus, having established a model
~of furbulence that is pureTy hydro-dynamic, the extension fo a
model much more compiei and general, inCluding‘the Transnort
of heat by convection, 1is qtralgntforwa“& A suxvey of =11
studies of convective heat Tra ansfer %o be found in %he ’ \

literature permits their classification in one of the %wo

categories:

1 methods.

a) Bmpirical and semiwemmir
|
b) Hore elaborate methods based on transport eouatlo‘

1.2.1 Empirical and semi-emnirical methods.,

.

The vital question, from the engineering point o
view, is to know the anmount of heat tran 'f@;@d from the wall
to the fluid or vice-versz, depending @au whether the fluid is |

eated or cooled. For this purpose, several correlations purelﬁ
Yy 2 .

e

empirical, based on relations between non-dimensional numbers, |

were developed. These relations have been modified and improveg

-



in order to satisfy the needs of the designer of hest transfer
equipnent. Usually, the relationsghivs were found frem direct
results of experiments on proiotype equipménﬁ . Theze empirical
expressions 4o not say anything fundamental about the way heat
ie transferred, therefore, other relations, theoretical and

semi-empirical, based on a fundamental knowledge of the

Reynolds (1901) was the firstvtb gredict
quantitatively an 'analogy' between heat and momentum. His
basic asSumption was the equality of the tmrbulent diffusivities
for momentum and heat (‘QTzﬁfT}; making possible a relationship
between the heat transfer coefficient and‘the-friction factor.
Since then, both si&pfzuand more elabora%é méthcds have been
proposed, for éxample, the works of ?rahdtl (1910), ﬁolbﬁrn
(1933), Martinelli (1947), Lyon (1951), Rannie (1956), Kestin
and Richardson (1963), Gardner and Kestin {1963), TLawn {1369),
Spalding (1961a) and, with later extensions of Xestin and Parse
(1962), Spalding (1964) and Quarmby and Anand {1970}, The
general procedure of these workers'ﬁas to establish aﬁ accurate
description of the velocity profile for the turbulemt flow (
usually, the non-dimensional velocity u’ vs. the non-dimensional
crosg—-stream distance y+), then, use anybkihd of 'analogy' 1o

relate the heat transfer coefficient with the friction faector.

On the experimental side there are also many‘
contributions, for example, Dipprey and Sabersky (1963), Kays
and Leung (1963), Deissler (1955), Johnk and Hanratty (1962),

Smith and Shah (1962), Edward and Sheriff (19561), Owen and




Thomson (1963), Sparrow and Hallman (1958), Kolar (1965},
Gowen and Smith (1967), Bettermann (1966), Quarmby (1367),

Webb et al. (1971), and others.

Although these authors, considered together, covered
a very wide range of geometries, conditions and kiﬁds.of flow,
their main purpose was only to make possible the calculation
of the heat transfer coefficient (hW), or, alternatively, the
Nusselt or Stanton numbers, The ﬁnderstanding of the heat
transfer mechanisms gtill remained slight. A better
understanding of the way heat is transferred inside the fluid
flow must help in the design of more efficient heat transfer
equipment. But in the design of this'équipmen% it is desirable
0 have a detailed kncwledge of transport guantities, such as,
convective heat flux, intensity of temperaturé fluctuation,
etc.,, and for this it is necessary to understand the
underlying heat transfer mechanisms. This is why more elaboratis

methods are needed.

1.2.2 Hore elaborate methods.,

In comparison with the purely hydrodynamic or
isothermal flows, very little research has been done into
turbulent flows affected by a difference of temperature, by the
use of higher order correslations. This is understandable because
turbulenﬁ shear stresées are important T"input® o the heat
transfer equations, therefore, the}heat—flux models had to waist

until the hydrodynamic models were satisfactorily developed.
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When a durbulent flow 2lso exchanges neat, in

addition to the momentum equation, the eguation of mean

temverature (or thermel ensrgy) must bs solved. The aversging
-~ 1n = oy oyt qeyde v e 2 ey L I
of the mean teuperature equation gives, of course, a relation

between the other mean guantities but also has a term due to

turbulent effects only. This term is called convective heat

%)

flux (uw.71)

5 1d 18 analogous to. the shear stress term in the

equation for mean momentum. The knowledge of this ferm permits
the calculation of mean ftemverature dis tributions across a
turculent Tlow, Therefore, a more elaborate method of
predicting heat transfer must model the convective heat fliux

terms of higher order correlatiouns. ﬁhcories‘based ori more
exact analyses have been formulated‘only in recent vears and,
so far, only a small #gnount of work of this character has

appeared,

Townsend (l958)vexamined the case of a stably
stratified, homogeneous, non-develoning free turbulent shear
flow, far from walls, Using the turbulen&e:energy equation and
an equation for the mean square of telneratur fluc *atlen; he
derived a relation for the flux Richardson number {(ratioc of
the rate at whiéh buoyancy forces extract ensrgy from the
turbulence to the rate at which it is supplied by the shear

stress), which provides a measure of the stability of the flow.

Hebster (1964) and Wicholl (1970) verformed
similar experimental studies of turbulence in density-stratified
shear flows, Both were interested in the effects of buoyancy on

he staoility of +the turbulent flow, They made measurenments in

&



2 wind tunnel, using air et low Reynolds numbers, umeasuring
heat flux correliztions as well as hydrody
in order to oObserve the dynamical sffects caused by an increazse

~in the temperature of the boundary.

lore recently, Launder (1975} developed a modsl %o

explain the case of stably stratified shezr flows, Tar from

walls, including gravitational effects., Starting with the

Reynolds shear stresses equations (for giug} and the convective
heat flux equation,he found nonQ&imeﬁsional fiuvctuating
correlations as a function of the flux Richardson num?er, in
his derivations, Launder neglects all ccnﬁective and
diffusional terms: that is, he supposes that Turbulence energy
pro&uctign and the rate of dissipation are equsl throughout
the flow., In a subsequent work, Gibson and Launder (1976)
extended fhe treatment to a more realistic situation in which
the production/dissipation ratio varies. This improvement

2llows the consideration of jet flows z2s well as shear flows.

Second-order models for atmospneric sentraining layers
were developed by Tumley (1972), Donaldson et al;‘(1972) and
Zeman and Lumley (1976). Lumley (1972) =nd Donazldson et al.
(l972)yutilized simple transport gradients for the third-order
fluxes and produced, resvectively, models of 12 and 10
differential equations. Zeman and Lumley (1976} incorporated
buoyancy effects into the third-order fluxes and proposed a

model with a minimum of 8 differentizal =sguations. An upn-to-
¥ -
. N

date znd complete survey on heat and mass trensport can be

4
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Compared with the other models, the Gibson and
Launder (1976) model is an intermsdizte model with 4
differential equations and 2 algebraic reiations, representing
a conpromise beiween phwsical realism and practicability of
solution. Their model always approximates the transport terms,

~

namely, convection and diffusion, in such a way that simple

iy]

2%

nd h

¢}

{

algebraic formulae emerge for turbulen’t stresses
fluxes. But we know that, in genersl, the values of the

properties of turbulence are quite substantially affected Dby

Y

local variationsfythérefore, webknaw ﬁhit transport effects
are significant . Thus; to provide an emfi?ely.consisﬁenﬁ level
of closure, guantities of turbulehce, chh as convective heatl
flux , intensity of @gmperature‘fluctuationﬂas well as shear
astresses, should be found from the apgroximate& transport

differential eguations. This is a "deficiency in %

1.3 Objectives and purnoses.

A study of the 1i%eratu§é revezled that all higher—-
drdef models developed so far tp prédict convective heat
transfer boundary layers were restricted'ta atmospheric or jet
flows, no reference was found fo flows along solid walls,
Therefore, we decided to take as our main objective thé

development of a complete model of turbulence capable of

[©]

‘predicting both . hydrodynamic and convective boundary 1ayers,

in the presence of wall boundaries as well as free boundaries.

‘\-4\\\\£t‘wa3;aigg\ifz%ge& to pay special attention to iriternal

turbulent flows s as plpe and annular flows which are the
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The general philosonhy of the procedure we zdopt

- 5 _—

can e suﬁaaflzed as Tollows: by mesas o1 a nunericsl

- comparison, we aim to choose, from some of the existing hydrc—
dynamic models, one that is relisble, vracticable and |
Tlexible, Next, Tor the thermal boundary layers, we develon

a set of differential equations which permits the introduction

of wall effects., Three further equations are developed: (1

it

mean temperature equation, (2) comvective heat flux eguation
and (3) intensity of temperature fluctumtion ecuation, to
account for the influence of heat transfer on the fluid flow,

Then, the complete set of eq uatloqs {hydrodynanic & heat

A
g TR

transfer) is solved for some real flows: annular flow, pipe

flow, flat-plate boundary layer, nlene mixing layer and jets.

0

@

1.4 Outline of the thesi

The thesis is divided into five chapters, of which
Chapter - 1 forms an introductiOH, Ialahapter - 2 Wwe discuss
the salient features of some exist ng‘hsééls of turbulence for
isothermal flows. By 2 comparigon of the ;umer1031 results,
these models are compared for the case of turbulent annular
flow, A three-eguation model emerges as the most satisfactory
of those considered, Further analyses and more appliéations of

the three-equation model are described in Chapter - 3 . In

ct

5ec

6}

ion 2,1 we study the influence of varying the constants

contained in the “three-equation model, The provlem of the point

¢




of maximum velocity in a smooth annulus with different radius

ratios is analysed in section 3.2 . Some of the 'universal!

-

-
<

5 . Fricition

D

Bavis for pipe flow are exanined in section 3.

factors in both smooth and rough annuli gre presented in

. (4%62)
section 3.4 . Also, some methods based on Hall’%Aﬁransformatioﬁ
for comparing friction factors in asymmeitric geomeltries, are

included in that ssction.

The development of a thermal boundary layer model is
%he theme of Chapter - 4 . General equations are infroduced
for each one of the dependent Variables.,Boundary 1ay§r
approximations, together with high Reynolds and local isotropy

simplifications, are_ introduced and a final set of thres

a8 e B

which define the thermal model, combined with the three-
equation hydrodynamic model, form a2 closed set of eguations
which is solved numerically for a group of real flows, with

and without walls.,

Finaily, in Chapter - 5 we draw some conclusions
concerning the application of Tthe new model of turbulence to
real flows, Also, discussed in this chapter are the'areas in
7“hich the present work could be extended and developed by

future research,



CHAPTER - 2

2. Critigue of some models of Turbulence.

2.1 Basic assumptlons common to the models.

Since all models of turbulence originate from
equations obtained from the astatistical averaging of the Navier-

Stokes equations, and the number of unknown terms in these

Y
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equations is large, it 1s necesgsary to
sufficient accuracy to describe satisfactorily the mean flow,
It is conventional in turbulence modeis 0 close the partial
differential equaﬁ?ogglby usingtgeﬂefal asgumptioms, These
basic assumpﬁicns are applicable To a fair number of practical
flows, Witn respect to the models presented here, they are
based on thé following general assumytiens:

2) Flows with high Reynolds numbers.

b) Fluid properties assumed consitani,

c) Two-dimensional flows with 2 predominﬁnﬁ direction.

d) Fluid incompressible.

The above agsumptions along with the boundary layer
approximations, make possible the deriveation of the fundamental

equatiocn of turbulent flows which is the momentum or Reynolds

equation (see, for examvle, Hinze (1953) or Schlichting (1968)
for details of the derivation). Neglecting the extermal forces,

the momentum equation can be written as

. » X
= e o= 22y 2 C G ) ' (2.1)
= T




where,
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and repeated-suffix implies summstion.
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The mean momentum equation (2.1) represents a r
between mean properties of the flow with the excepiion of the

-

shear gtress term (uxuy) which is due to the influenmce of

-
e
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turbulence., The difference between the modelg we consider

2

in the way that Uy, 5 is related to the mean‘properties, Ir

our comparison we consider the following particular models:
1) Mixing-length model. |
2) One-equation model.

3) Two-equation model.-

0

4) Three-equation model,

We now summarize the eaiient features of these models,

2.2 Hixing-length model.

]

The earliest, and simplest, attempt to close the
momentum equation for turbulent flow was made by Prandtl {(1925}.
This work is referred to as the mixing~length theory. The key

assumption of this theory is the approximation

—  __ .2]9u | JU |
Uyl = - 1 ﬁ;% f?% - (2.3)

where,-1 1s the mixing-length, For flows far from walls, lm
is usually taken as uniform across the boundary layver and
proportional to the thickwess of the layer., In our anunerical

comparison of the above models we take:



1 = Ky for 10%/m. N (2.4}

o

1.“1:7\1;@ for y>}\ gffi. . {2.5)

Von Karman constant, ‘xl‘is alsc a constant

(%0.09) and y, is a characteristic thickness of the boundary

where K is th

D

layer. For annular flow, where there are two boundary layers,

relations (2.4) and (2.5) can alsoc be used, but when v>n/2

(vhere h is the annular gap) a new y' is & efined as y?xh—y .

2.3 One-eqguation model.

With few excentlons (for example, Nee and
Kovaszﬁ s (1969)*model Wthl uses %?e kinematic turbulent
viscosity as the other dependent variszble)
models use the turbulent energy eguation (E

equation. An appropriate egquation for two-dimensional

boundary layer flows was developed by Hanjali (1970).

¢

takes the form

where € is called dissipation of turbulence energy and C. 1s a
constant. However, the set of equatioms (2.1} =znd (2.6) still
do not form a closed system, ﬁ;ﬁ% and € remain unknowr . It cen
be closed by means of dimensional analysis and the use of a
local isotropy concept, when the dissipation verm is mééelled

into =3/




Furthermore, by using & Frandil-type =cdy viscosity

J

hypothesis, the Reynolds stress u M, can e renresented by

and,
' 1/2
=PTF :
Mo =PE T e s (2.9)
where C. in {2,7) is a constant (N 0.07) z2nd L., & 3
D . a’? T
length-scales respect vel for dissipabion and shear stress,
[} y & b4
To complete the model it is necessary to provide the length-
scale variation appropriate to a particulay flow. If the
"RBeynolds numbers are high, Ld and ;H' are nearliy egual,
therefore, we can put L:Ld e The prescyripbtion of T 1is
rather aVbltrqry afd #lso involves empirical relations

We test three different relations, =zpplicsble to znnular flow:

a) L = 5 Ey(1 - y/b) - (2.10)
b) Length-scale proposed by Hanjalic (1970}, taking
account of the positioh of zero shear siress,.
L = C%/4o I(h {"’\_“f‘ 004 ’YL2 + (A"‘6o4’}%-/1 . (2'11)
where, ‘ ‘

’V&,:% (l—-

s

= 3278 (1-oy /)

o= ¥ coordinate where shear stresSs is zero

Y
A2 = constant (% 0.14).
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¢) Length-scales constant in the directior of fluid flow

but varying with the grid function (W) as

1/4
L = 05/4.@'\.\[‘ - (W=0.5) {2
L = 031)/4.&(1:\»”) (W>0.5) (2.12b)

where,ﬂj‘:WJKN,Ri,R ) is the grid function (sse
Q .
Appendix ~ 1 for definition), proportional
to distance ¥ from the wall, 0 Wxgl

¥ = number of grid points,

2.4 Two-equation model.

kY s
AAAAA &

The difficulty of finding a reliationship for the
length~scale, motivated the research-werkers to develop new
models., The next natural development was a two—-zguation model.
Invariably, the first of these two eguatians isg taken as the

turbulence energy egquation (B ag before, However, there is

3
0/1
gome choice of what is to be gpecified as the second equation,
- Jones and Launder (1972) and Ng and Spalding {1976) are good
examples of two-equation models; the former palr chose the
dissipation of turbulence energy (€) as the dependent variable

in the second equation, the later pailr chose the producyt EOL.

The procedurs followed by the majority of workers

was to develop an eguation for £ and use the eddy viscosity

concept to determine uxuyt The length-scale was determined by

a relation between E_ and € (equal or similer %o (2.7)).
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For exammnle, a digsination =cuation, slﬁaulv,ihr tWo -~

dimensional boundary layers, was proposed by Henjelic (1370)
—~v2 T e 7 2
. g , [PRS] J
DE ﬁ_.?i_.,(\)jpgip_\a.‘}. - g;.?f‘.;fé.ﬁ_ﬁ ,f’.__. (2.13)
Dt T Ay €’ 2 E1TEC Ay T ve2 B v ot

where C; 081 and Cgh are consxants, The predictions of the
two-eguation model (EO,E) represented by the syatem of
equations (2.1), (2.58), (2.7), (2.8), (2.9) and (2.13) are

compared in section 2.7 with experiments and with the other

models,

A second two-equation model, using & shear siress

equation . instead of a dissipation eguation, is also tested.
Although this new yod el needs the prescripition of a length—
scale (Ln order to calculate £€), it avoids the use of the eddy

viscosgity hypothesis inherent in the use of equaﬁion (2.8). We

take as our second equation the following eguation for the

shear stress derived by Hanjalic {(1970)

‘ ' By - 0u u
D : _ 9 o . om X e XY
, T)"t"(uxay) - W[( ) (u s )} “52(681“0 K +E B, )
| (2.14)

where C_, C_, and C_, are also congtants. The two-equation
3 w2

model (EO, uxuy) given by relations (2.1}, (2.6}, (2.7) and

(2.14), and one of the length-scale relationships from (2.10)

to (2,12), is also compare

d in section 2.7 with the other models,




2.5 Three-—ecuation model.

The desire to re flows, such as
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flows where gzero shear s
occur at the same position, and recirculating flows, where the
normal stresses are important; led o the aeveloPmemt' £ malti-
equation models. Among the many multi-souation models to be
found in the literature, we found as amenable to z numerical

)} three-sguation

-]
(&

approach, the following: the Hanjalic's (19
model, the Hanjalic and Launder's (1972%) three—equation model

and the Launder et al.'s (1975} five-ecunation model.

Hanjalic (1970) developed ths three equations already
‘presénted here: the turbulence energy equation (2.6), the

%

dissipation energy eguation (2.13) and the shear stress
équation (2.14‘. Together with the Reynolds eguation (Q.lj*they
form a closed set of equations. No lﬁngﬁh—scale ig needed, obut
7 constants must be assigned numerical values. Table 2.1 gives
the values stLgnad by Hanjalic to the constants; some of the
constants he determinated from experimenbts in simple flows and

the others he found by computer optimization..

Table 2,1 Empirical constants for the three-eguation
model {(Hanjalic).

Cer |Cpn | Ca1/Ce | €1/ | Ca1/G

sl a? £1

2.0 1.0 0.9 1.1

*
o
\J1

0,07 2.8 |1

. . b I . . - P N
This three—eguation model is also compered with the

<2ls and with experiments in section 2.7 .



2.5 Summary of numerical method used to solve the

partial differential eguaiions.

Each one of the models represented by one, two or

three equations is solved numerically for the dependent

uxuy

ig the finite-difference procedure originzted by Patankar and

variables U_, E and € . The solution method employed

X’ To?

Spalding, where the partial differential eguations are
integrated in a forward-marching procedure. In Appendix - 1 2
brief description of the essential feaitures of the numerical
method is given. For a full account of the numerical procedure

and computer implementation, see Patankar and Spalding (1970).

Cne single computer program, hereafter referred to
as TTBL, developed by the author, solves all 5 models of
turbulence we have just described. For each model, the basic
data required by the program is ﬁhé geometry and flow
conditions of the particular flow being'écnsi&ereﬁ. In order
to @redict asymmetric profiles Whichvare characteriatic of the
annular flows, a non-uniform grid.is used. The density of mesh
points being greater in the vieinity of the wall. The non-
uniform spacing of the grid points is of a logarithmic form
and their precise distribution is made a function of the radius

ratio,.

At the beginning of a calculation, the compubter

program requires both boundary conditions and the initial

e

profiles of the dependent variables to be specified. These

>

conditions ars provided by means of insut data. In

\\

~.



nractice, 1t is found sai
b

profiles across the flow are co

are the same as those speciflied

—

and Ng and Spalding (1976).

Lo

2.7 Quantitative comparigon belbween e mo

The type of flow considered is the turbulent annular

flow, and the

predicted results are compared with Tthe sxperiments of Law
(1970) and Brighton and Jones.(1964). 4 single set of ¢
as given in table 2.1y is used Ffor all mod
Karman‘s constant (K) is taken egual to O.

grid of 60 points is used in numerical calculations.

Figure 2.1 shows the influence of length-scale on

velocity, shear stress and turbulence ensrgy proifiles,

two~equation model (EO, uxuy). A comparison wi

t
experimental results shows that the length-scale expressions

(2.10) and (2.11) give quite good predictions, while relation

(2.12) exaggerates the asymmetry of the points of maximum

velocity and zero shear stress, and therefore, is the least
accurate in predicting the three profiles, the inaccuracy
being mainly on the side nearer the innsr wall. The

are compared with the experimental results of Brighton and

h

se of an annulus with .

w

Jones (1964) in figure 2.2 , for the c

raztio is 0,562, the

G}

a radius ratio not smz2ll, As the radius


http://ca.se

asymmetry of the prefiles is very small, so, as expected, all
models give good predictions for velocity and shear stress
profiles. However, a bigger discrepancy is observed in the

turbulence energy profile.

The predicted profiles of veloeity, shear sitress an
turbulence energy in an annulus inbtermally roughened, ars
compared with experiment in figure 2.3 ., As the experimental
results of Lawn (1970) in&icate,‘the maximum velocity and zero
shear are shifted closer %o the outer waEEG The two and three-
equation models predict guite well the w&laciﬁy and shear
profiles, while the one-equation model fails to predict the
asymmetry, predicting the maximum velocity on the line of
geonetric symmetry of the annulus. By msans of expression (2.7),
length-scales for the two-equation (Ea,ék and three-equation
models are deduced., In both models Eo aﬁﬁwESIe determined by
equations, These itwo lengith-scales and thne one predicted by the
expression (2.10), are compared with the experimental results
in figure 2.4 . As we can see, the.yredicted length-scale from
the three-equation model {the case where Rifﬂon.SSS) is in
beﬁter agreement with the experimentzl results found by Lawn
(1670), except in a small region near the centre of the flow,

where a depression is revealed by the experiment, Lawn jusitifies

. . e .
‘the presence of this depression as due %o no production of

turbulence energy in this region, and azs a result, the

dissipation equals the diffusion.

>

As can be seen Trom our results, all models are

capable of predicting satisfactory velocity profiles. Even
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ion model might be capable o

et
o
fe
c*i'

one-2qus given good resulis

by changing the value of some constants or/and modifying the

[

engovh—-scale, It is in the shear stress and turbulence energy

that the major differences are exhnibited. All the models

-

[

except the three-equation model and the two-eguation model
(EO;E.),.use some kind of length-scale. The length-scale is
arbitrary and it is not, necessarily The same for all kinds
of flows (and, even for the same flow, it might depend on the
type of model used)., It must be found by trial and error,
chécking against the experimental resulté until a 'good!
yléngt1~sca1e~is obtained. This §fﬁcedmre‘COn€aigs uﬁdesir&mle
arbitrariness, and as a result, models using length-scale are

gradually falling in disuse.

g o s
WL R

“he two-equation model (Bo,é } does not need a
length-scale but uses the turbulent viscosity concept which,
in some cases, rTalils to predict accurately the shear stress or
turbulencé energy profiles, As we hnvergeem, in ﬁnis particular
geometry, the three-equation md&ellgivesfcorrect predictions.
This confirms the findings of Hanjalic and Launder (1972v) who
tested the model in a great number of turb@lont flowg and also
found it gave accurate results. Therefore, beczuse of its
generality and accuracy, we adopt the three-~eguation model in
fdur further studiles. By generality Wé mean that it can be
appiieé to a variety of conditions and flows using a'single

set of constants.




3. Analysis

1
3
]

model.

3,1 Influence of varying the constants in the

three—

eqguation model.

The three-equation model,

(2.6), (2.13) and (2.14), contains 7 adjustable

namely, qu, CS2, Cél’ 052, Ce? C&

determinated by the application of
simple flows, such as
turbulent flows.
values for these parameters. Table

of the constants recommended.

Kach

represented Ly eguations
constants,
and CS whose values can e

the model to well-knowm

logarithnic flows and grid-generated

e £

Sgveral authors have recommended a get OF

3,1 summarises the values

set of constznts was

optimized by fitting the theoretical results to individuzl

- experiments.

Table 3.1 Numericagl values of

by several suthors.

the constants recommended

Authors Cqp Cyo 0&1.1852 Cq - Cg Cq
Hanjelic (1970)]0.07 | 2.8 | 1.45 | 2.0 | 0.07 |0.064 | 0.078
TTQ ";’:1‘ ¢ g ~
denjallc and - g o7 15,8 | 1.45 | 2.0 | 0.064]0.065 | 0.08
Launder (1972b)
Launder , ,

aunder 10.0711.5 | 1,44 | 1.9 | - [0.075|o0.11

et al. (1975)

Jones and 0.09 | - |1.45]2.0]0.09 {0.069| -
Launder {(1973)




51.

The valués recommeﬁde& by the various authors shown
in table 3.1 avppear to be in good agreement, This occurs noi
only because the models are gimilar, but is also &ue to the
fact that the constants were derived by fititing the sanse
ex?erimental data.:l the comparison beitween theory and
experiment were to be made over a wide range of experimental
data, greater differences could emerge. Thersfore, in ﬁhis
section, we study more comprehensively the influance of varying
the constants, on quantities 1ikefveloci%y, shear stress and

turbulence ensrgy.

By considering ideal flows we can estimate the range

P

......

over which the constants should he varied, For a logarithmic
flow, advection te;ﬁs afe zero and viscous diffusion terms are
negligible, Under these conditions, the shear stress and
turbulence energy equations can be even.further gimplified.
Thus, relating the resultant terms in (2;6)'an& {2.14) we have

—— D
~ _u
_ [y

T 3 4

C

From the experimental data, the ratio of shear stress and
turvulence energy (uzgy/EO) lies between 0.25 and 0.30 . Thus,

c can be assumed to vary beitween 0.06 and 0.09 .

sl

The parameter Cgo shows greater variation among the

authors, Pollowing Robtta (1962}, meny workers assumed C o as

¢ -4+d1-4°€2 = 2.8 | (3.2)
s2 T T&L; + 5K, -8 T =° v .

\\\\\\\ﬁhere,cii amﬁvcﬁz,are congtbants of proportionality between

normal .:kgggii?esses and turbulencs energy and are given by

N

™~
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2 O( - 2 -y
= B and = X, 7 .
U 1B 1d u "

e

The values ofO(l and (XQ are obtained Irom
experiments on nearly homogeneous sheaxr flows. For exanmple,

from the experiments of Champagne et al. (1970), we found

Sl = 0.937 anda  0(, = 0.497 . (3.4)

Lesiie (1975) pointed out that svidence is
¥

accumulating against assumpbtion (3.3), and that the degree of
< fay i ¥ ke

anisotropy of the diagonal components varies markedly across

b
1ot
e
=]
L

ES

a typical Therefore, there 1is still some diszgreement

g
®

about the st value for Cgyps and it should be of interest to
0

study how a change in CS9 affects the resulits given by the

model., We consider the effect of varving C in the range 1.5
S Mg =]

Pl S5
LM &

to 4.0 .

In‘argrid~gehéraﬁed flow there is no production terms
and’the diffusion terms are hegligible.‘fhis simplification
vpermits the evaluation of Céz’ Applyving this Simglificatioﬁ
to (2.6) and (2,13) and relating the resulting expressions for
 EO and & we obtain, |
E = Ax and’ " é:nm'xx"(n‘*l) (3.5)

where, A is a counstant, x is the distance downstream of the

grid, and ‘ _
L » S (3.8)

The

[

xperiments of Batchelor and Townsend (1948)

indicated a grid turbulence decay of the form EgKZx"l (n=1

id )
Launder et al. (1975) suggested that =n should be at least 1.1.

o

In our analysis n is varied from 1.25 (ngzl,

- \\-
- . . P2

3), corresponding



to a high rate of decay, to ¢.33 (Cegn&.Q}, renresenting =

low rate of decay.

Finally, imposing the condition that the dissipation

..;

equation (2.13) must a2lso describe the logarithmic flow, it is

. : . @ - ; ~
possible to determinsse Cél' It is well-known that for =

lo arlq wmic Tlow, ’DUXny and &€ vary as 1/y, or more precise 1w,

: ' 3
QUk U . un
7% - .‘KB': and - E = W‘ . ‘ (Jv

Now, invoking (3.7) and neglecting the‘ advection

term, (2,13) becomes

2 2 oA
Cep = 052 - Ce /63/ . ) | (3.8)

The p?onosed range of vari ation for C€2 amd S

causes C in (3,8) to vary from 1.1% to 3.47 . The ratios
£1 . \
£

Schmidt numbers for shear stress, turbulence energy and
dissipation, respectively. Compariscns with experimental data
show that the turbulent Prandtl-Schmidt numbers do not differ
significantly from unity. Hence, we vary all 3 ratios,

systematically, from 0.9 to 1.1 .

The range of values of the coustants which we study

m

is summarized for convenience in table 3,2 . The influence of

el isg tested in a

5:1:

varving the constanits in the Turbulence mo
N 1)

smooth annulus with small radius ratio, and the results are

compared with the experimental values of Lawn,(l970) The
ocedure fTor solving the uhrme eguation model 1is the same as

the constants are

1/C_ and C 1/0 ' are defined as the turbulent Prandtl
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systematically varied until all nossible variations in th

re coveresd.

H
W
i
5]
o)
W

Table 3.2 Range over which the constants ars varied,

¥ N o~
¢ o) . (1 {’r;’}_ Gs_ﬂ Y a1
s1 52 e1 ez | 2, A, &
e vE Vs
0006—'0109 1:15""4'30 1015"3‘-47 108"“’400 009"101
The resultes are shown in fizure 3.1, where welocity,

shear stress and turbulence energy distributlions are compared
for the chosen rarge 8f the constants. As can be seen, velocity
and shear stress display insensitiviiy To the variaztion of the

e

parameters; the maximum variation of thesse quantities being 2%.

n
ks

Only the energy profile shows scme sensitivity; then onlyAcsl
affects the energy distribution. Roughly, =2n increase of 50%
in C_, decreases E_ Dby about 184, Althoaghbﬁhe yrofiles of the
main dependent variables are almos%’unaffﬂcted, some
characteristic points of the flow, for example, location of

maximum velocity and zero shear stress, sre changed, as we

shall see in the next section.

A similar study was performed by the author on jet
flows, and identical pattern was observed. Profiles were

nearly unchanged by variatlon of the constanis' values, and,

B P

again, gpecific parameters only, for example, the rate of

spreading, were greatly affected.
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3.2 The position of mawxipum velocity in a smooth

annulus.

As is well-known, fully develoned znmulsr flow

involves the combination of two boundary layvers, each extendingc
S # ; :

from a wall to the point of maximum velocity. E=zch of +these
boundary layers may be quite different fr om the other, in the
profiles of wvelocity, shear stress and other bturbulence
guantities. Su h asymmetric distributiocns are substantis ?1v
affected by geometrical conditioas, such as_;ngglaf radius

ratio (R, /? ) or unegual roughness of walls. Here we devote

some attention to the effect of varying tr ratio and

[y}
]
o
je))
*.3
<
]

the - constants, on velocity profiles in a snootﬁ annulus,

Numerical tests with dhe three-eguation model are carried out

for a range of annular radius ratiocs varying from 0,063 to
0.9 ., The constants are varied

indicated in table 3.2 ., The

a
sults are shown in figures 3.2 znd 2.3 .

The velocity profiles are in figure 3.2 ., A
comparison with the experimental results of Brighton and Jones
{(1964) shows guite good agreement, Again, over the range of
the constants studied, no significant change in the calculated
velocity profiles is found. Both theoretical and experiméntal
results show a flow curvabture effect, that is; the psints of
maximunm velocity end zero shear stress'are'shifted from the

centre towards the inner wall, as the radius ratio decreases.

Kays and Leung'§1963} correlated the results of

various investigators, and defining
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Tound a curve to predict the point of meximum velocity as a

Seid

nction of the radius ratic. They found the curve which best

fits all the data to be:

sx = (px)0-343

Py
[
L]
5-...!
[
menr

A curve for symmetric shezar profile [chear stx

zD
U)

w3

equal on both surfaces) can be derived, in order to compare

with (3.10). A comparison of accurate shear stress and velocity

profiles shows that the points of zerc shear and meximum

velocity do not coincide {(the point of zZero shear is nearer t

A}

inner wall than is the point of maximum velocity). But in thi

deriv tion we assume gero shear and maximum velocity occur at
the same point, If we consider the balance of forces on an

element of channel of length dx , we may write,

RS - B
Ty = () | R (3.11)

1

e RZ

,TJO = yog 5 (d ) ’ w ‘ o ‘ (3.12)

i

|

which gives the ratio of shear stiress as

2 2 ;
,‘CO RC) - RM Ri - , :
it G =G, relatwen 3,13) gives R =(R.R )O°5 and
o~ i ? ( il i*o *
upst ing in (3.9) we find a relation o predict the point

of zero shear in symmetric shear profiles, which is
»

sx = ()92 . | | o (3,14)

The position of maximum velocity as a function of



the radius ratic is shown in figure 3,3 . Our predictions usins
the three-eguation model are compared with the experimental
results of Brighton and Jones (13564), and those referred fo b
Kays and Lﬂunv (1963), as well as the em»irical expresaions of
(3.10) and (3.14). As can be seen, our predictions compare well
with most of the experimental data., Although the effect 6n
profiles is almost negligible, the point of maxim abvélcci%y is
altered by the set of congtants used.‘The influences of the
variation of the consbtants in our predictions for S%, is also
shown in figure 3,3 . We observe that %he'infiuence oF Csl is
egligible as is alsb the Schmidit~FPrandtl nuambers, S% ig mostly

fixed ¢,

ffected by C_, an . An incresse in C_,, for oy
affected by Csz‘u ac Ceo in increase in ~y fo L

o

S

brings the point of meximum veloecity closer to the inner wall

(i.e., S* decreases). The opposite effect is observed when Co
: _ S«
is fixed and C€2 is inoreased. The limits of variation of 3%
shown in figure 3.3 are obtained with C;?z*,o and C£2=1,8 for
. . = L .

I3

5%, The overall

Lf‘

minimum 3% and CS2=2.O, 05224,0 for max1mgm

'

effect is more subsitantlial for small rad

3
ek

ivs ratios, znd

£

decreases as the radi us ratio is 1ncr@asca.

3.3 Turbulent pipe flow,

In this section we devote some attentlon to the
xperimentally observed and so-called Laws of Similarity in
fully developed turbulent flows, in the presence of rough

walls., In order to verify such similarities we concentrate on

ot
4]
jsv}
L]
[
]
e}
=]
"d
*i
0]
e
ﬁ
o

1 the exveriments., Three of these Laws
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are well-known, namely, the law of the wall, the friction law

and the velocity defect law, and some detalls of eachn are miver

velow,

3.3.,1 Law of the wall,

The law of the wall postulates the exisgtence of z
region near the wall where the non-dimensional velocity {u')
shows a logarithmic profile of the form:

R =R

ut o= Br(e+} + B.1

ight, {RowR) ig the

o

+ s
where, e =eu,/V , e 1s the roughness h
distance from thewaFl %o the polnt considered, B and Bf{@

are constants and U is the friction welocity,

The velocity distribution represented by (3.15) is
the logarithmic velocity profile; and the région in which is
valid, namely, the outer part of the constan shear stress
1ayer, is therefore called the 1ocar1thmlc region, Many
experiments confirm this relationship, and show that the

constant, B=1/K, is approximately egual to 2.5 whatever the

ature of the wall, The other constant, Br(e+), depends, mainly

on the kind of wall roughness. When e° is largs, Br approaches

of Br=8.48 for sand-grain roughness. In the case of rib-
roughened surfaces, Lawn and Hamlin (1968) pointed out a big

scattering in the suggesied values for Br‘ The values of Br

-

Ear Bl - Y K
B =3,75 which lizss a

tic value. Nikuradse {(1950) found an asympltotic valus

by them vary from 2.83 to 4.65. A value commonly used is

vout the middle of the range of Br values,




where, ”CW i

&)
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3.3,2 Friction Law.

Using the concepnt of friction factor (I}, the flow

through a pipve can be related to the friction it generates. It

£

is customary to express the wall resistance in termsg of =
friction factor defined by
2 (3.16)

1 N
FC’W = f’?é/bU ?

0

the shear stress at the wall and U is Tthe average
mean velocity across the flow, Sinece the friction velocity is
. , 1/2 - . s
given by u. = (‘EW[/’) / s {3.18) can be re-written as
1)2

: 1
f = 2(—

1
-0

Furthermore, we can obtain an expression for the
average velocity across the whole section, which, together with

(3.17) and with the Law of the wall (3.15), gives

TS

g |
= (B, - 3.75) + B.1n(z=) . (3.18)

=

he relationship (3.18), which was proposed by
Schlichting;(l968), is theylogarithmic‘friction'faotor Tornmula,
which predicts successfully a very 1arge mass of experimental
data.

[Eoay
1

3.3,3 Velocity defect Law.

For the outer region, or core region, of the flow,

the logarithmic distribution, represented by (3.15), no longer
¥

anplies since the conditions on which 1% is based are no longer

3 )
-~

valid, In the core region, direct viscous effects continue to




with the

Qs

be negligible znd the Total stress is 1ldentifiie

W
0]

Reynolds stress. This implies that the velocity scale is u,

and the length scales are R and r. Thus, in The core region,

© Ur“ ,}Q“"’U ( r } . .
the velocity "defect”, defined ag ——r—- , 1s a function
Uy .
of

(Ro~r)/Ro only. This type of similarity which holds in the

core region has the form

— 1
Upay — U(x)
u

“w(E) . o (3.19)

where AT S e 4 : ¢ . . .
’ UMAK is the maximum velocity {(in pipe flow, the velocity

™ 5
n =1

0
EN :

at the centre of the pive), R, is the‘pipe redius and =
Bauation (2.19) is knovn as the veiocity defect law, it is
independent of Reynblds number and roughness height. The defect
law should be régé?deaﬂas an empirical rélationshi@, although
it can be shown that its form is coméaﬁible with the equations

of motion.

- Using the eddy viscosity formalism, Leslie (1977)
developed a theoretical relation for h( g ), matching both the

logarithmic and core regions, His provosed relationship is:

(1
Ja-p®E

n(E) = B| g +F1n?l‘_’(:§1 P F<R
(3.20)
‘ 2
= B L}-é—%i?——)— ‘ S ?’9?1

where, B=1/K and }51 is the value of ; where the variation of
the eddy viscosity is assumed to become nearly constant for

the remaining of the core region. Leslie found ;:fiL16 t0 be

. - . > - - -y - ——t -
the value which results in the vprofile (3.20) having auite

[0

good agreemsrt with the experimental measurements,
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h = ——s [ 2 rh(r)dr . - (3.21)
MR
o "0
1
= 2(1-B)n(g)aE . | o (3.22)
A ,

Substituting (3.20) into (3.22) and integrating,

Leslie (1977) found
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3,3,4 Comparison between exverimental results and

the three-equation model predictions.

The %hree—equation model‘represénteu by eguations
(2.1), (2.8), (2.13) and (2.14) is solved for a turbulent pipe
flow, using the mimerical technigue of Patankar and Spalding
{1970). The set of constants employed4is the same as in table
2.1 . Reynolds numbers ranging from S.OxlOS to §.OX1G6 are
tested, Both sand-roughened and squére»rib—roughened walls are

considered, with roughness ratios (D/e) varying from 40 to 800,

The form assumed for the law of the wall (3.15) is
verified in figure 3.4 . Our’pre&ictions for u' wvs. (RO~R)/e
are compared with the experimental correlaﬁions. The predicted
results;kfor a1l three rougnhness raties, agree guite well with
the Nikuradse-(1950) relafion for sand-roughness (B?=8.£8). A
similar good agreement 1is observeﬁ f@rvsquarﬁ—ribmroughﬁess.

The friction factors in the turbulent rough gipe flow, as a
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function of roughness ratio, are shown in figure 3.5 . As we
can see, the predicted results and the experimental data,
represented by (3.18), agree well for both kinds of roughness:
sand-roughening ﬁlth B.. =8.48 and square-rib-roughened wall

With Br:3-75 1

Figure 3.6 shows the defect function k(g }, dafined
by (3.13), for a pipe flow with sand-roughness, The pre&ieted
esults and the profile propased-by Leslie (1977) of (3.20),

are very close., Also in figure 3.6 are plotted the |
experimental results obtained by Léwn {1970). Once agaim; good
ragreement iag observed, As an alternative ?o (3.¢L}, the

average of the defgptﬁfunctiom‘{h) can be defined as,

- U
h I‘{A_f{ M' ( Mi;:{ 1) . ( 39 2‘1 }

Substituting the values we find‘frsm our pumerical
calculations, into {3.24) we ob%ainf£=4,69; this value we find
+$0 Dbe nearly independenﬁ of the roughness ratio and Reynolds .
number, But taking ?1:0.16 , the rela‘ciom: (3.23) proposed by
Leslie (1977) gives-£=4.28 . The value h=4.69 seems a 1little
high compared to the second value ofaﬁ, in a gimilar study to
that made in section 3,1 and section 3.2, that is varying the
constants of table 2.1, we’find that the #alues 032=3.2 and
Cgo=1.8 decreases h to 4,32 , While the defect function remains
pr&ctically unchanged. Therefore, it appears that. 65233'2'and

CE2:1.8 are better values to use in *the model to predict pipe

flows.
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3.4 Friction factors im turbulent annular flovw,
T rree Ted rveoectors tho Moot eos o e e o b s o
In ges—cooled rezctors the haosic geemne Tty o0 uaeg

coolant channel is annular geonetry. As & comseguence, Very
extensive experiments have been made in annular turbulent flows
(ma2inly with roughening and neau flux on the inner side only).

In order to handle the high reactor heat fluxes, it is

ot

necessary to increase the transference of heat from the

cometries have

0

cladding to the coolant.,. Therefore,\vari@us
been tested for this desirable characteristic . One of the

most common devices used is to roughen the inner side of the
channel by regularly spaced transverse sguare ribs. Here we
examine the friction factors obtained with the threé-equatio&
model for severa1 wa1E5oonditions and the results obtained aré
compared with the available experimental data. The correspo aéigg

heat transfer cofficients are discussed in section 4.4 ,Three

o
ek
-t

\\

configurations are considered: (1) both walls smooth (smo
smooth), (2) both walls rough (rough/rough) and (3} internal

wall rough and external wall smooth {rough/smooth).

3.4.1 Smooth/émooth and rough/rough annuli.

)

To begin with, we consider the smooth/smooth annulus.

4 tokl.lxloé are Considered;

Reynolds numbers varying from 1.0x10
also, the radius ratio is varied from $.125 to 0,75 . Results
predicted with the three-equation model are shown.in table 3.3.
These preﬂictions are also compared in %able 3.3 with the

exnerlmentc of Lee and Barrow (1964), Jonsson and Sparrow (1966)

Brighton and Jones (1964) and Watson (1970). As can be seen,
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Table 3.3 Predicted and exwmerimental overall frisciion

factors in a fully develoned smooth snnular

flOW.
f x100
Reference Re R. /R,
- - ‘ -~ Y| Zxperiment | Predicted

1.0x10% | 0.613 0.85 | o.82
4,0x10% | 0.613 6.52 0.61
| Tee and | 1.0x10% la.387 | 0.90 0.35
Barrow (1964) s.ox10% | 0,387 | 0.64 0.51
1.0x10% | 0,258 1.00 0.86

4 . )
4.0x10% | 0,258 0.64 0.61
5.0x10% | 0.750 0.56 0.57
’ = ['f' o g
Joﬂsson and. DQOX].O \30201 Oe 93 Op DU
Sparrow (1956) 1.0x10° | 0,281 | 0.47 0,49
2.0%10° | 0,281 |  0.41 .42
1.OX105 00375 ‘ 0049 . 0949

%102 175 | iy

At aivbon snd 2.0x10° | 0.375 | 0.41 0.41
Jones (1964) 1.0x10° | 0.125 0.47 0.48
2,0x10° | 0.125 0.43 0.41
3.5%10° | 0.513 |  0.40 | 0.39
| 5.1x10° | 0,512 0.36 0.36

Watson (1970) o 5 | X
7.9x107 fo.513 1 0.34 0.34
9.5x10° | 0.513 0.34 0. 34



tire overall agreement is good, especizlly for hig

numnbers.

The variation of the fricition factor in a rough/
rough annulus, as a function of Reynolds number, is shown in
igure 3,7 . The roughening on both sides is achieved by

square ribs. From figure 2,7 we gee that the overall friction .

factor has a nearly constant value znd is in excellent

G

).

e

agreement with the experimental datz of Lawn =nd Hamlin {19
Also in figure 3.7 we plot the friction Tactors for the

ccend T
i 2d T

h

internal and external surfaces, respectively . A
slight disagreement between prediction aznd experiment-is

observed, We suggest that this discrepancy is due to the

o

definitions of fi andffb;'we define our,fi and £ by a relation
similar to (3.16), usirg the same average mean velocity U

celculate both factors. While Lawn and Hemlin define,

Ts G
5/ U5 EESRT

where, Ui is the average mean velocity for the portion of flow

[en
i

Pl

between the inner wall and the point of zero shear stress, and

ﬁg is the average mean velocity for the outer portion.

The influence of the radius ratio (R*} on frictien
factors in smooth/smooth and rough/rough annular flow is shown
in‘figure 3.8 . The experimental data is that cited by Watson
(1970) and shows that the effect of radius ratio ié significant

2y,

only for small and moderate Reymolds numbers (Re <10 This
effect is observed also in’our nredlct ons as snowm by

figure 3,8 . The smooth/smooth and the rough/rough annuli {(sand-



roughened, Br:8.48)‘are indevendent of radius ratio. The
radius ratio seemg to shovw some effsct only on sguare-rib
roughened annuli (with Br:3'75>’ when R¥ < 0,4 . For examnle,
when R* is decreésed from 0,4 to 0,2, the overall friction

factor increases by 16%.

3.4,2 Annulus internally roughened.

Mumerical calculations with our three-~egustion model
are carried out for an annular’ﬁurbulent Tlow. Theving the
internal wall rouéﬁeééd and the externalkwall smooth. Several
Revnolds rumbers and radius ratios, as well as diffsrent kinds
of roughnéss, are considered. Predicted overall friction
factors with RO:5.OX105 and R*=0.,5 as fuﬁctions of rougnness
ratio (Defe) =nd kind of roughness (Br}, are shown in figure
3.9 . In brder to check our predictions? we compare our results
with the experimental data of Lee (1972) and‘@ilkie'(l966) in
figure 3.10 . Although both authors used the same kind of
roughness (i,e. sguare ribs), we observe a scattering in the
“experimental values. This is due to different geomeirical
conditions, i.e., different radius ratios, ribs pitch ratio
(s/e) and ribs width ratio (e/w), bsiﬁg used by the two worker:s.
In figurek3.10 we show predictions with two values of Br’
namely, 3}75 and 3.0 . As we can see, an acceptable agreement
is obtained with the wvaitle B =3.75, this curve being the best

fit to experimental data.
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3,4.2.2 Hall's transformation.

In order to‘enable a comparison of friction factors
and heat transfer coefficients in channels with different
cross-sections, or différent kinds of roughness at each walil,
or even different proportions of heated and unheated surfaces,
Hall {1962) devised a transformation method. The key feature
of the method he proposed lies in the isolation of the effect
of each wall. For example, in aﬁ annmulus internally roughened,
the assumpition is made that the distribution of the fully
developed flow is largely determined by the geométry of the
flow area between the rough surface and the surface 0% Zero
shear siress, anq“is%;ittle affected by the smeoth’surface'
opposite. Then, we can define a separate friction fac@or for
the system associated with the rough surface (and a frictiun
factor to be associated with the syétem of smooth surface).

The assumption is then made of equivalent diamefter, defined by
the flow area between the zero shear stress and the rough
- surfaces and.by the rough surface perimeter. Finally, a further
asgumption is made that the resulting friction Tactor and
" Reynolds number will be the same as would exist for a circular

passage having the same relative roughness and the same

equivalent diameter.

In its original form, Hall'!s method requires the
measurement of the velocity and femperature distribuitions in
the channel. It is assumed that the position of zero shear

stress is coincident with that of maximum velocity, 3y applying

z Torce balance on the two regions of the annular passage,
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namely, rough/zero shear surfaces and smooth/zero shear

surfaces, Hall (1962) found:

| 82 _ g2
G, T Tidn _1dp o
i7 T2R; 'd&x T Fax U1 ' :
(3.26)
_ . B
I A~
2 2
RS ~ R, -
_ 7o M do 1 dp
b = —or < T wm D%
/__)__ _ﬁ_z (30 2‘7)
- rl2 2

where, the equivalent diameters Del and Deg, associzted with

the rough and smooth portions, are defined as,

477 (RS - &)

= z ‘ ' : 3
D1 = —owm, ’ | | (3.28)
477 (RS - R) | |
DGQ = ZWRO o ' (3029)

The overall friction factor is given by the Fanning

equation:

o

e

2/°U

where, De,ja'and U now refer to the whole of the annular

G

(3.30)

passage and, also,

De = 2(R_-R;) . - (3.31)'
- Now, relating (3. 20), (3 27) and (2.30) it follows

H;t P;h |

/f% e} R (3.32)

= l\



and
fZ . ﬁﬁz ‘,82 (-;% B
}7‘-‘ - ——ﬁ2 De ¢ I O 5
272

By anelogy with the Reynolds nunber for the whole

passage, the Reynolds number for each sectlon is defined as

Rel~= et e and Eez =

(1) Iterative meth o&s based on.i a1l's transformation.

In an attempt to avoid the mezsurement of veloe

dlstrlbuulon as pronosad by Hall (1969), a number of simplified
[ o

methods of transformat;on have been proposed. One of the most
‘popglngis‘the“méthoﬁ @eVelo%e&‘by'ﬁilkié (i966), in which the
shear stress on the smooth wall is ob talred by a correlation,
and related to the rough wall by means of three parameters Kl,
Kz‘and KB’ obﬁained from the analysis of 2 larsze number of
experiments. Wilkie developed a svstem of 3 ecuations which can
be Dolved tera+1ve1 f r the uﬁkaowns f. and De,. This method

still assumes that the surface of zere snear and maXximpum

velocity are coincident,

We now propose an even simpler method based on well
known empirical correlations, which gives resﬁlﬁs which do not
'differ significantly from the Wilkie method. Since the éverage
mean Velgcity in each of the two sections does not differ too

» . :
mach from the averzge mean velocity of the whole amnulus, then

)

T T Eey e Sired IS R o e ; R e e
we can assume U = = Uy. Now, rolating {(3.,32) and (3.33) we



obtain,
g ™ A
_Ll yvl N
= . (3.35)
T, De,
4 <

The friction factors fl and f, in each section caﬁ be

- - ' [ L 3 -~ 4 .
derived from pipe correlations, provided that eguivalent

13

diameters Del and De2 are used, ¥e use two well-known'

correlations which summarize most of the exverimental data in

pipes. For the inner {(rough) section we adopt the relation

proposed by Schlichting (1963). This relationship was

o

by

“introduced earlier in (3.18) but is reproduced here

convenience: ‘ ' ' ‘ >

5 Dey
/;12 (BI‘—G'?S) -+ 295 1n(29 } 0

The friction factor for the outer (smooth) section is well

predicted by the Blasius formula,

Lo
N
~

= OQ«O46RG-—O.‘2 » : o ‘ (30

+
e 2

Thus, for a given geometry {(i.e., Ri; R , Re and e
known), the set of eguations (3.28), {(3.29), (32.34), (3.35),
{3,18) and (3.36) can be solved iteratively. An initial guess

- . . . - 1
for R,. is reqguired; a reasonable starting value 1SfRN:(RiRo) /?
A +4]

il ; _
The overall friction factor for the whole chammel is then
calculated by
T :f-——-é- o (3»37)
1 e

Using this method we calculate the overall friction:
factors in annuli with radius ratio ecuzl to 0.5 and Reynolds

v

number equal to S.OxlOB. Paraneters 3_ and e, vhich
~ '

3% .

SR . Lo : . . -
characterize the kind of roughness on the inner wall, are

N ,
varied in- the range: : « : g
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. o ) R
2,0éBr;<O.éf* and t’éi\}<—é-~\<0i;0 .
Results are compared in fignre 3,11 with those

obtained by the three-egquation model, unﬁeé the same
geometrical conditions. As we can see, this method gives
results about 10-15% lower than the th
the same value of B_. Results of this method with other values
of B are also shown in figure 3,11, Roughly, the same Tricition
factors are obtained with this method if’ane uges & B_ value

which is 1 less than the B | value used in the three-equation

model. Therefore, this method gives good predictions provided
that we use a B_=7.48 for sand roughness and a B_=2.75.for
sguare-rib-roughening.,

RE N

{(ii1) Wethods using the true position o’ zero shear
gtress,

The pr revious methods are based on the assumption
thét the surfaces of zero shear and msximum velocity are
coincident., Direct measurements by Hanjalic and Launder (1972a)
in a rectangular channel and Lawn (1970} in an anmulus have
shown that, where there is an asymmetric velocity profile, the
positions of zero shear and zero‘velociﬁy gradient differ by
guite large amounts. This led Nathan and Pirieb{1970) to
develop a transformation based on the actual posivion of the
surface of zero shear. In féct, their method is an extension
pf Wilkiets (1966) method, and the functions Ky, K, and KB are
modified to allow for the difference between the positions of

»

zero shear and maximum velocity.
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We also propose a method for calculating friction
factors in‘annuli,vbased in Hell's Tormulation and pipe
correlations, using the actual position of zero shear stress,
Rso' Using L instead of By from (3.28) it is‘possible to
calculate De, . Then, from (3.18) we can find £, and, finally,
the overall friction factor is calculated by means of {3.32).
The values of RSO are determined by applying the three-equaﬁieh
model to an annuius internally roughened with R¥=0,5 and
Re=5.0x105. Since the threepequatign_model gives velocity and

shear profiles, it is simple matber to obiain Rﬁg from those
R

distributions, Overall friction factors are obiained with

this method and resulis are shown in figure 3,12 . PThese resulis
are compared with gyeéghree—equatign ma&%l and with the results
from the previous iterative method. As expected, the new method
gives better agreement with the three—equation model {for the
same Br) than deces the iterative method. As c¢an be seen in
figure 3.12, this method using the true position of éero shear
gives the same friction factors as the three-eguation model, if
we use a Br value which is, roughly, 0.5 less than the Br used

in the three—equatioh model.

 (iii) Transformed friction factors.

The two methods jﬁst developed illustrate clearly the
difficulty of choosing which value of Br is the most apposite,
To avoid‘this problem, a similar method to the iterative method
{(but without the iterative>process} can be introduced, This is

obtained by working with the relations on the smooth side of
2 cti

the annulus. Tre friction factor on the outer side (smooth Wg}l) ;




~J
s

""OQ?_
De De
' ra~0e2 A -s 2 2} 2
T, = 0.0406Re, = 0.046Re 55 = s
thus, 5/
5/ 0
De -6 2
2 0,046Re ~°
e D ‘Lrs - ’ (3.38)

i< I

Once, Re and T for the whole channel are known, from
(3.38) and (3.29) it is possible to calculate Ry. Then, Dey is
obtained from (3.28) and, flmally, (3.37) gives the transformed

friction factor Il,

Overall friction factors in anmuli with square-ridb
roughening on' he inner 51ﬂe are calculated using the three-

equation model, Th 1€ geometrJ parameters used are R¥=0,53

1,.

Re:‘j.OXlO5 and 205;D9/65;800. Resulsvs are vransformed in terms

1

hod just described,

et

=

of £y vs. e/IXe-:L , by using the simpie
Predictions and experimental data are compared in figure 3.13.
As can be seen, our predieted results agree gquite well with
the experimental data of Watson (1970). Also a good agreement
is observed with the results from the transformations of
Wilkie (1966) and Nathan and Pirie (1970). Included in figure
3,13 is the Schlichting's (1968)~correlation,(3.18), with
B.=3.0 and B, =3.75 . The line with B .0 matches fairly well
our predictions, Based on his own experimenﬁs, Wilkie (see

Leslie (1976)) proposed, for annular flow or cluster

configurations, that the ftransformed friction factor is given

- ~
~to

byr : .
H € .
f, = 0.0098 + 1.92 5, - : (3.39)
1
. . ,
Therefore, in figure 3.13 we zlso plos ¥Wilkie's
rrelation {3.39). Wilkie's expression predicts greater
. :
T - : ‘ .



friction factors than any of the other methods. For small
transformed roughness ratios {i.e. small e/Del) the difference
1s slignt and may bé,acceptable, The ekperimental‘results of
Wilkie (1966) were obtained for roughness ratios less than
0,011 (roughly,ke/Delggo.O6). Thus we regard e/Del%0.0i'as
the upper limit of the validity of (3039). Therefore,
' to

application of relation (3.39) must be restric%e@kwithin that

range of validity.



m

CHAYTE

pd
|
=N

4, Thermal boundary layers,

4,1 Eguations for thermal boundary 1ayers in

Turbulent flow,

Having selec»ed a versatile model of turbulernce,
which can be solved in a reagonable amount of compubing time,and
which 1s capab‘e of solving purely hydrodynemic bcun&ary layers,
we can devote our attention %o the thermal cowndary laye?s.lfs
we remarked in section 1.2, The hydrodynamic model can be

Atended to a new and completa model wl ch combines the effects

; =
Wa

of heat and momentum transfer, Three eauaﬁlons, nemely, {1
mean temperature equation, (2) convective heat flux egquati
and (3) intensity of temperature fluctuation equation, ar

sufficient to describe the influence of heat transfer on the

¥

turbulent fluid flow. Thus, the new model, in addition to the

three—equation model (3 transpo t equations, ﬁ;ﬁ?, E, end €
plus the momentum equation), will have 2 transport equations
more,plus the mean temperature equation. Therefore, for
consistency of nomenclature, we call this new model the five-
equation model. Although we propose the simultaaeoﬁs’solution
of 7 differential équations,.this new model s8till can be
considered s z2n intermediate model when compered with the
ten~equation model proposed by Donaldson et al., (1972) zand the
twelve—eguation model proposed by Lumley »1972}. Also, as we
Shéll see, it is uncompliéaﬁed, numerically amenable ﬁhd |

accuras
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As was mentloned in the Introduction, the systenm of

STF 1 ayer :‘«":

21

thermal equations, even ofter the bounda slifications,

has more unknovn quentities than eqguationsy therefore, &
clesure procedure is needed. The following sectilons contain the

1.

development and closure of the thermal boundary layer esguations,

;

In order to make possible these simplifications, we will =28
the same general assumptions sypecified in section 2.1 ,
Differenoes of temperature between fluid and bcﬁn&ary nust ke
assumed smell, in order to meke accentable the assumption of

constant fluid nroperties. If it trenspires thaet some other

4,1, atlon for the mean temnerabture, .

The basic equation for the counservation of energy in
o2 laminar incompregsible fluid, neglecting the potentizal

energy, 1is

DT T
RO { Yol ' 4 3
/%y B% gxm.“%xm) + Y | (4.1)
where @
’ 0% JUx HUx |
L (4.2} !

T eaend Uﬁ are the iustant values of temperature and
velocity. In turbulent flows, variables like velocity, pressure
uemper ture, etc., do not,remain eohétant with ;‘ time at a

ixed voint, they perform very irregular fluctuations, Thus,

using the concevnt of "time average”, we can assune each ¥

devendent varizble 1s the sum of a rean value plus a



fluctuating value, Therefore, we gneciiy the varisbles as

In these relations, T and Ei
and mean velocity, while, T' and u. ar
turbulent fluctuations. By definition, the itime zvers:

fluctuating component is zero, thus

Substituting (4.3) =nd (4.2)

l_l .
-
o~
.
&
=
St
Y]
oS
=]
g
+
{3
b
2y
g
| £
o

we find

?___mk g __@w!_____,rpme'\
,Pcp /345(*'*’ )+ (U.A’u ) ('TH— = 3"“,_(1{ 5% (T+T*) ) +

3 T .‘
4)»{ QXJ RERV I g
(4‘.5) ]

Considering separately each term of {4.5) and using

the continuity equations

JU5 o ?ui _ _

plus relations (4.4), we obtain

2 T XTI i
pr_ kx dm g (Z’Ui +C’”;;)Wi .
bi jﬁcp V.QX /pc" Kg Q;Xi axj
U DU U i SR ‘
M g { T g
+ ( + ) - s={u,T") . (4.7)
¢/Jcp ij 9fi”9K3 ?xi i+
Foguation (4.7) is the general equation for the mean

temperaiure  in an incompressible turbulent flow. Reynolds(1974)
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shows that the dissipation in the turbulent field, represehted

by the term
o (")ui Elil)”) b ,
ey Vg T OoR; IR,

varies slowly along the channel, This term‘isvnegligible, in
comparison with the other terms of (4.7), for the majority of
flows..It is of significance only when the flow is nearly
adiabatic, or when the velocity is verywhigh (i.e.,'ccmparable
with the speed of the sound).'éince these two conditions aré
beyond the range of our consideration, we will neglect this
term in (4.7).’Forfincompressible flow, the éffects of “viscous
‘dissipation in the mean flow can be ignored too. Thérefofe;

e
pos)

we assume
2U. U, U, e S .
f67 (9xl 5§;)9x =0 ’ o - (4.10)
iy J J S _ .
Now, with the two 31mpllflcat10ns above and 1ntrodu31ng

the boundary layer approximations

N 2 ,' |
a) 53z )y << 550 )y s ( ) <Z ( )y (4-3)
b) %;( )x,y = 0 (syﬁmetricncr fwo-dimensicnal

flow)  (4.9)

~the eguation of mean temperafure (4.7) becomes

.whére ‘ ﬁf: is the thermal diffusivity. ' ' (4.11)

Tp
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turbulent flow, Ccmparing (4.12) with the corresponding equation ‘

Equation (4.12) is the final form of the mean

temperature equation for two-dimensional incompressible

for laminar boundary flow, the only difference is the presence
of the term ,;%(uyT') which represents the effect of furbulent
transport of heat and is analogous to the Reynolds stress term ‘

in the equation of mean momentum (2,1). : ‘

4,1.2 Fouation for the convective heat flux.

An equation for the convective heat fluxl(ﬁff?) can
be derived from the Navier-Stokes equation and the eguation
for conservation of thermal energy (4.1). Neglecting external ‘
forces and buoyancy effects, the'Navier~Stokes equation.for |

turbulent flow is

%%(Ui+ui) + (Uk+uk)""”(L +u ) =Y AL D (U, +u. )

X dX_IX BCEEE o i
IR | 2 (prp* Ry l
73 (p+p ) - (4.13) |

Multiplying (4.1) by u, (4.13) by T', making use of ‘
relations (4.4), averaging and summing the two resultant

equations, we obtain S | | W

(LT = - (uiuk—g%c-l—{' + km;-;—) - 79>5—T-'—?9-§~ + |
(1) - (1) ) | |
+j§' g-}-g; - ,a%(—;c(uiT’uk + cf}ik-?‘—’%') , o (418)

(1v)
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where J;k is the Kronecker delta, i,e.,

i

1 when i=k

| d&k

il

0 when - i =&k

Terms in (4.14) have the following physical

interpretation:

‘Term I - Advection (or convection), represents the rate

of change of convective heat flux.
Term IT - Production from the mean flow.

Term III- Viscous and conductive molecular dissipation.

.
£

- *
Term IV - "Pregsure-rate of strain®.,

Term V -~ Turbulent difquion.

The above equation for convective heat flux contains
a number of unknown correlations of fluctuating quantities.,
Therefore, in its present form, of course, it is not
immediately employdble in a model of turbulent motion. Thus,
(4.14) must be closed, i.e., the unknown quantities need to be
approximated in terms of the main dependent variables.‘The |
following sections describe the approximations and agsumptions
made, in order to simplify the convective heat flux equation

(4.14) .

¥ In fact, term IV is a pré%ure—temperature gradient correlation
but, as this term is the counterpart of the pressure-strain
correlation in the stress equations, throughout this thesis we
call it "pressure-rate of strain” term.
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4,1.2.1 Viscous and conductive dissi?ation terms.

The first terms 1o receive attention are the
dissipation terms IIT, which are

: om Dui

3%, 7%, (4.15)

A . o (4.16)
0%y ¥y e

The dissipative correlations (4.15) and (4.15) are
zefo in isotropic bturbulence and will be negligible also in-

non-igsotropic turbulence provided that, as we assume here, the

turbulence Reynolds number is high. Thus, we can‘make

Ipe 0

(v+% )7}(—1;-53;; 0 . : (4.17)

4,1,2,2 "Pressurefrate of strain® term.

As shown in Appendix - 2, the "pressure-rate of
strain® term, IV, can be apprdximated by the sum of two terms:
the first due only to turbulent effects and the second due to

mean motion effects. Therefore, from Appendix ;‘2,fwe have

— U, |
B'PL | L E LT opdg it | (4.18)
PoeE; UTl E; i 9%y T .

where CUTl and K are constants,.




Tennekes and Lumley {1973) wnointed ouvit that nearly

all nmov*ouo authors have neglected The vressure-work term

2l

wh0 neglected the term justified its omlssion on the grounds of

) which avppears in the uhear stress equation. Those

a poor correlation existimg between ' and u,. .
3 O(* Pyt
pd ik
0%y s

diffusion term V, corresponds to the pressure-work term o

quantity )y, which occurs in the turbulent

the

"

‘shear stresg eguation. Thus, by analogy, we azssume that a poor

correlation exists between n' and T', and so the averoge

r At

nroduct p'T' may be neglected. Zeman and Immley §137o} an

375) also clcsed the convective heaﬁ flux\equation

%

by neglectlng"tﬂls uerm. ”herefore, the pressure effect on the

t
o
o
o3
o
1]
H
o
}—J

diffusion term V is asgsumed zero, i.e.

9 Tt
"k J;k"jﬁ

) =0 . B | (£.19)

The triple correlation uﬁT’uk is also a component

a2

of the turbulent diffusion term V. Triple correiations are
neglected by some workers. But we Qurselves do not folloﬁ this
practice because these terms have order of magnitude of the
nroduction terms II,and therefore, they should be included.
Following the procedures proposed by Chou (1945) and Henjalic
end Launder (1972b), we find, after some approximations and
further assumpbtions, an zlgebraic relation to simulate the
tripvle correlation terms as 2 function of se OWd—order
correlations. The de%ailei derivation is described in

Apvendix - 3, There, it is shown that we may write



i

o 2 o 2
w.T'u, = - C s w At ou T WU+ U m——, T
it 7k EﬂEg(lex T omT X1tk Ut ke

wiiere, CﬁT2 is a constant,

4,1.2.4 Avpproximate eguation for two-dimensional

convective heat flux.

Substituting relations (4.17), (4.18), (4.19) and
(4,20) in (4a14)bwe obtain

A U, ’PU
D : _ T v i £ 7 i
Tl ) = = (g on, t Wt EE) T Com e M c(“mm'§§;
2 B ? T 1.0
* *a CUTZéfu Y gxmuki gt ox Yy
(4.21)

It is interesting to ndte thaﬁkﬂeglecting'both terms
the convection and second-order products and introducing the
buoyancy effects, (4.,21) reduces to the equation proposed by
Launder (1975) in his study of free shear flows under
gravitational effects; Zeman and Iumley (1976) when modelling
~buoyancy driven mixed layers alsorfound a similar equation to
(4,21). In their approach Zeman and Lumley negiected the
convection term and included buoyancy eifects in the trinle
correlations; buoyancy effects being =2 major cbnsidering in.

atmogpheric flows wnich were theilr particular concern.

When we introduce the boundary layers approximations
R .

(4.8 and (4.9), a further simnlification of (4.21) for two-

dimensional flows is obtained, namely,



D (T 2 d1 £ T L 2 B0 73—,
=(u 1) - U, == = Comn = 0 T e Q2 Ty w:u Ty,
DTy vy T UL BNy T Ay IUUIZE Yy 7

(4,22)

Obviously, as we are interested only in the

. X2 .

convectiesn heat flux compoment wu T' , terms containging K do
U,

not appear in (4.22), because the relation —L is negligible

‘ak

in boundary layer approximations. Terms containging of will

appear when the equation for uKT? is derived (this is the j
cagse, for example, in shear flows with buoyancy effects where i

the term u T' is important).

As was vreviously mentioned, nearly all experimental
work suggests a linear relationship between normal shear
__stresses and turbulence energy., This was expressed in (3.3) and

takes the form

Frol
“g N

Finally, substituting (3.3) in (4.22) and rearranging the terms

one finds

2
] . 09 /T £ AN
Dt(\l T') —-ﬁ(CU "é"ﬁ(hyl')) - C—ml E y OCZ O@y °
{4.23)

Equation {4.23) is an approximate, differential
equation for the convective heat flux as a function of known
dependent variables and with 3 comstanis Cypys Cyp, and 0(2.

The constants will be evaluated laler.



fiuctuation.

Althougn (4.12) and (4 23), together with th

LY

purely hydrodynamic equations form a closed system, we also

ot

introduce and solve the equation for the intensi
%)

v of

temperature fluctuation (£T'“). A knowledge of this zerm,

which is very similar to the fturbulence energy, permits the
determination of important correlations tetween heat and
momentum. Also, this term may be needed for Tuture developments

of the model, for example, in the study of shear flows with

buoyancy effects, In the later, the convective heat flux

ﬁ

equation contains the term gm s thnus, a  transport eguation

for the intensity of temperature fluctuation will be needed.
- . 1yl s . - P
An eguation for 3T is easily obtained by
multiplying the equetion for conservation of thermal energy
(4,1) (neglecting the dissipation term) by the btemperature

fluctuation T', and averaging. This yields

' 2y =21 09 77
261 Vs g, 317) - B RE - RGPy -4 EE)7
(1) ‘ (11) (1I1) (1v) (V)

(4.24)
Terms in (4.24) have a similar meanlpg to tne terms in the

turbulence energy equation, specifically,

Term I - Advectio; (or convection), revresents the rate
of change'in the intensity of temperature
fluctuation,

Term II+V- Dissipation of fluctuating inbtan nsity by heat

conduction {molecular dissipation).

&



Term III -~ Production of fluctuating intensity of

ot
O
)...)
]

temperature by turbulent flux of hest

the gradient of mean vempera ture.

Term IV ~ Turbulent diffusion of fluctuating intensity

of Temperature,

Bguation (4.24) has only two terms which are not
functions of any of the main dependent vaeriables. These are

terms IV and V, therefore, only these two need be approximated.

-~

4,1,3.1 Digsipation of fluctuating intensity, term V.

Let quvenresent the dissi pation term in (4.24).
Thus, |

2 ; ,
’X‘(aff 2 o (4.25)

is the rate of dissipation of temperature intensity fluctuation
and, in the subject of heat fluctuations, plays the same role

as E does for ve1001ty f;uctuatlons. Towasead {1975) proposed

that the dissipation rate &ﬁ} should be proportional %o T‘2
and El/g , Tthus, we may assume

o gl/e | |

£ _ m2 0 0

Where, I,, is a length-scale determined by the large-scale
properties and is similar in magnitude to the dissipation
length~scale L, defined in expression (2.7), Following
Tovmsend (1976), we assume,

= D.L Ao
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where, b is a constant. Now, using the relaitionshin

[¢3)
}.«J
b
t I
€
D
i
w
A
ol
o
1

(4.27) and (2.7), the dissivation rate of temperatur

fluctuztion bpecomes

_ E (1m1?2
€1 = Cop Eo(zT' )

where, CTTl is 2 new constant given by

o
Cppy = 5.0,

P
IS
*
AW
jye)

4,1.3.2 Turbulent convection, term IV.

The other term in (4.24) needing approximation is the
oL &) 1 s D ] i ’a 1m 2 "v 1
turbulent diffusion term ,§E~{~1‘ uk) . We will assume th

+T'"u, 1is proportional to the gradient of the fluctuating

intensity of temperature, i.e,

o ? 7. S
3T 0, S — (31'7) . 4.30)
2 Yy anh ; :
Then, by purely dimensional analysis, (4.30) becomes
=2
— E
1.2 : o ?
3%y = - Oggp 2 —zk(lT' SR (4031

where, CTT2 is a constant and Ei/&. may be interpreved as the

product of a velocity-scale and a length-scale.

4,1.32.3 Avproximate equation for *va~ imensional

intensity of temperature fluctuatian.

Introducing the approximations represented by (4.28),
) ] .

(4,21) and rearranging the terms, (4.24) becomes
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D r1me? ) [ NN 2T
SEBT7) = S (4 Cppy )z (BT ) | = u 7125
ut(z X | T2 @x.**° KT o9%,
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2

If we neglect convection and diffusion terms, the

equation (4.32) becones

E
T"Z o e é ___9_ me

, {4.33)

D
el
28

which is the relation proposed by Launder (1575). Also, if we

use the dissipation term (€,) in its origimal form (4.25)

T
neglect the convection fterm and also neglect the molecular
effect on the diffusion, (4.32) becomes the eguation proposed

by Zeman and Lumley (1976).

In their model, Zeman and Lﬁmley {1976} developed a
transpoft equation for ET’ instead of using an épproximation
gimilar to (4.28). Naturally, their procedure increases the
computing time, Also, the closure of a tramsport equation for

ET ig achieved by using such crude approximations that its
‘ 2

contribution %o increasing the accuracy in predicting £T'° is

very small., Therefdre, we regard spproximation {(4.28) as the

most suitable for our calculations,

For 2 two-dimensional flow with movement predominantly

in the x-direetion, the boundary layer approximations (4,8) and

(4.9} are applicable. As a consequence, (4.32) becomes
a2

E
D 12y L2
21 2) = 2| (40pn 2125t

>

)T uy, 9

€ 2
~ Comy = (37°
y ™1 ED

(4.34)




A finzl comment =2bout the inclusion ¢f the moleculor
92 . |

diffusion te mn'X L ) seems in order. We recognize the
small influence of +hws term and, 11k e meny other molecular
effects, it should perhaps be ignored, vut as we retain
similar terms in the equations for turbulence energy, shear
stress and dissipation, in order to maintain the same level of

L 3 L ‘ b 5 3 A T 5 3 4,
closure, it seems appropriate also, retain this term in the

A
intensity of tenperature fluctuation eguation.

4.1.4 The final form of the turbulent model.

The thermal set of equations just developed, together
Wlth the tﬂree eouatlén model, form the new five-eguation model
f turbulence. Thus, summarizing, the eguations which revpresent

the new model of turbulence are:

1) Hean momentum eguation

jeX}
o}

Dy - T ) - L 9p
TEx = \V Auy) TP ax (2.1)
2) Turbulence en ervy equation
D 2 |- Eg /‘DEQ » OUX e
—E:EEO = 7 (V‘i" Cee QJ - uxuyé-:—f—' - E (2.6)
3) Shear stress egquation
;2 . —_—

e ‘ o ' U, Yty
(2.14)
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”
E- T U 2
D ¢ _ 7 [/ oy 2 e:l vy Y0y E°
=t = = + Cpmm) =S = C e e - (2,13)
Dt 3 (y £E 7 37 E1VTE. Y €278 (2.1
5) lMean temperature equation
D D BT Ty \
5EL = ,53;(”0",5-5, - U-yT') (4,12)

6) Convective heat flux equation

2

D ey R 0 R =7 ~
-;j,gkd T ) = @“\j(CUTZ—‘g‘ ﬁ(uyl )) -

7) Intensity of temperature fluctuation equation

2
D 1 o _ gu &3 O 9 1 2 T gT .
E%(glf ) = 57 (8%CTT2?§J§§(2T‘ - uyl’-? - C

Hanjaiic (1970) and Hanjalic and Launder (1972v) give
suitable values fdr.consfants Cs’ Csl’ 082, Ce, Ce C%l and 052
ag shown in table 2,1 , Also, a comprehensive Study on the
influence of varying these constaﬁ%s was nade in section 3.1 .
Our next step is to aetermine the éonstaﬁts CUTl' CETZ’ CTTI’

CTTZ and c(2 which appear in the Thermal eguations,

A,2 Tvaluation of constants in the convective heat

flux and intensity of temperature eguations.

4,2.1 The comstgnts C Crim~ and 0{2"

UT1” "TT1

The constants Cynqy,s Cppp and 6{2 can be found to



— .

within narrow limits, provided that the set of equations

summarized in section 4.,1.4 satisfies the exnerimental data

1

for simpnle turbulent flows. In this evalusoition we use 2

similar process to that adopted by Launder (1975).

Q
it
b

Firstly, CTrpl is determined by comnsidering a grid-
enerated ‘turbulent flow, In this kind of flow, the production
? £ ?
term is zero and the diffusion terms are negligible. Thus, the
> 14
turbulence energy equation (2.6) and the intensity of
O q <

temperature fluctuation (4.34) become, resnpectively,

T R ;
Dy -y -0 - _¢ | (4.35)
Dt o ¥ dx T /
and,
D, d ;1D € 1.0
Fe(31'7) = U, x(31'7) = = Capqy 5 (BT'7) » (4.36)

Substituting (4.35) in (4.36) and rearranging the

terns, we .have

dE
1 .4 rim i 1. Q :
Ei(ﬁL'z) = Copy 3 T . (4.37)
(171 2) © |

Following the work of Gibson and Schwarz (1963), Launder (1975)

“assumed that ’T'2 varies inversely as the power 1.5Jof distance

behind the grid, i.e.,

3002 - ax b5 | O (4.39)

?

where, A is a constant, Leslie (1975) recommends that the grid
. : -1.0 .
turvulence energy decays like X y Le€a,

»

L T
\\\\\\\3§\= B.x 0, (4.39)

N



respectively,
1 a . 2 -1
- (1) = -1.5 x (4,40}
.l.mvg
=4 .
and,
4k
1 o} -1
= o TN = - . . fl,ﬁ-__
Eo % 1.0 x ,(‘ 11)

Thus, substituting (4.40) and (4.41) in (4.37) we obizin

«
=]
+3
i

]

The values for the obher consbtants Cipp @nd &ig‘are
found using the experimental data Tor nearly homogeneous

shear flows, in connection with the ecuamlons for convective

ES J’i i

heat flux and intensity of teuperatuve iluctuaulaﬁ. For nearly

homogeneous fiow, both equations have the convection end

- diffusion terms very small and they can be neglected. Thus,

from (4.23) and (4.34) we have, respectively,

. E '_"‘"’ - oc-q .?}? - ’}m ,L. A v
Cyp1 Eouy = 205y = T Y5y (4.43)
and, , \ :

. . . v . L 9 .
Substituting the mean temperature gradient 5% from (4.44) into

(4,43) and rearranging the terms, we have
(ul) (e ?)

C — %'CTT:L _.._1_._....__.....7,2 o
t
}(uyT )

(4.45)

From the experimental data of Webster (1964), the
correlation between fluctueting quantities (uVT')Z/((uV)(T’ 1)

is, aﬁ%oximately, 0.2 . Introducing this value znd the value
7



L0
(8

suggested for Cpnny into (4.45), we obtain

The constant 0(2, defined in {3.3}; is also
evaluated from the experiments in nearly homogeneous shear
flows. Champagne et al, (1970) foundcingaég . Hdebster {(1964),
with a similar kind of flow, but with tempéraﬁure variation,
found 0C2 varying from 0.4 %o 0.6, depending on the Richardson

- number, Here we will adopt the mean of the values, that is

KL, = 0.5 | | L (4.47)

. e
e £5 5

4,2.2 The constants CUT? and CTTZ‘

.

4

For nearly homogeneous shear flows, the diffusion

h
(32}

and convection terms appearing in the shear siress equation

(2.14) can be neglected, thus

R T
Ce1fomyix T Eouxiy
 or, what is egquivalent,
u_u | B2 o
£y .-c, =2 . (4.48)
00, sl g
Y

-

The inspection of equations {4.23) for uyT' and

(4.34) for 3112 shows that the coefficients of the diffusion

terms, Cyqp and Cppp, are §roportional to Ei/f.., So,

>

according to (4.48), the diffusion constants CUTE and Cpp, Bre

. . 3 =7 + ot S e g " IGV h‘;""” 84 a
proportional to G 1rtoo. 15tilo8 CSL/ gro 20d “sl/CTT2 e
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identified a2s the effective Prandtl-Schmidt nunbers. As
tankar and Spaldingk(l970) reported, effective Prandii-
Schnidt numbers are around unity for wmost of‘the_ccnfine&
flows. For free fturbulent fléws it seems‘éhat these nunbers
are lower (~0,07). In our compubtations we use ratios
4Csl/CUT2 = 1 and Csl/CTTZ =1 . Tsble 4.1 summarizes the

values assigned <10 +the constants in the thermal model.

Taple 4,1 IEmpirical constants used in thermal model.
C - C .
» st | Tsl
Cimmq | © oL ¢ 5
UTl TTL 2 sl ijg LTTE .
3.75 1.5 0.5 0.07 i 1

i

4,3 Flows studied and descriwntion of the solution

nrocedure used.

4,3,1 Plows studied,

For the purpose of testing the complete model of
turbulence Jjust described, as well as for showing the
capability and universality of the model, several types of
turbulent flows are considered:

a) Annular turbulent flow,
b) Pipe turbulent flow.

c) Boundary layer on’a flat-plate.




d) Plane nmixing lzyer (with and without stagnant

surroundin S).

&
o

Plene Jjet in stagnant surroundings.

D
~

For each type of flow, the set of 7 simultansous

&3]

E (45 ’._}} 3:{;&.

b}
J

S

n,

equa blOﬂo, (2.1), (2.6), {(2.14), (2.13), {(£.12

the

[

(4.34), is solved numerically. The complexity o

calculations is such that, of course, the aid of =z hi

}-J
9
?—3
i
&3]
w3
0]
m
jol

computer is essential.

4.3.2 Solution vprocedure.

P =
AR By

The solution method employed is based on the finite-~
differencé_procedure developed by Patanksr and Spalding (1970),
already referred to in section 2.6 ., The method is summarized
in Apvendix - 3. The computer program develoaed by the author
t0 solve the three-equation model (and tie other models
developed in Chavber - 2) is expanded in order to solve the
additional equations of the thermal model. One single program
solves all the 5 flows listed in section 4.3.1 . Each type of
flow is gpecified by a series of geometrlcal varaneters and
indices in the input data to the program, Initial profiles of

the dependent variables and the specification of boundary

et

conditions are described in the Tollow ng sectlion.

~4,3,2.1 Boundary conditions for dependent variables

by

The flows considered are 2 combination of two of the

6




following boundaries:

{i)  Well boundary.
(ii) TPree stream boundary.

kY

(iii) Symmetric boundary.

-

93

8

Boundzary conditions for U, Eé, £ =

ct
s
6]
<
o
b
ek
o3
d
[©]
w0
i

A [ Relis

U_U. are the same as specified by Hanjalic and Laund (1972

W
5
2

‘The boundary conditions for the heat transfer variables T, u T°

J
2 = oL - s s
and £T'%, for each one of the boundary types, are specified

below,

(i) W=ll boundary.

g s -

Bouuq@rj condltlons for mean tempera ture, conveciive

heat flux and intensi 'ty of temperature fluctuation, in a region

near a wall can be deduced by uselng the approxinmations of one-

dimensional Couette Tflow, The boundary condition for uvT’ is

=

given by the mean temperature equation apnlied to Couette flow,

PR R | (4.49)

where, subscript C denotes the condition at the edge of the
viscous subl fer where the Couette flow approximation is abill
valid. Consequently, for wall boundary layers, the conditions

“are zcetuslly avpvlied Ynear™ the wall,

Boundary conditions for the intensity of temperature

f
after neglecting convection terms and diffusion terms, thus we

luctuation follow direchbly Irom the intensity equation (4.24),
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can 1v.w_:’.ﬂj_-‘l;e,
B Yo
%T'Z = - %— . '-g(?' U,er' ,5"% . {4‘56}
ST le |

The boundary condition for the ftemperature "near”.
the wall can be established by using well-knovm empiricszl
functions. The logarithmic law (or law of the wall) for the
temperature profiles provides the means for fixing the mesn
temperatufe at the edge of the viscous sublayer. The
temperature logarithmic law, for smooth walls, 2t the edge of
the viscous sublayer is represented by B

c (TC - Ts>f’uz ' Vo Y o

gt = 2 — = Ba(Pr) + B 1n{ N y o {(4.51)
q

where, subscript S denotes conditions a2t wall, Vo is the

distance from the wall to the edge of the viscous sublayer,

[oh)

BT(Pr) and B are constants which depend on the type and

thermal condition of wall surfeace.

Spalding (1964) surveyed the experimental data and
recommended for smooth walls BT(Pf) = 3,3 and B = 2.22 . In
order to better specify the condition of the fluid and,typefof

wall, most workers have preferred to resolvefB${Pr) as

Pr) = B_ '+ G(Pr) . - | (4.52)

ihere, B_ is a constant accounting for the type of wall and
D .

G(Pr) is a function which accounts for the condition of the

fiuid, Por smooth walls BS is usually taken ecual to 5.5 .

lany relations for G{Pr) have been proposed, for examnle,

Teglie and Haossid (1973) used a correction in the von Karman



analogy and computed the funciion G{Pr). Their results are
tabulated as a function of the Prandul mmber. Ancfher
nroposed form for G(Pr), also based on the von Karman anzlozy,
is

G(Pr) = 5(Pr - 1) + 5-ln{?'+ %(Pf - 1{} . (4.53)

Qur calculations are performed For a fluid with
Pr=0.7 . This value of Pr introduced ln.{ 53) and {(4.52)
gives B,(Pr)=2.56. Introducing L lie and Hassid (1973) results
in (4.52) the value Bp(®r)=2.63 is obtained. ¥ “adovt
4,52) th 1 B (Pr)=2.63 ot ed e ad
plPr)=2, whict ives the m accurate predictions in our
BL(P 2,9 which gives the mos%t rate edictions o)

numerical calculations. The other comstant, B, which appears

in (4,51) is taken emual to 2,5 , following most other authors.
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For rough walls, ©

conventionally represented as

o* = By(e*,Pr) + B.In(5E) . (4.

Y
RN
g

Where, BrT(e+,Pr) is a functionAWhich describes the conditions
of the wall. This function is not so easily found as BT(Pr)
gince there is greater disagreement between the experimental
‘data.‘Several relations for B’T\ +,Pr) have been proposed. The
one considered the best is that due to Dipprey and Sabersky

(1963) who found experimentally the relationship ‘(GEEIE_{E*
the 'fully rough' region (et >70)).

4 ’ [l
B o(e*,Pr) = 5.19(eN)0 %% (4.55)

L ‘ et o , , )
where, e’ = Re-(5)%.5, . (4.56)
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At the free-gtreamn edge, the boundary condition

mist be the same as the undisturbed surrounding flow condition,

that is,
T=1g | (4.57)
and _
T = O . ‘ /‘ioﬁg
[u/ ]G | : )

Where , subscript G denotes evaluation of war 1ubles at the @d@e

f the free boundary. The condition for the intensity of

-y

£

temneraﬁure fluctuation is established by the ﬂmgeﬁ erate form

of the intensity of temPOfa+ure equation (»adq}, which is

~

m

L 2 = ) .-.-—G_ i 2 . ‘ /% = i
e Erac Vo=~ Com g BT g - (4.59)

o
e

i

(iii) Symmetry axis.

When the boundary layer is 2 symmetric axis, the
boundary conditions for the convective heat flux and intensity

of temperature fluctuation are, respectively,

uyT' =0 (4.60)
and - A 5
§§(%TI Y =0 . (4,61)

4,3,2,2 Initial profiles of dependent variables,

In addition to the boundary conditions, profiles for

dependent variables at the be gimming of the stan by step

»

procedure are alsoc needed. T

At the starting point, the mean




-

4 I 2 N Y TS T T, .
temperature is assumed constant, the lntensity of femperaik

fluctuation is assumed uniform and »nronortional to the nean

ftemperature and, Tinally, the convective heat flux is set
equal toc zero., 1t is perhaps worth eﬁphnSLW¥Bf nere that the

no

types of flow considered in this chapter are Gell—uresewn ng
or equilibrium Tlows, and ﬁhe initial profiles do not have a

gignificant effect on the flow downstream,

4,4 Discussion of rosulug.

4,4,1 Turbulent anmalar ?low,

The complete model of turbulence, combining hydro-
dynamic and thermal effects {(from now 03 called five-eguailon
model), is applied to an annular flow under 5 number of wall
conditions,. We will give'only the results for the case of
smooth annuli heated (or cooled) on the inner side Whiie the

outer gide is insulated, The fluid,used ig alr with a Prandtl

number equal to 0.7 , and the maximum temperature difference

inside the channel (e“ ) is 30 °C. Mumerical calculations are
performed using a non-uniform grid with 60 points. The dynamical

equations are solved using the set of constants given in table

2,1 . In order to verify the sensitivity of the thermal

guantities to changes

CTTl were varied in a range of wvalues arouund the calculated

values shown in ftable 4.1 ..CUTl and CTTI

to 4,0 and from 1.0 to 2,0, respectively. Very small

differences

in the constants, the constants CUml and
were varied from 2.5

were ohserved in the results, therefore, the values
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of the constants assigned in table 4,1 are retained. Results

for smooth annuli are shown in figures 4.1 +to 4,12
[ ’

Temverature (8/6....) and velocity {(U/U.. ...} profiles

g AKX ¢ MAXYS =77 :

are plotted in figure 4.1 , Here, © stands for the difference
between the temperature at the internal wall and +the

temnerature at a given point in the fluid,

. | 5 (4.

- =|r . - 4,62)
i.€. e ll31 T{r) 62
And therefore,

iy = }Tm - T, (4.63)

where, T_. is the temperature at the intermal wall and T

si b

the minimum (or maximym) fluid temperature when the fluid is

]

heated (or cocled). The velocity profile shown in figure 4.1

is compared with the experimental resulits of Lawn (1970}, and

our vpredictions agree very well, Since we use a Iluid wit

s

Pr=0,7, the temperature distribution should lie below the
veloaity distribution, although they’shoul& bekclose To one
another. As can be seen in figure 4,1, when the iﬁtéfnal wall
is cooled (or heated),'the velocity and témperature profiles
are not too close; this is because the velocity is much more
sensitive to the influence of the small radius ratio, while the
temperature is almost unaffected by the radius ratio, although
as we will see later, the heat transfer coefficient is slightly
affecteékby the radius ratio. But, when the conditions of
heating are changed, i.e., when the internal wall is insulated
and the externél wall cooled (or heated), velocity =znd

» e

zraturs show a much closer agreement, as is alsoe shown in

tempe
e “
igure 4.1 .

T
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Temperature and velocity profiles in the non-
dimensional forms 67 and u' are nlotted in figure 4,3 , ALl
results are referred to the intermal Wéll. Velocity profile
is compared with the experimental results of Knudsen and Katz
(1958) for annuli with small radius ratio. As can be seen, our
results are well inside the range of Knudsen and Xatz snnular

measurements, The temperature profile is coupzred with $wo

relationships: one proposed by Spalding (1964) and the other is

deduced from the results of Leslie and Hassid (1973). The
relationshiy proposed by Spalding (1964) is bvased on the

results of a number of experiments, He vnrovoses the relation

{82

eF = 3,3 + 2.22 1n y;' . B (4.84)

i
Using the resultis obtained by Leslie and Hassid (1973) we can
find a new relation for ej; For a smooth wall 85:5.5 and Tron

eslie. and Hassid with Pr=0.7 we get G(Pr)=-2.07 , thus (4.52)

pt
g

gives ET(Pr)#2.63. Hence, with B=2.5 , (4.51) becomes
ef = 2.63 + 2.5 lny] . . (4.65)

Relations (4.64) and (4.65) are also plotted in figure 4.3..

As we can see, our results compare well with both relationships.

The shear stress and convective heat flux profiles
are shown in figure 4.2 . The shear siress distribution is'in
good agreementAWith the Lawn (1970) experimental results. The
extrene difficulty of measuring fluctuating temperature
Cbrrelations is the responsible for the lack of experimental
results in this field of stﬁdy._Thus our predicitions cannot be

» . :
comnared with experimental data. Nevertheless, we can see in




Tress and convective

o}

figure 4,2 the similarity between shear
heat flux profiles, which confirms the assumntion at the heart

of a2ll analogies between momentum and heat trensfer,

)

The distrivutions of turbulence energy znd intensity

OL temperature fluctuation are shown iﬂ fig re’4.

P

~« The ratios
shear SUress/turbulence energy and convective ne’t fluﬁf{‘
intensity of temperature fluctuation x turbulence éaer gy ) are
plotted in figure 4.5 . In both figures, the exclusively
dyhamic éorréla%ions are in’good agreemeﬂ% With %he Lawnk(l970}
experinmental results for smoofh annulus. A;thoubn there is no

available experimental data to corroboraite cur theoretical

~results for the heat transfer correlations shown in figures 4.4
and 4.5 , it seems that our distributions rsprese nt well the
pnysical behaviour of vhe intensity of tempnerature fluctustion

and convective heat flux ratioc.

The balances of turbulence energy and inten k1 ty of
temperature flucﬁﬁation, in terms,gf each component
{(production, dissipation and diffusion), are plotted in figures
4.6 and 4.7 , respectively. The turbulence energy terms agree
well with the measured values of Lawn (1970). In figure 4.7 ,
the same kind of behaviour,as shc in flgure 4.57for thek
energy , is displayed by the cpmpbnents of the ihtensity of

“temperature fluctuation.

Figure 4.8 shows the comparison of our results for
>

o . T . 2 .
the intensity of temperature fluctuztion (¥ Tv /TS) with the



experimental measurementes of Hicholl (1970) for Chaﬁne1 flon
In the region very near the wall, where the laminer thlajer
still has influence, the exmerimental‘valuea are larger then
ours, But inside the logarithmic region both thsory and
experiment are much closer and acceptable, considering the
~different heating;COLditioﬁs. Wicholl's results were obuwland

with 9- <:.-8() °¢ and under the influence of dovqncy5 wnile our

.Z

results are obtained for a 6 ”q~~30 ¢ aqd no buoyancy effects

are considered,

flows is the relation between the eddy diffusivities of heat

and momentum.. The eddy dlfFuSWV1tv for momentum {)%) is defined

feapic 5
oy
}LT D y 2
= e T =N 2 4L B6D
U.Xuy = 1‘JX ’)T yUX . (£.66)

Fod

The counterpart for heat, the eddy di qu51v1tv for nﬂat (%t; is
defined by

~/Pc v, u T = Kp 5= : ‘ o (4.67)
~or, what is equivalent,

— Kpam A&\

S AT = e o=

= pe, 47 My - (4.68)

Thus the diffusivity ratio'(X%/V%) ig
Y T u -—'"—,L

u,Tf | L R |
¥ % %L - o (4.69)

The inverse of the 4di fflSlV ty ratio is commonly

a2lled turbulent Prandtl number {(Pr.).
2
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In most work on heat tronsfer it is

[§5]

rssunmed that

u

’KT/Q =1, even though experimental investigation has shown that
this assumption is notv true. The diffusivity ratio denends

on the type of flow, Reynoclds mumber and geometry of th:

[0}

channel. Townsend (1976) states that the dlifu31v1ty ratio capv
vary bet&een 1.0 for large strains and 2.5 for small strains.,
in flwu;e 4, 9 we show our UredLbbeL diifmslwlry %auiamfor an
annulus with small radius ratio. The ratio Q?T/gT is calculated

using (4.69) with the distributions for shear stress, convective

heat fluzx, temnerauure gradient and Velo ity gr

Low Lol

m

dient obtained
from the five-eguation mode1; As we can see in figure 4.9
diffasivity ratio varies from 1.5 near +the inner wall %o 2,1 in
vthe T‘errlcw of maximum velocity, corroboratln the exyerimentaly

_
B Ri: AR

results

Finally, the heat transfer coefficients, in terms of
Nusselt numoers, are compared in figures 4,10 to 4.12 . Husselt
numbers with respect to the heated (or cooled) inner side of an
ennulus are shown in figure 4,10 . Our predictions with the
five~equation model for the case of constant wall tempeTatﬁre
are éompared with fthe experimental results of Quarmby aﬁd
Anand (1970). theoretical and experimental results are in
fairly good agreemeni. As can be observed, the HNusselt number
increases slightly with decreasing radius ratio, Figure 4.11
shows results for a different cooling arrangement. Here the
external wall is cooled with constant %emperature and the
internal Wall is insulated., Our predictions for the external
Mresselt number (Nuo) as = function of Reynblds number snd

radius ratio are shown in figure 4,11 . Our results are again


http://Nusse.lt

compared with the corresyponding datsa Qf Juarmby and Anand{1370)
which were obtained experimentally under similar conditions.
Again, theory and experiment zgree guite well., It is worth
noting that in this configuration the extermal Nusselt number
is nearly independent of the radius ratio.

In‘ordér %o establish the influence of the type of
cooling on the wall, we considered a case in which the wall
ﬁemperaturebchanges step byvstep (this configuration is

“equivalent to the case when wall heat flux is_éonstant),'we
study‘an annular flbw Withtho &iffereﬁt»ra&ius ratids, E%zG.2

s increased

e

and R¥=0.5 , The internal wall temperature
linearly from the entrance of the channel to the exit of the
channel, The difference of Wallktemperature from entrence %o
exit is taken Ho e 30 °¢, Results for iéternal Nusselt number
as s function of +the Reynolds number  and radius ratio are
plotted in figure 4,12 ., Our predicivions are compared with the
éxperimental measurements of Kays and Leung (1963) and with

the experimental correlation based on the experiments of

Quarmby (1967) which is

log Mu = - Ky + 0,706 log(Re) , | (4.70)
where, _
log Ky = 0.1658 ~ 0.1056 1og(RO/Ri) . (4.71)

As can be seen in figure 4.12, the agreement between
our predictions and the experiments is guite good. Comparing
the results of figure 4,12 with those of Tigure 4.10, we see

» o

that for the same radius ratio and same Reynolds number, the

(%5

Nusselt number is slightly higher when the wall heatv flux is

-
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constant (fig.4.12) than when the well temperature is conatant

fig. 4.10), which corroborates the exper mentally obssrved

4,4,2 Turbulent pipe flow.

The second flow studied is the turbulent ?iye flow,
Both smooth and rough'geometrieé afe~consideréd. The fluid is
_air and the wall temperature is assuned constanf. The maximum
difference oL temperature hotween iluLdAaﬁd wall is 30 ?C, Our
predictions with the Tive-eguation model are ?resente\ in |
figures 4.13 to 4.17 .

Lenneraﬁure profiles (e/ Jn r) in a smoeoth pinpe are
3hovn in figure 4.13 . Our predictions are compared with the
experimental results of Seban and Shimazaki‘(1951)'which were
also obtained for a pipe flow with consfant Wall'ﬁemperatare;
Our results are also’compared with the theoretical results
obtained by using Martinelli's analogy, as‘described by
Xnudsen and Katz (1958). As can be,seen‘in figure 4.13, thé
*eaults from the Nartinelli's analogy are ﬂlgher than the
experimental results in the logarlt,mlc region. The agreement
between our predictions and the experimental data is better
althoughvour results are slightlylargexjfzﬁhe 1og'regidn. In
figure 4.14, velocity and temperature in the non-dimensional
forms (u+ andA@+}iare compared with experimental corfelations.
Velocity profile is combaﬂed with the law of the Vallvfbr

smooth surfaces, represented by
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Spalding (1961b) and Kestin and Richardson (19563)

o
)
®

surveyed the experimental relations proposed for the law of
wall in smooth surfaces. Prom the results they included in

their review, we take as representative wvalues Bs:5'5 and
+ correlation

B=2.5 . The comparison between predicted u' and

I.,
o
o

(4.72) shows a fairly good agreement. The temperature profile
is Compare&’with (4.65), which was perbsed by Leslie {(1377),
and with (4.64), which was pronosed by Spalding (1964). Cur
results, as showm inbfiﬁure'4,14, lie beﬁwéen.these two gets of

results, which indicates the validity of our theoretical model,

wa e

Friction fac%ors and Stenton numbers are compared in
figure 4,15 , Our.calculated friction factors agree quite ﬁell
with the results from Blasius' formula (3.36). For Stanton
numbers, several relations both empirical and semi-empirical
~have been proposed. All these'felations are based on some kind
of analogy between heat and momentum. Leslie and Hassid (1973)
WOrking with exact eguations rather fhan approximations, and

using an improved velocity profile (u+=f(y+)), developed a

=

elationship applicable to moderate Prandtl numbers. For smooth

i

q
s

es, they recommend the relation:

1 2
SR
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. ¢(Pr) + P T\/—ga , C(4.73)

ot

,Whefe, P=18,2 and Q=15.5 for pipe flow and G(Pr) is the

function introduced in (4,52), G(Pr)=-2.87 for Pr=0.7 . The

s .
Stanton numbers given by our model and oy (4.73) are compared

}de

n £

gure 4.15 . The results given by the two methods can be

b
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seen to be in good agreement.

Leansher

Analogies between heat and momenhugkmade by oreviou
workers have been guite successful'in_predicting heat transfer
from smooth surfaces. But they have noﬁ been so successiul
when applied to the much more compleA nrobﬁem of: turbuith
heat uransfer in rough pipes, In order %o test the cayakbility
of the five-equation model to solve a flow with rough walls,
we considered the case of pipe flow with sand-roughening, The
roughness ratio (D/e) is taken equal tovZOO and the Reynolds
number is equal o 1.OX105. The results of the Caléulgteé
velocity'and temperature profiles are shown in figure 4,16

The velocity distribufion is compared with the law af,%he wall
(3.15), with Br=8.48 . As we can see, very good agreement is
obtained, The temperature profile (G%) givéi by the model is
comnared with that given by the témperature law of the wall
expression, which is

. R -1

A + o
9" = BrT(e ,Pr) + B 1n<4e

) . o (4.74)

. The calculated values shown in figure 4,16 are
obtained using for the boundary condition (4.54) in the five-

equation model the following value of B m(e'}',Pr)

B o (e,Pr) = 4.70(e )O 0t (4.75)

The reason why wé choose (4.75) instead of the experimental
relation given by (4.55) will be made clear shortly. The
comparison of predicted t?mperature préfile'obtained with the
five  eguation model and results from {4.74), is shown in

figure 4.16 . As can be seen our predictions agree quite well
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with results from (4,74) using (4.75). Por clarisy, the &%

g

profile of (4.74) using (4.55) is not shown in figure 4.16, but
thig combination gives results no hizgher t»,m 6% of our

vredictions,

Stanton numbers for rough pipes with sand roughnaés
are shown in figure 4,17 .. Continuinﬂ'ﬁhe*work'of'Leslie and
H3331d (1973) for smooth nlnes, Leslle (1977) propoged the
following, theoretically derived, relation for 3Stanton numbers
in rough surfac

P
T

e

[r”‘(e i) -3 (e >] + Pzt 0, (4.76)

dl‘“"

= 2
Sty Ty

(0]
ﬁj 0
= o

~,¢m£re,'tha index R is used to 1pdlcate the roagh cond‘H on. All
parameters appearlag 1n (A 76) were alreadj deocrﬂbed Based on
heir experimental data, Dipprey and Sabersky (1963) proposed

The relation

sE \/%{BTT<e+,Pr> ] I (4.77)

Where, B%T(e ,Pr) is given by (4. 55) ~The Dipprey and Saberéky

ﬂ -
il
!“h’ N

results are‘plouted in figure 4.17 . We golve the five-~equation
model using the Dipprey and Sabersky relation (4.55) as the
boundary condition for the roughkwall and the results obiained
are also shown in figure 4.17 . As can be seen, our predictions
are lower than the experimental results; the same discrepancy
is observed when Leslie's expression (4.76) is used with (4.55).
Therefore, using a trial technique we vary the oonstants in
{4.55), and use this new relation as the boundary condition'in
our numerical cblﬂuVatmons. Th: iteration is continued until-

our theoreticzl values coincide with the experimental data. The



-

best fit is obtained with exoression (4£.75%). As shown in
figure 4.17, in this case, the zgreement is very good; using

s als

b
¥

(4.75) in Leglie's relation (4.76), a good agreement

0

obtaine@.

Since the value of’BrT(e+,Pr}'gfven by:(4;75),
introduced‘as boundary condition in our five-equation modsl,
gives the best agreement with experi@ent'far Stantén numbers,
we assume that this value alsolﬁredicts more accurate

temperature profile (which is the profile shown in figure 4,16).

T

- Therefore, we propose that the temperature law of the wall is

x

better revresented by (4.74) when ﬁhelBrT(eT;Er} value given by

(4,75) is used. .. u.

W L

4,4,3 Flat-plate boundary laver.

The experimentai resulté and the gredictions of the
‘fivé—equation model for a smooth flat-plate boundary layer are
dompared here. An undisturbed velécity'(ﬁaﬂ equal to‘4G n/s is
used in all our calculations. The maximum difference of
temperature between fluid and wall (8y,.) is 30»004 Results

from the five-equation model are shown in figures 4.18 to 4.24.

Velocity and temperature profiles are plotted in
figure 4.18 . The velocity distribution is compared with the
experimental results of Klebanoff (1955) and a good sgreement

is

£

.
=

o

layed. The temperature profile, as expected, is slightly
T

lower than the velocity profile, however the shape is similar,
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iy

The non-dimensional velocity and tempersture profilesg are

' . . 4 + . . R
shown in figure 4,20 , The predicted u oprofile is compared

with the eiperimental relationships nroposed by Nikuradse
(1950) and Schultz-Grunow (1941). Our results agree well with 
the Sghultz-Grunow,expressionband;afe'slightlywlpwerfﬁhaa the
‘Nikurédse values. The teﬁbefature ?rofile‘9+.is again compared
with the expression (4.64), proposed by Spalding (1964} as the

-

best representation of the thermal law of the wall., As can be

u
®
Q
h

seen, the predicted valués are quite close to tho
Spalding's expression,

The shear stregs and the convective heat fldﬁ
profiles‘are plotted in figure 4,19, while therturbulence
énergy and the ingénsi%y of‘temperaturevfluctuation are éhown
in figure 4,21 . Predictions for ewclusively momentum B §
correlations are compared with the éxpérimenfs,of Klebanoff
(1950) and the agreement is good for nearly all the flow area,
Slight departure of the predicted results from the'éxgerimental
ones occurs when the free‘boundary region 1is ayprbached. But
this departure is acceptable considering that near a free |
boundary the flow is charactérised by extreme,instability and
even the experimental results show an unusualydegreé of :
uncertainty in this region, Our calculated values of the
convective heat flux and intensity of temperature show a
similarity to the shear stress and turbulence energy,

respectively.

shear stress/

Q
]

K3 > - * -
Figure 4,22 disvlays the variation

turbulence energy ratio (v /% ). A characteristic of
bt < o
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turbulent flows is the approxi prate constancy of shear stréss/
turbulence energy ratio for nearly all the area =across the
flow. In figure 4.22 this exvected constancy is displayed by
the calculated values and a good agreement with the
'exnerlmental data of Klebanoff (1950) is obtalned ‘Theored 1&&1,
and experimental wvalues for the ratio shear'stress/turbulemce

energy in the constant region are approximately 0.28 .

One would expect a similar characteristic vetween the
various heat transfer correlations. Thus, the convective heat
flux/ (turbulence energy % intensity of %emperature‘fluc tuation)
ratio is also pvlotted in figuréA4,22 . The constancy ofkthe
ratio is verified, although the heat correlatiqns.ratio'is
greater than the m%&egzum correlations ratio. Townspnd (1976)

stéted that the heat correlations ratio should be ardund 0.36 .

Launder (1976) summarized the experimental resultS'of this

correlation aﬁd we make use of his data to produce table 4}2~.

In his original summary, Launder listed the ratio
2/ (u )(T” ) . The %7 ansformed,?"q io (u Ty (“ Y2 {
listed in table 4 2 is obtained assumlng s = O.EEO . Although

c<4

there is too large a variation among the measurements to make
definite conclusions, analysing table 4,2, it sééms that a
value between 0.40 and 0.50 is the most likely.. From our
results in figure 4,22 we obtain a value of C.45 in the
constant ratio region and we note thaﬁ thig lies inside the

range of experimental data.

Fi

}..l

gures 4.23 and 4.24 shcw, respectively, the

turbulence energy balance and the intensity of temperature



Table 4.2 Scaslar flux correlation ratio in shear flows

in local equilidbrium (after Launder (1975)).

u u_ T o
‘Author Geometry
- , J—' %T’ L R

Webster (1964) | 0.39-0.55 | Homogeneous shear flow
Bremhorst & Bullock(1973) 0.45 Pipe fiow
Bourke & Pulling {(1970) 6,45 | Pipe Tlow
Lawn & White (1972) 0.40 Pipe flow
Ibragimov et al. (1968) : 0.77 Pipe flow
Arya % Plate (1969) =~ | - 0.33 | Smooth flat plate
Jonnson (19593) 0.45 Smooth flat plate
Pimenta et al. (1975) 0.55-0.63 | Rough flat plate

fluctuation balahce. For the turoulence energy as shown in
figure 4.23, the dissipation, production, diffusion and
advection are in cloge agreement to the corresponding terms
measured by Klebanoff (1950). The distribution of each term
contained in the intensity of temperature fluctuation is shown
in figﬁre 4,24 , As can be seen, each term has a Similar‘
behaviour to the correspondent term in‘the turbulence energy
equation. As expected, the broduction and dissipatibn terms

>

are nez=rliy egual at every r01nt across the flow.
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4.4.4 Plane mixing layer.

The mixing layer between ©two streams, initigily
having uniform velocities ‘UB» and UZ@" is calle@ the

turbulent plane mixing layer, Cases with and without stagnant
surroundings (one of the layers has zerc velocity) are

considered, Here we show results for two cases, one with

on RN
Ny M
2

O

l
il
®
W

velocity ratio (Ugmfo) and the other with velociiy ratio

(DC}

&
e

In both cases, the mzximum difference of temﬂﬂrﬁture hetw
the two layers 1is set to 30 °¢. The fluid considered is air

with Prandtl number egual to C.7 &

The velocity profile obtained by means of the five-
equation model is “shoVm in figure 4.25 . The velocity vrofile
%or the case of zero vélocity~ratio ig compared with the
experimental results of Wygnanski and Fiedler {(1970) and with
the analytical results obtained by Tollmien (1545). As can be
seen, both theories and experiment are infgooé agreement, It is
interesting to note that for the case of a plane mixing layer

with a velocity ratio 0.5 , the same velocity distribution is

UniaxYseo

obtained, provided the ratio

U( ) . The temperature profile obtzined with the five-equation
l’IL AX e . s

model, in terms of 5 , is also plotted in figure 4.25 . The

, HAX ‘
differences of temperature denoted by © and 8,,. are calculated

is used, instead of

PN

using, respectively, (4.62) and (4.63), being, for this type

o
tsi
of flow, the undisturbed temperature at the intermal boundary.
The temperature ratio is compared with the analytical solution
vroposed by Tollmien (1945), as we can see, our model gives

vpradictions that are much more realistic than the simple linear



profile propesed by Tollmien.

An important parameter commonly measured in free
turbulent flows is the rate of spreading. The rate of spreading
: 4
for mgm;ntum and for heat is defined, resgpectively, by jx*u
and HE"E + Where, lu and lT are characteristic lengt?s across

-y

the flow, both parameters depend mainly on the type of flow,

For the plane nixing layer we define lu {or 1T> as the distance

across the flow beitween the points where %‘ (ox g Yis
MAX ©UMAX

equal to 0,1 and 0}9 . In table 4,3»we snow a comparison
between the measured spreading parameters and those pre&icﬁed
by our model. As can be seen, our predictions for thev%wa
types of plane mixing layer are well inside the variation of

the experimental data.

The shear stregs and convective heat flux‘profiles,
are shown in figure 4,26 ., Turbulence energy and intensity of
temperature fluctuation distributions are plotied in'figure 4,27.
Both momentum correlations Q shear stress and turbulence energy—
agree well with the Wygnanski and ?iedler (1970),‘aad Bradshaw
et al. (1964) experimental results. Agein, 2 small departure is
noticeable in the predictea results when the free boundary is
approached, It is impossible to say conélusively that the
discrepancy in this region is due to a weakmess of the model
because is commonly‘accepted it is difficult to make reliable
eXperiments‘in this region, therefore, it is reasonable to
éssume that the experimental results contain a large error. The
heat correlations, also pldtted in figures 4.26 and 4.27, display

g similarity Ho the momentum relatioms both in form and location



Table 4.3 Predicted and measured rates of swyread in

plane mixing layers and plane jets.

¥ind of flov Predicted Fxperimental Dats socurces
rates of data
spread
(A) Plane mixing Various
layer v = ‘ workers
d 1u 0.13050.1503 |
= = 0.4 5,16050.200 | C*Fed b¥
1) Jei;gégy: 0 ' Gibson and
= ‘ 4 1., B , D
ol = 0,146 0,165 ~ Lounder(1976)
d lu - '
) = = 0.050 0.046 Watt(1967)
2) Vei;iigy: 0.5 | data cited by
d 1n , Gibson and
= = 0.057 0.051 Launder(1976)
a 1u ~ 0.110 0.088;0f096; Data cited by
ax - 0.12030.096 g
. : - ‘Jenkins and
(B) Plane jets ; , , ' |
, a1 | 0.12330.1373 Goldschmidt
T _ g.144 , (1973)
ax "7 0.1415;0,170




118,

of maximum values.

The shear stress/turbulence energy ratio and
convective heat flux/(turbulence enerzy x intensity of
temperature fluctuation) ratio are shown in figure 4.28 . The

predicted momentum correlation, in - agreement with the

o
v

perimental measurements of Wygnanski and Fiedler (1970},

¢

exhibits a constant value for nearly the entire section across
the flow. The predicted ratio of 0.28 is quite near the
eﬁperimental value of 0.26 . The heat correlation also show
the same kind of counstancy, with a predicted ratio of 0.45 ,
This value 1is nearly the same as predicted for flat-vlate
boundary layers, which shows that thé'flux correlations are nob
affected by +the préserte of a wall, Of %he'eXperimental data'k
>Summérize& in ﬁablé'Q;Q,‘dhly'ﬁébster‘s {1964) Aata relates to
free shear flow, Cur value of 0;46 lies roughly at the mid-

point of the Webster data.

For a vlane mixing layer, our predicted diffusivity
ratio (@%/JT) defined by (4.69),'ié‘pletté& in figure 4.29 ., As
can be seen, a variation from 2.2 in the region of meximum
production to l.E:towafds the edges is predicted by our model.
Launder's (1976) survey reveals s wide variation in the
experimental results and 1t is not possible to make a concrete-
conclusion about the best experimental estimat®re fof’the
diffusivity ratioc. But a variation between 2WO at‘the fégion of
nmaximpum production to 1.5 at the edge of,ﬁhe’béuﬂdary agrees

with most of the experimental data, and confirms the reliability

e
..‘-.

of the model

&

n the particular context of plane mixing layers.
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4,4,5 Plane Jjet in stagnant surrounding.

A two-dimensional turbulénﬁ nlane geﬁ results when a
jet flows freely through a rectangular orifice into a
surrounding filuid of uniform velocity. This type of jet flow
occurs when the velocity on the centre-line of the jet is much
grezter than that of the surrounding flow. Here we consider the
case of stagnant surroundings, i.e., the case when the
undisturbed velocity of the ambient fluid is zero, We am?ly the

five-equation model %o the vlane jet, and our predicted results

for both thermal and dynamic guantities are summarized in
figures 4,30 to 4,33 . 3 >

X ‘;The 1str1bu%10ns for veloc1ﬁy {U ~wn& temnemature
‘ @ ) it AX

re shown in flgure :.BO «» The uemnemutuma dL;zerences e

e
and 8y, are calculated using (4.62) end (4.63), where, T, is
£ : ’ o]

2l

the undisturbed temperature of the surrounding flow. yoﬁ5 is.
the value of the cross-stream coordinate, measured from the
centre of the jet, where the velocity is ﬂalf the maximun jet
velocity. The velocity profile is comnared with the experimental
results of Bradoury (1965), while, the temgerature distribution
is comvared with the Jenkins and Gbldschmidt‘(1973) eXperiméntal

or Botn

Hy

data., As can be seen in figure 4.30, the prediciions
temperature and velocity agree well with the experimental

results,

, : d 1
The rates of spreading for momentum and heat, EE;E

u
et

. T

, respectively, are defined in a similar way to that

h

O

3

Fed f

lane nixing layers, Here we define 1” {(or lT) ag the
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distance between the centre of the jet and the vpoint where
U e . s .
T (or = ) is equal to 0.5 . Qur wnredictions are shown in
"T AT 6?-’;‘ AT

TAX AKX
table 4.3, and our results are ”ell 1031d the ra

3
4

ge o

variation of the experimental data.

The turbulence energy and intensity of‘temperature
fluctuation profiles are shown in’figure 4,31 ., The turbulence
energy distribution is in close agreement with Bradbury's
(1965) experimental results, and‘the intensity of temperature
profile shows a sinilarity to .the turbulencé energy vproiile,
The flux correlations shear stress/turbulence enérgy ratio and
convective hneat fla%/(turbulerce energy X intensity ofA
temnerature) are plcttea in figurse 4.32 ., The ésnstant value
of 0,30 ﬁlven bJ the theory for the mowenﬁum\co relationlis
very clode to the vaWue of 0,32 im Lied.by the ex nerlmeﬁzal
data of Bradbury (1965). The constant value of the heat flux
correlation over a region is also verified for je%'flows, In
the constant reﬁﬂon, our results glve a Tlux correlation ratio
of 0.46 which agrees with mostkof the experimental ratios
summarized in table 4.2 .

-\

Finally, our predictions for the dif fa31v1ty ratio
are shown in figure 4.33 . Launder {1976) pointed out that the
variation of the diffusivity ratio in plane Jets should be
similar to that in plane mixing layers, If this is_true, than
one would expect the exnerlmental values of Vg to vary from.
about 2.0 (in the reglon of max1mum production)’ ﬁo abouﬁ 1.5

(at the edge). A study of flgure 4,33 shows that our results



Vary steadily from 2.3 at the centre of the Jjet to 1.9 at the
‘edge.. This tends to confirm our theory and Laun&er's |

hypothesis.
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5. Conclusions and recommendations for future

developments.,

5.1 Conclusions,

The following conclusions regarding two-dimengional

sible turbulent flows carn be drawn from the worl

presented in this thesis,

A

(1) An =zopraisal, both quantitative and gualitative, of

(2)

some isothermal models of turbulence, already existing

in the literature, shows that a three-equation model
is the most suitable for prediciting turbulent boundary
layers, based on such criteria as range of flows,

accuracy and computing-time economy.

Af study of the influence of varying the constants in
a three-equation model, applied to annular flow,

discloses an almost negligible (less than 2%) influence

on velocity and shear stress distributions even when

some constants are varied by as much as 50% . Cnly the
turbulence energy distridbution shows any sensitivity
to the variation and then only %o the variation of the

constant C_, (see (2.14)).
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(4)

(5)

specific problems such ag:
{(a) prediction of the point of maximum velocity in =a
smooth annulus, varying the radius ratio,
(b) prediction of the characteristic,laws of
similarity in a fturbulent rougn pipe flow, and, ' i
{c) prediction of friction factors in turbulent annular‘i
flow with symmetric urd,QSaneUTlu wall conditions.
A comparison of the predictions of the model with the
experimental data for the flows considered confirms

~

the validity of the theoretical model chosen.

A complementary model of convective heat transfer,
ai W . K . . o

capable of predicting itwo-dimensional, incompressible

turbulent thermal boundary layers‘ié develope&.

Tumerical solutions of the thermal model,;

simultaneously with the three-equation model, are

performed for annular, pivpe, flat-plate, mixing layer

-

and vlane jet flows. In general, a good agreement for
temperature distributions (6 and 87 ), between the
vredictions of the theoretical model and experimental

results, is achieved.

Predicted profiles for heat transfer correlations,
such as convective heat flux and 1ntenolty of
temperature fluctuation show a strong similarity +to
the corre5pondént distributions for momentum - shear

, .
stress and turbulence energy. Our prediciions of



(6)

(7)

)

characteristic flow parameters, such as diffusivity

ratio, spreading ratio and convective heat flux/

ntengity of tempeéraitt

ture  ratio, are 2130 in gzood

}—,c

agreement with the experimental data.

Predicted Nusselt numbers, in concentric annuli heated

{(or cooled) on one side while the other side is

2

insulated, match well the experimental data, We fin

the radius ratio effect on the Nusselt number is smaller

when the outer wall is heated (or cooled) than when
the inner wall is heated (or cooled). Constant wall
temperature boundary conditions give.slightly lower
Nusselt numbers than in the case of a linear risge in
wall temperature (which is eouivalent to uniform heat

flux).

In rough pipe turbulent fliow, the relztion

B o(e",Br) = 4.70(e")0 Zpr0- 44 (4.75)

gives a vetter representation to the temyeraﬁure law
of the wall than the relation (4455}’§r0p05ed by
Dipprey and Sabersky (1953~). The relation (4.75) also
ives Stanton numbers which are in better agreement 

with the experimental data.
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5.2 Future developments,

Tc the present tlﬂ for most of %hm real fiuid

flows, no measurements of ‘1urtua ing heat Ilug quantl es such

as u.T' and T'" have been reported in the literature. This,

undoubtedly, is due to the technical difficulties presented by

[l
N

such measurements, bugfalso pOSSibly &ue to the lack of incentive
to produce experimental results, sincé there have been no
theoretical results for coﬁparisan. Now that some thesoretical
models of turbulent heat flux are beginning to appear; a great
shortage of thermal measurements is apparesnt. Thérafar
parallel to theoretical investigations, the experimental field
must now bé extensively researched. Thus,‘we hope that the
development and im@ro?@ment‘of measurement %edhniques, either
by the well established wire znemometer technigue or by the new
laser Doppler anemometer technigue, will overcome the tachniecal
difficulties and enable investigators to produce more basic and

comprehensive experimental results relating to thermal

%urbulence;

The first recommendation for the extension of the

mo&el ig 1o include buoyancy effacts. Suca effects can be

‘“3

epres ed in ‘the ﬂav1 r-Stokas equatlon by the 1ﬂclu310n of

external forces due to gravitational effects. Thus, each
egquation of the model which is derive& from the Navier-Stokes
equation would then include.these terms. Eonsequently,»the‘; ;
shear stfess'and turbulencevénergy equatibns would.theh have

’ g —
. . L .
the exira production term , -~ @m»uiT' sy Where, g; 1is the

o

gravitational acceleration in the direction Xy. Also, the



126.

convective heat flux eguation would have the additional term
- Ti'%T'z . There is an influence of the gravitational field
in the dissipation equation %oo,vbut due to its smallness, as
a first approximation it could be neglected. Specizal afbentlon
mast be given to the approximation of the pressure-strain |
terms (in shear stress and convective heat flux equations)
because, now, the Poisson eguation for the pressure flucituating
. . S gme i . :
term ig affected by terms like %&E%E . ﬁiﬁer the inclusion
of these additional terms it would tnen be possible to apply
the five-equation model to flows such as the atmospheric

gtratified shear ﬁlow

Because flews characterized: bv low Revnalas number
are important in enﬂlneerlrg anpllcatlons, it is desirable to
extend our model in order to include flows of this nﬂture.

Mumbev Moz ¥

Unlike the high Reynoldgk*aows, the low Reynolds flows are
affected by the viscous sub-layer, wnere the molecular
properties affect the process of production, diffusion and,
mainly, éissipétion of turbulence., Tentative solutions using
gsimple models such as the mixing length or‘the eddy viscosity
have resulted in unsatisfactory predictions, Some published
work suggest that models Dased on transport equations have =z
better likelihood of success. Thus, a model for low Reynolds
number flows, basged on our model, can be developed provided
that: (1) molecular diffusion terms are included, (2) further

terme zre added to allow for the fact the dissipation process

_ _mnear the wall are not isotrépic. It should be noted that sone

R . _
molecud> terms (viscosity and thermal conductivity) are

already incx Jed in our medel, but there are others neglected
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whose inclusion should now be considered. Also, a study znd
verification of the value of the constanis should be made, it

being possible that they depend upon the Heynolds number.,

The vpresent model was entirely deVGlcpe& for
incompressible flows {constant properties). To comply. with this
condition, our model can only be applied when the difference of
temperature between voundary asnd undisturbed flow is relatively
small,., Many real flows have differences”of tempera%ure not so
small, %hus; it ghould be of value to include compressibility
effects in our model in oéder-to extend the model to predict
such flows, A simple method is to incorporate the best gpossible
funetional relationships for the variation of dengity,
visCosity and thermal conductivity with pressure and
temperature., Naturally, a careful study of the validity of some
of the approximations must be made, Such a model could then be
applied to flows with greater-temperaturekdiffereﬁces, for
example, it could be used for the design of gas-—cooled reactor
fuel elements in order to predict.temperature distributions, as

well as velocity, turbulence energy, convective heat flux

profiles and many other important correlations.

The study of two-dimensional flows was our main
objective, but some thres-dimensional flows have similar
characteristics and it is possible to extend our modél ta-apply
to these floﬁa. Such_three—dimensionalAflows as the round jet,

the flow over an aerofoil, flow in 2 non-circular channel come

vig

into this ca

ek
@

egory. These flows are characterized by the fact

that theres i redominant direction of flow, and also the

)]
m
s
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gradients in two of the directions (say, X and z) are small

f
il

comvared with the gradiént normal to the‘surface, Consecquently,
the ordinary boundary layexr approximatioﬁs anvly ana,ﬁhe
‘upstream conditions alone determine the conditions downstrean,
In these flows all Reynolds stresses are important, thus, one

of the first considerations would be to‘develog an individual

——— — - e—

. . 2 2
eqguation for each normal stress u, uy
. <

using the turbulence energy equation. Eguations for the lateral

shear gtress u.u, and lateral convective heat flux uZT'_Would

be approximated, in addition to the already developed

equations for u_u, and uyT' . Due to the parsbolic charascter

of the egquations, the same numerical method (marchin

=

procedure) could be employed. In most of these Tlows there is

i 0

a variation of pressure in the direction normal to the flow,
thus, an allowance for the pressure variation i the cross-~

stream plane should be included in the numerical calculations.
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A brief descrivntion of the numerical method of

Patankar and Spalding.

Patankar and Spzlding (1970) develoned 2 general
method of calculating boundary layer flows, by solving
nurerically Tthe partial differentizl eguations by z finite~
differences procedure. A brief description of the method is
given in this aoppendix,

Bach one of the models of turbulence presented in this

d_

thesis has two or more partial differential eguations to be
solved, An inspection of these equations, which are summarized
in section 4.1.4, shows. that they have z similar mathematicsl

i

structure, therefore, it 1s possible to develop a general form
of solution, as follows, It is common. in *””bulert boundar;
layers to use the stream function Y as the cross-stream variable
in place of y. The* x<\Y system is known as the von Mises
coordinate system. The stream function @ is defined by

f},
'%%—:ijr , ?;ﬂ -/)U . (4.1)

In practice, it is more convenient to use a dimensionless sireanm
function Was the cross—stream variable. The function WY{called
grid function) is defined by , |
V-yr W PYg . |
We o= 3 = = -rm¥ = -r. o (4.2)
WL—VI P X I 7 x EE

internal and
A1) and (4.2),

 the set of turbulence egquations of section 4.1.4 is transformed

‘whereg 'ﬁ.and ﬁﬁ are the mass flows entering the
external boundaries, resvectively. Thenm, using (

- from the system x~y to the system =x-\W. Any of the seven
transport equations is then reduced to the general form

ool oa w

where,

% is the general dependent varisble {see table 4,1)

a = TIB—E/{Q“E"WI> : (AJU
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b = (rgil) - rpi)/ (Yg-¥)) | (as)

c and d are relations between dependent variables.
The exact expressions for ¢ and 4 are in table A.1 .

Table A.1 : Terms ¢ and d for set of eguations.

@) c d
A
U 2 U | v )
% e U M ____Q_(J'JXMY)_:L,@}Q_
(V=g W Y- LUy ax
. 5 .
° P U ) ¢ olij T O
- < 52 x  E%%%y
u u (p+ pC. "0} I - {C B = 4 Ly
Xy (VE“"VI)Z M+ Sy Ux § ’:;1 02y Eo
B = /~+f)C  — - = u?—'-;;:*" -+ 6
A © &’ Ux XT3
2 2 .
r7p U, Ej . £ v, u QU 2
A ¥y X
E ( —) - = (¢ =2 == +C. % )
A Pl | - T 1 TES 4y tCeoE,
2 | |
. r LUk 1 2
T 2( r ) - 7 { ﬁr(uyT )
2 2 |
r rUu B ,
oy T = 2 (Cyrog) - 7 (CymE BT+ pESD)
y (WE"‘WI) X ; o ¢ :
____._. 2 5
1..2 T U E N
= p & k o) 1 T £ /1
2 ——= S (Z 4+ Copo2)| - B (WL + ComeE (2719
(VEfVI}2 °y TT2 E U,y 27 TT}EO 2
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-

The general equation (A.3) is solved by & micro-
integral evaluation, The cross-flow is divided . into W

(N is therefore, the number of

strivps
grid points), each strip
to 1

- (w,=0 at inner boundary andl{él at outer voundary). A

corresponds to one value of W, which varies from O

control
volume is defined between 3 consecutive grid points as shown
in figure A.1 . '

External boundary

————— e, ottt ettt -+ it 7 ottt e+ i e o a———

we have

ternél bcun&@ry

i-1,j+1 . s v : ;
S 4 i, i+l @i,j+1
1_.1 +1 /2 i,3+1/2 | \ P
. Q \3 \@1,{;-{'1/2
Aw t\ 33_
L ?d 3 1.4
L k: b
AN \\\\\\\\\\b s
ﬂ TS i, j-1/2 ]‘\J _ /’ ?1, j-1/2
. . . 1“"1 ¥ J"“l l j"‘l . { - .
X ﬁ - DFE S we 8 $ El’gﬁl

Figure A.1l: A typical control volume (shaded) for
© which micro-integrals are formulated.

Apovlying (A.3) to the control volume of
the following micro-integral ecuation:

i+
9@3 (o ebur)22]
qu
f/e

dwdx =

-1 :1-%_

D 2P
Bm( Y+

figure A.1

W

]dmudx.'(A.6)

The integral equation (A.6) is solved using the

trapezoidal rules and the following assumptions:

(i) W is constant with

ﬁqus W

-
= »

3—""1,3 113



(i1) @ varies linearly between adjacent cfoss—
strips, that is, for ﬁJ §+1/2

1
@l: j+1/2 5(@i,j * @i,j+l) e

(iii) Values of @j between x, , and x; are uniform

and equal to @. i.e.,

1,37

for  xy g<x<x; — 0=§ 5 .

Thus, after extensive algebra (A.6) becomes:

.. = (.ﬁ . BR.G. . . . a' ’ .
@1,3 A.3'-1,3+1 M 3@1,3-¢ + i , (A.7)

Coefficients_Aj, Bj and Cj are functions of a, b,

¢ and 4, as well as the grid parameters. All three
coefficients are calculated for the previous sten (say, x. })

o

were all paramnters are known.

Baguation (A.7) can be transforr.ed into the

‘simpler form:

b5 =29 5 +VB§ e o (2.8)
Where, | .

A% = A,/(1-ByA% 1) e - (89
BY = (BBY 4 + C3)/(1-B A% ) ‘ | (4.10)
A% = 45 : | o 7 (A.11)
Bp=Bfv0,  (aw)

; At start of calculations (sectioh kxi—lj all

parameters and distributions @ -1,3 are assigned thus, A§
, .

and B§ can be calculated for all the grid points (3 1,N+3).

Equation (A.8) is then solved by back-substitution from
3=N+3 (external boundary whose conditions are imposed or
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known, 1., éi

section LS This procedure

e
vrofile of the devendent¢ variable ﬁi 3 for the whol
’

o)
N
o

7
zt
-4
Q

3

Xiw ew values for ﬁ§ and B§ can now be calculated. An
increase in x is then givei and all the operations ars
repeated for the next stepn, and so on, until the end of the
channel., '

Based on this numerical method we develon 2o
computer program called TTBL (Two-dimensian&l Turbulent Boundarr;
Layers), capable of solving sny one of the models pronosed in
chanter - 2, as well as the thermal model described in chapter-
4, The selection of the model to pe solvad is made thr
index NEQ whicnh stands for the number of eguations to Dbe

The flow geometry can be a combination of any +two of th

boundaries: wall, free and symmetry line. The snecific

5

er to
the internzl and external bounderies, respecitively. KINN and XKEXL
are attributed the values 1, 2 or 3 devending on whether tne

boundary is a wall, free or a symmeiry line.

selected at the start of the program via the data. The
logarithmic grid is particularly used in flows where there is

-

an asymmetry in the profiles of turbulent guantitiesy it has th

iy

advantage of giving more accurate results, but the
disadvantage of being more sensitive to instabilities in the
solution of differential equations in comparison to the uniform
grid,

The tendency of instabilities of the numerical
solution in gencsral can be prevented by selecting a suitable
t

tion with an adeguate number of grid points and



145.

choosing a smaller forward increment,Ax . There is no exsct
rule to establish either W or Ax . But from our gXperience
we Tound that grids with N between 40 and 60 points are
suitable; and forward increments A\ x of about 4% of the
distance between the two boundaries of the fiuid flow proved

to be sufficient.

Computing time, Obviously, depends on the number of
equations, number of grid points and size of forward sten.
Our program was run om a CDC 7600 computer. In a typical case,
for N=60 ©points and =a Ax about 49 of cross-stream disiance
between boundaries, a run of the thermal model (7 differential
equations to be solved) took less than 15 seconds,. Wherezs a

run of the three-equation model (4 differentisl equations fo

~

£
\
be solved) took less than 10 seconds ner case.

CEE U ERG



Approximation of wressure-rate term in the

convective heat flux eguatiocon,

The pressure-rate of strain fterm appearing in th
Reynolds shear stress equation was avnproximated by Hanijalic and
Launder (1972b) and Launder et al. (1975) following vprovoszl by
Chou (1945) and Rotta (1962), We will use a similar procedure
: ' x A B! '@T? v a2
in order to approximate the pressure-rate term 2. ) which

appears in the

¢

onvective heat flux ecuaition.

Taking the divergent of the Navier~5tokes equation for

fes

tu”bulent flow and® uging the COﬂblEULtW equation, we find the

transport equatlon for the pressure fluctuation

P 911 91, o |
5 ’C) p‘ = X - /a P : : .
r Q)x§>_ ka 9%, X 0% (a dk ukum) - (B.1)

& formal integration of (B.1l) over the volume of the flow gives

.o ‘ -
the fluctuating pressure at a position 1 @

- 0
; ?u_ PU "2
2y L e D b .d(vol)
p' (7o) = T [2 3%, 9%, T AT, kT e B
ol n o To
Multiolying (B.2) by ( )» and averaging, we obtain

9Tt 1 (f M, DUy Qe 07 Uty T | ]d(vol\
T (=2 55 ) 2 -G ek =
: FydEy T ﬁlr - l
(B.3)
The left hand side of (B.3) is just the pressure-rate

term of the convective heat flux eguation, whose approximated

[h)

orm we are seeking. By inspection of (*.3) we see that the
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» o =)

pressure strain orig 1naﬁesbffam two processés. (1) effcc s due
to mean velocity over fluctuating ccmpbnents umnan& T‘; and |
(2) effects from pufely turbulence interactions. From this we
cen assume that the pressure strain (B.3) is the sum of the

two terms,

Turbulent component in (B.4).

A similer term appears when the pressure-sirain term
for the Reynoldsshear stress equation is approximated,\it;%he“

has the form

gui,‘ﬁu :
js(? 9& )turbulent -

Rotta (1962) proposed (and thereafter every worker who madc
closure approximations for the pressure-strain term did the

same) the relation,

. Qu '
p' (oL, Ty Cpe & (0, - 29d..8 )
e . - = 5 ER e 3 Vi
e gx turbulent - o1 E717) 7 3 Tiio
where,. C@l is a constvant,
By analogy, we will assume that the turhulent
component in (B.4) can be ap oxlmatea by -
t’arm - . E , ‘rnf" ey : | , |
(js ,)mmulent =~ bum B 0 (B.5)

where, CUTl is also a constant.
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llean flow comvonent in (

(2101t __1 /2 /‘)u«:\ (’?T' ~_d(vol)
¢y - 72 Z . :”:‘“ i *
f % rilOW ﬁ'quﬁ k a£ ¥1'% { 0T
Kq,6)

Assuming a flow with homogeneous turbulence, mnere the nmean
croperties can be assumed indenendent of wvosition, {(B.6) can

be written as

’at

E’?T‘ _o.om T k fo
( R— 2. . ° ‘u.?}

P Xi‘mean ki DX b

flow m
where the Tensor

m T 1{vol) PR
i 1 gy o {Ba0)

Again, following Rotita (1962), +the fourth—order tensor

m v . . c . .
8 j must satisfy the following conditions, in order to saitisfy
the symmetry requirements and the laws of conservation:

o T Y m It m ‘ -
m IV =
a, - = 2w . .1
B R 8 ; m . (B.10)
47 : m Tr, .
The condition (B.10) suggests a form for +the tensor ak 5 that

where, oi,}5 and Y| are consbtants and m, k and i are indices
which can be any of the coordinates x, y or z. Subscripts m,

k and i refer orly to velocity components, and terms like dﬁ '

H

45}

are meaningless, thus the only way (B.1l) can satisfy all th
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symmetry conditions in (B.9) is by making

————

m T' _ , :
oy 5 =Xdyu T oo (B.12)

As J;k is different from zero only when i=k, (B.lZ)Vcan.be‘

written as

m T | TS R | ‘ y
ak l - d’umT' ® ' : ( 0131

b3

If (B.13) must satisfy the law of conservation (B.10), then

2™ =cu T and L= 2,0 | (B.14)

Py

Thus, relating (B.7) and {(B.13) we obtain the mean

flow component of the pressure-rate term, namely,

N — 303 | '
j.-) ’a}:i)mean = O(umT' p—— ‘ (B'ls)

7
flow- m

Finally, substituting (B.15) and (B.5) in (B.4) we
derive the total pressure-rate term to be used in the

convective heat flux equation:

Eur +oCum £ (B.16)
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Avproximation of the triple—-correlation term in the
convective heat flux equation.
" The analysis of a trivle-correlation ecuation

vrovides a foundetion for avvroximating the trivlie-correlation
term avpearing in the convective heat flux equation. The
equation for trinle- correlation is oot 1aea, after some
mat@emaulcal manipulation, by multiplying two similar Havier-
Stokes eguations in 'i' and tk! coordinates and the Te mve%aﬁur

.

equation, for turbulent flows, by uPT”9 u,TY and Wity
= . b

i

respectively, then summing the 3 resultaﬁu equations and
averaging each termi, Binally, making use of the mean momentunm
equations for 'i' and 'k' coordinates as well as the mean

temperature equation, we obtain the Ttriple~correlation equetion

(%guiu?T’) in. its exact form, neglecting only external forces

effects, This genersl form is:

D, TR L ’b
ﬁ%(uiukl‘) - ﬁuluk m ) o ‘ | ‘ (1)
+ (u T'g-u U, + Uy T'@x U+ uluk5£~u Ty (I1)
2 2 2
’} Lok
+3 (u T'f~——% + lT,’a =) ,Aﬁ‘u %‘i«—-g (TTT)
?x 7 x
m m m
1 CReN 27 -~
- = (Try, b T, i) (1IV)
e L e 19%,
— ) A
- [Um(ukT’QXmUi §——Jn F U uﬁat ——) -
‘ . ‘ v
‘ ' 72 ; 9 - —— 2T
i + U T ~——U + umu4i ST A
\ SRR m ‘ . G HEa s |



Pollowing Hanjalic and Lounder (1872)
order correlation term (I} in (C.1) can be avvroximated in terms

of secbnd—or&er correlations ag follow

u. v, U T‘ = U.1U . T’ : . aey T‘ + 1 ° o' )
PP, Ve W T F uguen T o+ u g eu, T (C.2}

Using this approximation for (I) and adding it to term (II) of

(C.1) gives

_ > - 3 .
I)+(IT) = = (u, T+ u T F Uy W, T )
(I)+(11) (uy mg uk * A% Fi%e T Mtmpr it

T v m
{(Co3)
Bach of the first two compenents of term (T?I} has

2 3
order of magnitude QQL e] = [%?3%] , Where, W , 6 and L are

a velocity-scale, a temperature-scale and a length-scale. Any
‘ cea g oG
term of (C.3) has *the*order of [L%’@

consider flows with high Reynolds numbers, the first two

J ; thus, és we only
components of (III) are negligible when compared with the terms
of (C.3). The same applies to the last component of (I1Z),
because we are considering fluids which have Y awd‘& of the
sane order, Therefore, we can neglect 211 components of term
(1II) in (C.1). A comparison of each term of (IV) with the’
approximation of turbulent terms onfpressureerate (Appendixz-2,

relation (B.5)), suggests the relationship

"_ 1 9") m,'gf;ﬂ’\ _ R E s 44

The last term (V) in (C.1l) is itself a sum consisting
of products of average mean quantities and fluctuating

correlations, Although, when considered theoretically, each

")

term of (V) has the same order of megnitude as each term in

approximation we are going to neglect all

4
Ldo
+
0
prs

(C.3), as a

- d



terms wnich are preducts of fluctuating terms znd mesn flow

terms, By this argument, term (V) can be neglected. For the

same reason, the convective term inA(C,l),'%%(uiukT‘), is also
negligible, We concede that this avpproximation is somewhat
érude, but triple-correlations are already small in4magnituée
and the exclusion of one or two terms should not introduce a

significant error.

Introducing the ayproximations discussed above, with

relations (C.3) and (C.4) into (C.1) we obtain

T

. 9 2 ~ET ral) 2 ey
wuy, Tt = = Gy, —(wiu S w0 T + u Ti— uw.u, + u v Z— u, ')
ik UT2 g " 71w Amik ‘ I ‘bAm ik Kmig i
B Eeas : . (G g 5
W i v constant (= 1/C__)
where, CUT2 is a new c { / sal

The triple-correlation term given by expression
(C.5) is the approximated form of usw, Tt which we use Lo

close the turbulent diffusion term in the eguation of convective

heat flux.
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Length scale influence in velocity, shear stress and
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