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Instituto de Pesquisas Energéticas e Nucleares (IPEN-CNEN/SP), Centro do Reator de Pesquisas – CRPq, C.P. 11049, Pinheiros, 05422-970 – S ~ao Paulo – SP, Brazil

a r t i c l e i n f o

Article history:

Received 3 January 2011

Received in revised form

16 March 2011

Accepted 17 March 2011
Available online 7 April 2011

Keywords:

k0 Method

Gamma-ray spectrometry

Zn isotopes

Activation analysis

Nuclear reactor

a b s t r a c t

The values of k0 and Q0 for 64Zn(n,g)65Zn and 68Zn(n,g)69mZn reactions were determined experimen-

tally. The irradiations were performed near the core of the IEA-R1 3.5 MW nuclear research reactor of

the Nuclear and Energy Research Institute – IPEN-CNEN/SP, in S~ao Paulo, Brazil. The results for the

neutron field parameters f and a were 49.7(19) and �1.1(31)�10�3, respectively. The resulting values

of k0 and Q0 for 64Zn(n,g)65Zn reaction were 5.63(8)�10�3 and 1.69(6), respectively, and the

corresponding values for 68Zn(n,g)69mZn reaction were 4.00(6)�10�4 and 2.34(4), respectively. These

results were compared with the literature.

& 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The use of the k0 method for quantitative reactor Neutron
Activation Analysis (NAA) is a well-known technique for deter-
mining multi-element concentrations in different materials. In
order to achieve good results, there is a continuing need to
improve the accuracy of k0 parameter for several neutron capture
reactions, as pointed out by Firestone (2008). Among these
reactions, 64Zn(n,g)65Zn can be considered particularly important
because it can be used for a twofold purpose: as neutron flux
monitor and for Zn concentration measurements. Recently, an
inconsistency was observed between the k0 values from the
Atomic and Nuclear Data Tables (De Corte and Simonits, 2003)
and from the Atlas of Neutron Resonances (Mughabghab, 2006).
This fact motivated the present work, which is focused on the
measurement of k0 and Q0 values for 64Zn(n,g)65Zn reaction. As a
complementary work and consistency test, the k0 and Q0 values
for 68Zn(n,g)69mZn reaction were also measured. The irradiations
were performed near the core of the IEA-R1 3.5 MW swimming-
pool nuclear research reactor of the Instituto de Pesquisas
Energéticas e Nucleares (Ipen-Cnen/SP – Nuclear and Energy
Research Institute), in S~ao Paulo, Brazil.

2. Materials and methods

2.1. k0 equations

In the epithermal region the neutron spectrum follows
approximately 1/E1þa. For the present work the parameter a
was obtained by the Cd-ratio multi-monitor method, described by
De Corte (1987), measuring the slope of the curve Yi¼aþaXi,
where:

Xi ¼ lnEr,i

and

Yi ¼ ln
ðEr,iÞ

�aGth,i

FCd,iRCd,i�1
� �

Q0,iðaÞGe,i

" #
ð1Þ

index i refers to the ith target nucleus, Er,i is the effective
resonance energy, FCd,i is the Cd transmission factor for epither-
mal neutrons, RCd,i is the cadmium ratio; Q0,i(a) is the ratio
between the resonance integral and the thermal cross section as
a function of a and Gth,i and Ge,i are the self-shielding correction
factors for thermal and epithermal neutrons, respectively.

The ratio f between thermal and epithermal fluxes was taken
from the inverse of the intercept of this curve and is given by:

f ¼ ðFCd,iRCd,i�1ÞQ0,iðaÞGe,i=Gth,i ð2Þ

since the Yi values depend on the a parameter, an iterative
procedure was performed until convergence was achieved.
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The Q0 value was calculated from Q0(a), which is given by the
following expression taken from De Corte (1987):

Q0,iðaÞ ¼
FCd,cRCd,c�1

FCd,iRCd,i�1
�

Gth,i

Gth,c
�

Ge,c

Ge,i
Q0,cðaÞ ð3Þ

the index c corresponds to the comparator (Au). The relationship
between Q0(a) and Q0 is given by De Corte (1987):

Q0,iðaÞ ¼
Q0,i�0:429

ðEr,iÞ
a þ

0:429

ð2aþ1Þð0:55Þa
ð4Þ

From this expression, it can be noted that Q0(a)¼Q0 when a is
equal to zero. For the comparator (Au), Q0,c(a) was obtained from
the published value of Q0,c (De Corte and Simonits, 2003) inserted
into Eq. (4) and the result was applied to Eq. (3). For the target
sample the Q0,i(a) value was obtained first and then applied to
Eq. (4), in order to obtain Q0,i.

The parameter k0 was obtained by the following relationship
(De Corte, 1987):

k0,i ¼
Asp,i�ððAsp,iÞCd=FCd,iÞ

Asp,c�ððAsp,cÞCd=FCd,cÞ
�

Gth,c

Gth,i
�
ec

ei
ð5Þ

where k0,i is the k0 factor with respect to the comparator (Au);
(Asp,i)Cd and Asp,i are the total absorption gamma-ray peak area of
the reaction products, obtained by HPGe gamma-ray spectro-
metry measurements, with and without cadmium cover, respec-
tively. These values were corrected for saturation, decay time,
cascade summing, geometry, measuring time and mass; ec and ei

are the peak efficiencies for the comparator and target nuclei,
respectively.

The values of effective resonance energy Er,i and Q0 to be
applied in Eqs. (1)–(4) were taken from Kolotov and De Corte
(2002). The values of Gth and Ge were calculated on basis of
expressions given by Martinho et al. (2003) and Martinho et al.
(2004), respectively, using gamma-ray width (Gg) and neutron
width (Gn) taken from ENDF/B-VII (2010). For the cases where the
target has several proeminent resonances (64Zn, 94Zr and 96Zr) an
average value was calculated. The resulting values of Gth and Ge

are shown in Table 1.
The cadmium factors (FCd) were calculated by the average

transmission in the Cd cover, applying cross section data from
ENDF/B-VII (2010) and considering variation in the Cd thickness
due to isotropic neutron flux. The following equation taken from
Kodeli and Trkov (2007), was applied:

FCd ¼

R1
0 tðEÞsðEÞfðEÞdER E3

ECd
sðEÞfðEÞdE

ð6Þ

In the present work this equation has been approximated by:

FCd ¼

P
itðEiÞsðEiÞfðEiÞDEiP

isðEiÞfðEiÞDEi
ð7Þ

where t(Ei) is the transmission factor given by:

tðEiÞ ¼ e�NCddsCdðEiÞ ð8Þ

in this equation, NCd is the number density of cadmium atoms,
d is the crossing distance inside the Cd layer and sCd(E) and s(E)
are the Cd and sample absorption cross sections, respectively,
taken from ENDF/B-VII (2010). The neutron spectrum f(Ei) was
assumed to follow the 1/E law. ECd and E3 are the Cd cutoff
energy and the upper energy limit, assumed to be 0.55 eV and
2 MeV, respectively.

DEi corresponds to the ith energy bin from the Cd cross section
library. The sample cross section value was interpolated to match
the same energy found in the Cd cross section table.

In order to account for isotropic neutron incidence, the
cadmium factors given by Eq. (7) have been averaged with respect
to the solid angle Oi covered by the cadmium box, according to
the following expression:

FCd ¼

P
kFCd,Ok

DOkP
kDOk

ð9Þ

The limits of upper integral in Eq. (6) are zero and infinity,
opening the possibility for FCd to be larger than one. This can
be explained considering that neutrons below the Cd cutoff
energy may also contribute to sample activation. These two limits
were considered in the calculation as equal to 1�10�5 eV
and 2 MeV, respectively. The values obtained for FCd are shown
in Table 2.

2.2. Sample preparation and irradiation

Samples of Au (0.10% and 0.13% Al alloys), Co (0.475% Al alloy),
Zr, Zn and La (0.665% Al alloy) as well as pure Zr were used as flux
monitors for determining a and f parameters at an irradiation
position near the IEA-R1 reactor core. The selected samples for k0

and Q0 measurements were pure Zn foils 0.09 cm thick.
The sample masses ranged from 5 mg (Zr) to 250 mg (Zn) and
were measured within 720 mg uncertainty. The samples were
wrapped with thin aluminum foils and positioned in the middle
of an aluminum rabbit 7.0 cm long, 2.1 cm in diameter and
0.05 cm thick.

Two sets of samples were prepared: one with cadmium cover
and the other without it. These two sets were irradiated during
60 min each, in sequence: the first with cadmium cover and the
second without it. The minimum decay time before measure-
ments was around 29 h.

The sample irradiation and measurement procedures were
performed twice.

2.3. Efficiency calibration

Standard sources of 60Co, 133Ba, 152Eu, and 166mHo, calibrated
in a 4pb�g coincidence system, were used for obtaining the
HPGe gamma-ray peak efficiency as a function of the energy.
These sources were prepared by dropping known aliquots of
standard radioactive solutions on thin Collodion films
30 mg cm�2 thick with negligible gamma-ray attenuation. These

Table 1
Values obtained for Gth and Ge; the numbers inside parentheses are the uncer-

tainties in the last digits (one standard deviation).

Target Gth Ge

197Au 1.0000(0) 0.9808(39)
64Zn 0.9924(15) 0.9605(87)
68Zn 0.9993(1) 0.9564(91)
139La 0.9999(1) 0.9981(4)
94Zr 0.9999(1) 0.9990(4)
96Zr 1.0000(0) 0.9988(10)
59Co 1.0000(0) 0.9971(6)

Table 2
Values obtained for the cadmium transmission factor; the numbers inside

parentheses correspond to uncertainties in the last digits (one standard deviation).

Target FCd

197Au 0.9999 (4)
64Zn 0.9928(19)
68Zn 0.9985(12)
139La 1.0160 (24)
94Zr 0.9968(7)
96Zr 0.9995(1)
59Co 0.9909(20)
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sources were positioned 17.9 cm away from the crystal front
face. The peak area was calculated applying a sigmoidal back-
ground function as described by Dias et al. (2004). An accurate
pulser was introduced in the gamma-ray spectrum close to the
right edge, in order to perform dead time and pile-up correc-
tions. A third degree polynomial in log–log scale was fitted
between the HPGe peak efficiency and the gamma-ray energy,
covering the 244–1408 keV energy range. The reduced chi-
square resulted 1.48. The uncertainty in the interpolated effi-
ciency was in the 0.47–0.69% range.

A second efficiency calibration was performed using 60Co,
133Ba, 137Cs, 152Eu and 241Am standard sources supplied by
the IAEA. These sources were sealed inside a 0.04 cm polyethy-
lene plus 0.05 cm aluminum capsule and positioned at the same
distance to HPGe crystal as the previous case. The peak area was
calculated by means of a Genie 2000 software. The fitting was
performed with a set of exponential functions combined with
Monte Carlo calculations and covering the 53–1408 keV gamma-
ray energy range. This function is given by Zevallos-Chávez et al.
(2005):

eðEgÞ ¼ P1 e�P2 :EgþP3 e�P4 :Eg
� �

e�P5ð0:05757E�0:416
g þ0:000465E�2:943

g Þ ð10Þ

where Pi are the fitting parameters. The constants appearing in
the exponents come from Monte Carlo calculations and are the
same for different crystal sizes, as described by Zevallos-Chávez
et al. (2005). The reduced chi-square resulted 0.80. The uncer-
tainty in the interpolated efficiency was in the 0.41–1.86% range.
This latter large value was obtained at 53 keV of 133Ba, which
was the lowest fitted gamma-ray energy.

2.4. Covariance matrix methodology

The covariance matrix methodology is necessary for rigorous
statistical analysis and was applied to all uncertainties involved.
From the series expansion of a multi-parametric function
Y ¼ Yða1,a2,a3,. . .,anÞ, it can be shown that (Smith, 1991):

s2
Yffi

Xn

n ¼ 1

@Y

@an

Xn

l ¼ 1

@Y

@al
an�a0,n
� �

al�a0,l
� �� �

ð11Þ

The partial derivatives in Eq. (10) are calculated at a¼a0,
where a0 is the expectancy value of a. The parameter
ðan�a0,nÞðal�a0,lÞ
� �

is called covariance of an with respect to al
or cov(an,al) and usually has a non zero value. This value can be
calculated from the partial uncertainties and the correlation
factors rnl involved:

covðan,alÞ ¼
Xm
k ¼ 1

rn,l,ksn,ksl,k ð12Þ

where k¼1,y,m is the partial uncertainty index.
In the case where Yi and Yj represent k0 or Q0 factors from

different targets, i and j, there will be additional correlations
involving each pair of parameters, and the covariance between Y

factors can be calculated as follows:

covðYi,YjÞffi
Xn

n ¼ 1

@Yi

@an

Xn

l ¼ 1

@Yj

@al
an�a0,n
� �

i
al�a0,l
� �

j

D E
ð13Þ

or

covðYi,YjÞffi
Xn

n ¼ 1

@Yi

@an

Xn

l ¼ 1

@Yj

@al
covðan,i,al,jÞ ð14Þ

The application of this methodology to Eq. (1) has been
described in a previous paper by Dias et al. (2010). Eq. (2)
corresponds to the intercept of Eq. (1), therefore the uncertainty
in f comes directly from the fitting.

The derivatives involved in Q0 determination are presented in
the Appendix (Table A1). These formulae apply to Eq. (3)) coupled
with Eq. (4), to be applied in Eqs. (11), (13) and (14).

The derivatives involved in k0 determination are also pre-
sented in the Appendix (Table A2). These formulae apply to
Eq. (5), to be applied in Eqs. (11), (13) and (14).

All partial errors involved in Asp,i and Asp,c determination were
taken into account. However, the contribution of internal correla-
tions between these partial errors to the overall uncertainties in
k0 and Q0 was considered to be negligible in the present
experiment.

3. Results and discussion

The behavior of the experimental peak efficiency as a function
of the gamma-ray energy for the HPGe spectrometer is presented
in Fig. 1. The efficiency results indicated by white marks corre-
spond to Collodion standards. In this case, the covered gamma-
ray energy range was between 244 and 1408 keV. The black
marks correspond to IAEA standards. In this case, the covered
gamma-ray energy range was between 53 and 1408 keV. In can
be noted a maximum value around 80 keV.

Fig. 2 shows the behavior of percent residues for the two
efficiency models described in Section 2.3, as a function of the
gamma-ray energy. The error bars in the figure correspond to
uncertainties in the experimental results. A good agreement can
be observed between the experimental data and fitted values
and corresponds to a 3rd degree polynomial in log–log scale,
covering 244–1408 keV gamma-ray energy range. In this case,
the reduced chi-square resulted 1.48. The second function is
shown as black marks and corresponds to Eq. (10) covering
53–1408 keV gamma-ray energy range. In this case, the reduced
chi-square resulted 0.80. The error bars are the percent uncer-
tainty in the experimental efficiencies (one standard deviation).
The sample activities determined by means of the two HPGe
gamma-ray peak efficiency curves agreed within the uncertainty,
estimated to be in the range of 0.5–0.9% for the energy interval of
interest (328–1332 keV).

The results for f and a values are specific for the selected
irradiation position near the IEA-R1 reactor core and resulted
49.7(19) and �1.1(31)�10�3, respectively. The latter value
indicates an epithermal neutron field approaching the ideal
spectrum in which a is equal to zero. As a result Q0 (a) approaches
to value Q0 according to Eq. (4).
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Fig. 1. Experimental peak efficiency, as a function of the gamma-ray energy. The

white marks correspond to Collodion standards and the black marks to IAEA

standards. The energy intervals were 244–1408 and 53–1408 keV, respectively.
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The k0 and Q0 results are presented in Table 3. The number
inside parentheses corresponds to the uncertainty in the last
digits (one standard deviation). For 64Zn the k0 value agrees with
De Corte and Simonits (2003), which corresponds to an experi-
mental result, but it is not in agreement with either
6.55(22)�10�3 from Firestone (2008) or with 6.16(22)�10�3

from Mughabghab (2006). Recently the value taken from
Firestone (2008) was amended to 6.08(16)�10�3 in the final
IAEA CRP report (Firestone, 2011). This latter value is in agree-
ment with Mughabghab (2006) but is not in agreement either
with De Corte and Simonits (2003) or with the present experi-
ment. It should be pointed out, however, that those values from
Firestone and Mughabghab were not obtained directly from
experiment and depend on the gamma-ray probability per decay
of the 65Zn transition. This may be the cause of discrepancy.

For 64Zn the Q0 value agrees marginally with reference De
Corte and Simonits (2003) but it is in good agreement with
Mughabghab (2006). The latter value was calculated from the
tabulated thermal cross section and resonance integral values.

The k0 value for 68Zn agrees well with all references within the
estimated uncertainties, but Q0 is not in agreement either with De
Corte and Simonits (2003) or with Mughabghab (2006), which
are in agreement with each other. This discrepancy indicates that
new measurements should be performed in order to verify the
correct value.

Table 4 shows the total uncertainty in each parameter and the
corresponding correlation matrix. This information may be
required when using the present results for other applications.
The correlation factor between the two k0 values is positive. This
can be explained considering that the comparator (Au) is the
same and contribute with identical components to Eq. (5). For the
same reason, and considering Eq. (3), the correlation factor
between the two Q0 values is also positive. The correlation
between k0 and Q0 values are negative. In this case, the compara-
tor component appears in the denominator for k0 and in the
numerator for Q0. Therefore, the raise in this component tends to
decrease k0 and increase the Q0 value.

4. Conclusions

The k0 and Q0 factors were measured for 64Zn and 68Zn targets
near the IEA-R1 research reactor core at a location were parameter a
is very close to zero, indicating an almost ideal epithermal neutron
field. The k0 values for both 64Zn and 68Zn targets agreed well with De
Corte and Simonits (2003) but only the value for 68Zn agrees with
Firestone (2008, 2011) and Mughabghab (2006). The value of Q0

factor for 64Zn reaction agreed well with Mughabghab (2006) but
only marginally with De Corte and Simonits (2003). For 68Zn target
the Q0 value from the present experiment does not agree with any
value from the literature, indicating that new measurements are
required to confirm the present results.

The present work applied covariance analysis for both k0 and
Q0 measurements. A rigorous treatment was used taking into
account all partial errors involved and their mutual correlations.

Acknowledgment

The authors are indebted to the National Council for Scientific
and Technological Development (CNPq), from Brazil, for partial
support of the present research work.

Appendix

See Tables A1 and A2.
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Fig. 2. Percent residues for the two fitting functions, applied to Collodion and IAEA

standards, respectively. The white marks correspond to a 3rd degree polynomial in

the log–log scale and the black marks correspond to Eq. (10). The energy intervals

were 244–1408 and 53–1408 keV, respectively.

Table 3
Results obtained for k0 and Q0.

Reaction Parameter Present Work Literature

64Zn(n,g)65Zn k0 5.63(8)�10�3 6.55(22)�10�3 a

5.72(2)�10�3 b

6.16(22)�10�3 c

6.08(16)�10�3 d

Q0 1.69(6) 1.908(94)b

1.73(9) c

68Zn(n,g)69mZn k0 4.00(6)�10�4 4.10(17)�10�4 a

3.98(2)�10�4 b,d

Q0 2.34(4) 3.19(4) b

3.3(3) c

a Firestone, 2008.
b De Corte and Simonits, 2003.
c Mughabghab, 2006.
d Firestone, 2011.

Table 4
Total uncertainties obtained for k0 and Q0 together with the corresponding

correlation matrix.

Reaction Parameter Uncertainty (%) Correlation matrix (�1000)

64Zn(n,g)65Zn k0 1.4 1000

Q0 3.3 �214 1000

68Zn(n,g)69mZn k0 1.6 558 �191 1000

Q0 1.7 �283 706 �371 1000

Table A1
Partial derivatives involved in Q0 determination.

Variable Parameter Partial derivative

a1 Fcd,c Asp,cGe,cGth,i
Q0,c�0:429

Ear
þ 0:429
ð2aþ1Þ0:55a

� �
ðAsp,cÞCd

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c

a2 Asp,c FCd,cGe,cGth,i
Q0,c�0:429

Ear
þ 0:429
ð2aþ1Þ0:55a

� �
ðAsp,cÞCd

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c
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Table A2
Derivatives involved in k0 determination.

Variable Parameter Partial derivative

a1 Asp,i
ecGth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �
Gth,i

a2 (Asp,i)Cd �
ecGth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �
FCd,iGth,i

a3 FCd,i
ðAsp,iÞCdecGth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �
ðFCd,iÞ

2Gth,i

a4 Asp,c �
ec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
Gth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �2
Gth,i

a5 (Asp,c)Cd ec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
Gth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �2
FCd,cGth,i

a6 FCd,c �
ðAsp,cÞCdec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
Gth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �2
ðFCd,cÞ

2Gth,i

Table A2 (continued )

Variable Parameter Partial derivative

a7 Gth,c ec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �
Gth,i

a8 Gth,i �
ec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
Gth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �
ðGth,iÞ

2

a9 ec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
Gth,c

ei Asp,c� ðAsp,cÞCd=FCd,c

� �� �
Gth,i

a10 ei �
ec Asp,i� ðAsp,iÞCd=FCd,i

� �� �
Gth,c

ðeiÞ
2 Asp,c� ðAsp,cÞCd=FCd,c

� �� �
Gth,i

Table A1 (continued )

Variable Parameter Partial derivative

a3 (Asp,c)Cd

�
Asp,cFCd,cGe,cGth,i

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
ðAsp,cÞ

2
Cd

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c

a4 FCd,i

�
Asp,i

Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
Ge,cGth,i

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
ðAsp,iÞCd

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c

a5 Asp,i

�

Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
FCd,iGe,cGth,i

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
ðAsp,iÞCd

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �2
Ge,iGth,c

a6 (Asp,i)Cd Asp,i
Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
FCd,iGe,cGth,i

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
ðAsp,iÞ

2
Cd

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �2
Ge,iGth,c

a7 Gth,i
Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
Ge,c

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c

a8 Ge,c
Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
Gth,i

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c

a9 Gth,c

�

Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
Ge,cGth,i

Q0,c�0:429
Ear

þ 0:429
ð2aþ1Þ0:55a

� �
Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iG

2
th,c

a10 Ge,i

�

Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
Ge,cGth,i

Q0,c�0:429
Era þ 0:429

ð2aþ1Þ0:55a

� �
Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
G2

e,iGth,c

a11 Q0,c Asp,cFCd,c=ðAsp,cÞCd

� �
�1

� �
Ge,cGth,i

Era Asp,iFCd,i=ðAsp,iÞCd

� �
�1

� �
Ge,iGth,c

a12 Er

�
aEr�ðaþ1Þ Asp,c FCd,c

ðAsp,c ÞCd
�1

� �
Ge,cGth,iðQ0,c�0:429Þ

Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c

a13 a Asp,cFCd,c

ðAsp,cÞCd
�1

� 	
Ge,cGth,i

�
�

logðEr ÞðQ0,c�0:429Þ
Era þ 0:2565

ð2aþ1Þ0:55a
� 0:858
ð2aþ1Þ2 0:55a

� �
Asp,i FCd,i

ðAsp,i ÞCd
�1

� �
Ge,iGth,c
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