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1. INTRODUCTION

ANISN 45 a code oxriginafy develfoped by Oak Ridge Com-
puting Technofogy Center and Oak Ridge National Laboratony
/1/, %o so0lve Zhe cne-dimensdonal Linean panticle transport
equation, also known as Linean Bofzzmann transpori equation,
in plane, sphenical, or cyfindrical geomelnry. The sofution
technique 4is an advanced discrete ordinates method, which
is a genenalization of the method used early 4in nradiative
transfen, by Wick /2/ and Chandrasekhar /3/, and by
Cantfson [4/ in neutnon transport fheony.

Since the Linean BofLtzmann Transport equation 48 Zzhe
basic physical model to describe the transport of uncharged
panticles such as neutnons and photens [y rays, fight ete),
it is possible Zo use the ANISN code %o so0kve shielding
problems, incfuding deep penetration and neutron-gamma cou
pled problems, as well as multiplying media problems in
neactor theony, Like cefl cafculation problems, oniticality
seanch and othens. :

ALthough there ane severalf text books describing zthe
transpont theony and discnete ondinates method, such as
Dudenstadt £ Mantim /5/; Bellf £ GRasstone /[6/; witlians/7/
and B. Davidson /8/, as well as several neview papers, as
those published by Stevens /9/; Sanches £ McConmick /10/ ,
and scientific neponts, as fhose of Lee /11/; Lathnrop/12/;
hene we wish to neview briefly the transport equation and
its solution methods, with an emphasis Zo the discrete
ondinates method, in ornden to make the code monre unden-
standable, and not onfy used as a "bLack-box".
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2. TRANSPORT EQUATION AND 1TS SOLUTION METHOD

Trandpont Theory is the branch 0§ phusics devoted zo
s2udy the evoluiion 0f the particle distribution functicn
4in the phase-space (space 2; direction 2; enengy E), and
At was §inst introduced in the kinetic theony, by
BoLtzmann (1572). The Boltzmann equations in thein genenat
form are a set 0§ non-finean integro-differnential eqwdionm
but assumptions such as: ) neglecting collisions between
identical parnticles; ii) one type 0§ panticle being trans-
ported in a host medium; L44) classical panticles;
density of transponted particles ondenrs 04 magnitude
smallen than the density 0f the host medium, etfe, make it
possible 2o reduce zhese equations to one single Linean,
integro-differential equation descnibing zhe Zransponted
particle distribution function. The assumptions used Zo

iv)

Linearize the BofZzmann equation are adequate to describe
the transpont 0§ uncharged particles, such as neutrons and
photons, and the motion of molecules in a rarefied medium.
Thus, zhe Linearnized Boltzmann equation i& the

basic
equation 4in neutnon {nansport theony 4in multiplying media,
with application in the design of nuclear neactons and

criticality analysis;in the theony of nadiative Lransfen,
with application in nadiative heat Lransfen and calewlations
0f stellfan and planezanry atmosphenes; and in
shiefding.

radiation

Afthough zhe f£inean Boltzmann equation can be derived
grom finst principles 0f physics, Lt 48 mone 205 Ly
obtained by a simple balancing 04 the various mechanisms
by which panticles can be gained on Los fnom an . element
in a phase-space, (n,Q,E), 4.e;
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change due change due

time rate 04

particle density = physical + fo.
change Leakages collisions
(1) (11)
+ sounces ,
(111)
and this bafance condition can be expressed mathematically
as
1 3 g(x,0,E;¢)= -2.V0(x,Q,E;2) + S(x,E,9,2)
v 3% == = N

(1) (111)

i

T, (x,E,2)0(n,0E;:8) + /dE:[ dQ'L(a; E'~E;Q.0;2)0(n,0,E", 1),
b e ] b B B -

] Ly.3

(1) (n

where ¢{n,Q,E,t) 4i& the angular {Lux, ox anguZ?n parnticle
track Length; ZI(Q,E,t) is the total macﬁobcop&c | crhoss
secticr; Lin,E'» E,Q.0';%) {8 the differential t&aéégen ck?éb
secticrn, descrnibing the probabifity that a particle .wfth
an iritial enengy E' and direction Q' undeng?eb a’co££§540n
at ~ 4ir a time t, nesulting in a change o§ direction and

enerav; and S{x,0,E,t) is the sounce-Leam.

Eouation (1) can be appfied fon neutnons on  photons,
depcr’ing on the cornect physical intenpretation of the
intercction between the panticlfe and the host medium (cross

- secticr). |

Fon neutrons, besides a scattening neaction, a collision

04 rcuznons with a host medium can genernate othen neutnons
- -
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b . . . . v .
y 64-664.0n (mulztiplying medium) and so0 the ftra
may 4nclfude a fterm fLike. el

kexrnef

X}El .}f“&E:/r do'v(E’
T A . SI10RY )Xﬂfﬁ.E ,I)Q’(i'gr'gv"t)’ (2)

whene x(E) 48 the enengy distribution of {issioc

(Apecf&um); V[E') 48 the average number 0§ n ;” e
pen §ission and T, (n,E';2) 48 the machosco %“ e
cnoss section, assumed to be {sotropic. e

§is84ion

Usua :
0 éteadyffz;tionAinactfcaz applications, eq. (1) is solved
Pl oy ;h téo, in case of multiplying media, it 4is
be negarded as b ) égftQMA containing f{issile nuclides can
el T ?479 efthen subcnditical, critical, on supen
ot & LntAOdzkfthaKLIy probfem can often be best appnoat
o balaQLng the %66%ctive multiplication faeton
thzﬁgﬂ;népont e:iztfge 6f55&0n sounce with others teams 4in
n
system is cnitical (ti;efznzezz:zz:tjﬁChitzat the nesulting

Q.V¢ + Lo = i
2 f/zb (2,2'+Q;E'~E) ¢(r,0',E')dQ"dE’
0 LYy ;-

] f]”m
! Pl vz e e e 0t a0 e, 3)

Kegs ™o

Th {
o ezzcattenLng kennel depends on the physical interactio
usually, the angulan de { "
g pendence is expanded <
: in L
polynomials of the scattening angle [Q.9'=y, ); i.e, R
2.92'=u,l; 4.e,

Physu:a y i
» Y
11 this can be understood from the fact t at an system
contain Yy arying
ing fissile material could be made critical by v 1 the
u r of neutrons emitted per fission f the orlglnal 1
numbe f T o TOm vaiue

V) to (v/k).

5, (n,EE,ug)” [L\—_: 22041 2i“ (n,E'~E)P,lu,) - (4)
L= 0
The energy dependence is tneated by a multigroup model,
in which the enengy range is divided into a finite numben, G,
of intervals sepaned by the energiesd Eg,g=1,2,3,...,G. Thus,
the muftigroup transport equation with anisotropic scattending,

is waitten ad:

M G :
. ges1), 1) .
878, (1,8)* Togt(n,0) ;E; fh a1 ) Pylig)o, (20"

+ Ke“ 2;, (—z‘ﬂ—“ g ¢gv(§_) # Sius (n); g*1,2,: ux3G;s (5)
‘ -

whenre, @g(i,g) is the group angufar §Lux,

: E
o (n,9)= fg*’ o(n,E,0)dE; (6)

™

and ¢g= _/.din is the total flux. The group chrodd sections,
Q

on group constants, (zig; Xéélg 5 xg; (vzé)g)anegﬂuxumiywed

; ; % 3
cness sectaond avenaged oven the group energy intenval ,4.e.

; fZ(IL,EM(n,E)dE
zg(z = ¢g % ; (7)

-
% 1t is important to observe that the knowledge of the group constants
nds on the knowledge of the group

that appear in these equations depe

fluxes whichare not know before solving the transport equation for
the problem. To overcomé this difficulty, it is used as weighting
function ®(r,E) in equation(7), the approximate solution provided by
the slo\:ing——dovm or thermalization theory(in case of neutrons) or
assume a flat flux(in case of gammas).The pointwise cross sections ,
peeded to evaluate the grouvp cross section, is given from Nuclear
data libraries, such as “gvaluated Nuclear Data File"(ENDF).
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and

(£)
dE ) (n, E'+E) ®(n,E',0") Py )dE'dQ!
.é '/;l - ,é; = = £ "o
¢{n,E',Q') P, [y 1d0' dE
_/;n '/4." = == £ (4]

The determination of zthe group constant anotvea_ two
42ages, Finst, the cross section variation with energy must
be avaifable, and second an approximation fonr the §Lux must
be made [enerngy spectrum). This is accomplished
performing a set of auxiliary calculations, in

g0 (n) -
g'+g

5 (8)

by
a very
specific 4ield, whose details are beyond zhe scope 0§ this

Lext. Thene axre sevenal code systems which can be used %o
generate the group constants, from well Enown data
Libranries (ENDF, ENDL, VITAMIN C etc). An example of  such
syslem L8 AMPX /13/, which generates neutron, gamma on
coupled neutron-gamma mulzigroup choss dections from basic
data of ENDF/B (Evafuated Nuclear Data Fife).

An ouzline of the neutnon multigrnoup

calculation
usually carried out by most 04§ zhe nuclean codes L8
{fLustnated by zhe block diagnam in figure 1. Fon gamma,

or neufnon-gamma coupled systems (shietding problems),there
48 nothing Like ciiticakity seanch, and thene is
dewnscattening (§ixed sousnce problem). To couple
and gammas, the equations (5) are divided into two

only
neutnron

sezs,
ar upper sel consisting of N-groups of neutrons (g=1,17,.

N}, and a Lowen set consisting of G-groups 0§ gammas

lg -
N+1, N+2Z,...,N+G),

and these two sets coupled by a Zhans fen
crecss section (En+g) due to nuclear neactions with neuthons

preducing gammas, such as captunre, on inefastic scaftening
neactions.

The steady-state fLinean thansport equation applied to
phusical problems is a typical boundary value problem, and
fe obtain a unique (and positive) sofution <t L8 necessanry

tc have the boundany condizions welf defined, which
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establish the phusical conditions 0f the problem

being

solved. The most commonly used boundary conditions ane

<)

£4)

L44)

Lv)

Vacuam oxr Free Sunface: 1§ no parnticles enten
the medium, and {§ a parnticle once it Leaves the
the medium sunface cannot return, then zhe sunfa
ce 45 cafled a frnee sunface, and the boundanry

condition 4& vacuum Zype. Mathematicaflly, this
condition 48 expressed as

@(ﬁb,g, E) = 0; Q.n <0, {9)

whene n 448 a unit vecton in the dinection of the
outward noimal az a position x, in Zhe medium
sunface.

Reflection: This boundary condition assumes that
particles are reflected at the sunface boundany
with equal angles of incidence and neflection.
Mathematically, this condition is expressed as;

* *
®(r,,2,E) = ¢(n,,2,E); 2°.n < 0 (10)
* *
whene 2 .n = -Q.n; @ x Q .n = 0. This condition
48 used to express a symmetnry propenty of Zhe

s0fution, and {8 the one usually adopted at the
outerboundary of unit cell cafculation.

Periodic: This boundary conditions assumes that
the angufan $Lux Leaving centain boundary L4
equated with the ne-enten in other boundany [ in
ANISN, angulan {fux Leaving Left-boundary ne-
entens 4in the night boundary).

white: The angufar §fux Leaving the dpecdified
boundary is integrated ovear zhe angulan variable,
and zhis total {Lux 4is then returned Lsotropleally

at the same boundary as function of erergy and
angfes.
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v) Afbedo: 4n ANISN, this conditicn 4is 4intenpreted
as a genenalization of the white boundary condi
tion, and 4is obtained assuming that the {is0tho-
pically netunned angulan flux 4& muliiplied by
the AlLbedo, 4.e.,

Q t L
®(2, 2 E) ¢ g [eln,, 00 Bl R <0, U1
2n(2'vn > 0)

whene a 4is the Atbedo (0 < a < 1)

Specified Incoming Angufar Flux : Zhis boundany
condition specifies the Aincoming angulan §Lux
at the boundary (inhomogeneous boundarny condi -

—

vi

tion), 4.ei;

q,(ib'g’g) & Qin(g’f); g,£.< 0, (12)

where ¢ {4 a know function of enengy and angle.
In ANISN this boundary condition L& not available
explicizly but it can be simulated using the
option of sheff sounce (orn sunface source), 4L.e,
an incident §Lux may be neplaced by an equivalent
sunface sounce,

S(iéygyf) = -ﬂ'g ¢,

in |E). (13

The solution of the transpont equation under the boundary
conditions is not an easy fask, and deterministic methods
can so0lve it only 4in negulan geometries (the Monte-Canlo He
thod which is a stochastic way to sofve the integral Zrans-
boni equation can be used in non-nregufan geometndies).

The transpont code ANISN sofves the multigroup Zrans -
pont equation with anisotropic scatiening in one- dimensionak
geometnies (slab; cylindrical, on sphenical), and in this
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case Lthe transtport equation is neduced 2o the forms iflustrnted Table 1: The form of Linean Transport Equation in one dimensional
in %abfe 1 (one-group). . geometries lone group model)

Exact Ao&[tiom 0§ the Zranspont e uation closed . Q

: : § & P , ¢ ; ! . Sfab Geometry: (x.yu) -
goam) can be obtained only for veny idealized physical
modefs, by the singulan eigen function expansion method ; u% wix,u) + Zix) vix,ul =
lon Case's Method), and the Fourien trnans form method. o . 0 \ e=coa"u X
Excelflent Aew_ewa‘og analytical solution of the Lranspont . Z 28+1 (x) Pl(u) 'MX . ”, (' ldu'+ IS(x,u)
equation are provided by the classical book of Case
¢ weidel /14/, and by Me Conmick £ Kuscen /15, bk :

For practical problems, the sofution 0f Zhe transpont
equation 48 accomplished by numerical means. A Lange
variety of numenrical methods have been devefoped, which at

bs: Six,ul= external {ixed sounce+§ission
L = scattering ondern

Cybindnical Geame/my: %) z
irnst glance, appeans gquite di erent, however all  these -p? . 3
¢ g PP q §4 e cosx 2 w_ v‘1u Aw_q,,w,
methods are based on a few approximation techniques, such X
as finite differences fon diffenential operatons; quadratune L
2£+7 (l)( P, () d dx‘p(n uLx' 1P, ')
formulas fon integral operatons; on expansion methods . 2Py ) H sk £
Among several methods the most used ane : spherical harmonics L= 0
expandion method (on Pys on DPy method); discrete ondinates
{on Sy method); Finite Efements method; Charactenistic's Sin,u,x)
method; Integrafl transdport methods (collision prebabitity; /
integral Ztransfonm); intenface on sunface integnal methods
— (CN, N methods; invariant Ambedding); and nodal on coarse ; X
mesh methods. A neview of these mgthodd 45 provide by Sphesical Geometry: (n,u)
Sanches & Mc Coamick /10). Hene, the discrete ordinates
methed s neviewed, since this is the method used by zhe v %[,sz(,l,v)], _%_ —g—ﬁ[(T-uzl\b(".“’]+ Bps :
ANISN code. s
L L
22+] {2) ' ' 1 ( )
T ()P, ()] ¢la,u' )P, (u" ) du'+S{n,u
3. DISCRETE ORDINATES, OR S‘N METHOD (Z 2 4 £ [ L
:o _1
The oniginal method of discrete ondinates  is

atiributed o Wick /2/and Chandrasekharn /3] which applied
this method to solve plane geometry problems in Radiative
Transfen. A genenalization to sphernical and cylindnical
geometnies was introduced by Canfason /4/, who introduced
the name by which the method is know, Sy method”, Since
Zhen, this technique has been used by Aevenat codes in
diffenent vensions, such as DTF; ANISN; DOT; XSDRN;  TWOTRAN

0bs: Conservative foum 0§ transp. egq.
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efc. Several of these codes anre available grom Radiaticn Table 2 - Discrete Ordinates, Syr Coddes
Shiclding ITnfonmation Centen (RSIC), 4in USA, and in N.E.A
Data Bank, 4in Eurcpa /16/. Table ? Aillustnates a shont o - Geometnry Comments
List of Zhe most populan codes using Discrete Ondinates 0 7
mezthod. OTF One dimensional é{nw Amﬁﬁg?tc

In the discrete ondinates method, the angular  variable S (5.3.%@,) %%&iﬁ?cu' Uwz;?nz?gvﬂ-n;
A8 discrezized into a numben 0f discrete dinections ( angulan = o g . DTF-1V; DTF-69
quadratunres, with associated weights, o approximate integnals); i (LAS:). thopi
; . : 5 . One dimensional General Anisotropic
Zhe spatial variable is theated by a ginite diffenence scheme, A(inNEng&) (ptane; spherical, Scattening
and the energy vaniable, by myltigroup method, i.e, i cylindrnicak) Versions: ANISN-ORNL;
' ANISN-W; ANISN-E;
Discrete ANISN-JR; ANISN-PC;
.o . ANISN-A  [ORNL
XSDRN One dimensional Performs group cross
, The transpont equation 48 discrnetized into a discrete é”&,”gzsz:%& ) (zﬁa&ﬁ&&wcd' ii%o&;vwla/gucﬁ)
phase-space celf, nesulting in a system 04 algebraic o ' ' Umionﬁ&wﬁm
equations at the discrete mesh points n., ; Q@ gon each (An('é {
enengy grou i.e = . 0T Two dimensional Genvuzl' othopice
2 N (F.R.Mynatt) (X-¥; R-2; R-6) Scattering
< Versions: DOT 11;
- DOT 111; DOT 3.5;
42-B3+3, (14) 0T-20B; DOT 11-i;
s DOT-4.2; DORT
whene é 48 a matnix nepresenting zhe dtneaming-collision (ORNL)
operazon (Q.V + 1); B is a matrnix nepresenting zhe group TWOTRAN Two dimensional gMM‘AWODwPL'C
; ] = . . A -Y; R-1; R- cattenin
in-scatiening team; § 45 a mafnix nepresenting the dounce- . (Latizop) o Kz el VWLOM:QTWOTRAN—GG-FC;
Lerm (exfennal, plus group-Lo-group scattering sounces, . TWOTRAN-GG- Viv;

] ) . g . TWOTRAN-PNVI; TWOTRAN-V;
<ncluding {ission), and ® <8 the angular §Lux vector at , TWOTRAN-SPHERE ’
Zhe discrete group mesh poinits. The numerical dolution 04 - (L5

the algebraic equations can be obtained by an

interactive TRIDENT Two dimensional General Anisotropic
. ; . ba), o=Toedn-2%, -1 . Miller; (X-¥; R-2). e ol
s4cheme, innex lttenatwn, ("7 '= A Be + A S), using (éﬁﬁfdau) == Regulan triangulan Element
some acceferation method (coarse mesh nebalancing; Linean = : mesh ) VW“ZHL‘:\S:L-‘)—RZDENT-CTR
digdusion synthetic etc). L
_ s TORT Three dimensional {ORNL)
The selection of the discrete orndinates quadratunre S {w.A.Rhoads (x-y-7)
sed; Q. dinections, and w, wedlghts to discretize the - LR) Lhidds) nal [LASL)
; ; . 5 ! Three dimensio
Irhanspont equation, by approxamating integral angulan Zenms; i ?é?gfimmp) (X-y-2)
/Mn,ﬂ)dﬂ :DM,Q ) w_ o,
g o — —"—m m
Q m=1
X In ?he original version it was assumed that the angular fluxes
varies with angle as if they were connected by Straight lines. rr ENERGIA NUCLEAR/SP - IPER
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4is basic %o obtadn an accurate numenical solution, and has
been guided by two main principles: L) physical symmetry;
and 44{) the arnangement of discrete directions on Latitudes
on the undit Aﬁheae. A complete discussion on discnrete
ondinates angular quadratures 4is provided by Lathnrop 4

Canlason [/17/.

For one dimensional geometries, the {oflowing criteria
must be satisfied by the quadratune set; yu '

powy
L) 4invaniance projecition, 4i.e u, dymmetric  about
u=0, oxn : Ma™ “Mpaf-is Vg Wi {symmetric uppon

nedlection).

For centain shielding caleulations, the solution
is gorwand peaked [concentrated nean u=1), and
40 using a symmeiric quadraturne wiff not provide

N accurate so0lutions. In this case, a biaside

quadratune set must be used

M
L4) positivity of the solution, i.e; w >0, £Z;WM="

From J{), and (4{4), the condition to be sastified
48 Zumwm=0.
: m=1

£L44) Accunate evaluation 0§ integrals. Gaussian

juadrature se integrates exacily a polynomial of
degnee 2N-71, 4£.e,

Zu‘.u~= ——R—z-—,— ; N even
474 +

m=1 (16)

= 0 ; N odd,

and 80, would be a good scheme to choose.” Howeven,
ANISN code does not use Gaussian quadrature sheme,
it nathen uses a quadrafure scheme which satisfies
condition (L), and ({4}, and in addition satisfies
Zhe "diffusion theory" condition /17/,

457

M

2 1
EE:“mUm e ol (17)

m=]

In the manual /1/, a symmetric quadrature suggested 2o
20 be used in ANISN code {4 presented. From this set, we
note that for plane oxr spherical geometries, SN discrete
quadrature nequines [N+1) dinections, and fon  cylindaical
geometny l(curved) &t 4is nequined (N+4)N/4 dinections. The
code DOQDP-ADOQ (Discrete Ordinates Quadratunres Generatonr),
distributed by RSIC, on NEA-DB (PSR-0110) /18/, genenate
symmetric, on asymmetric discrete ondinates quadrature
{direction cosines and weights) 2o be used by Sy codes (ANISN,
DOT, and othens).

Due to the angufan discretization scheme, an undesirable
effect oecuns, the AB called "nay effect, in which the
§inite numben of nays used in a discrete orndinate
nepresentation miss Localized sounces, on absorber, producing
defetetious numenical effects in the solution 04" the
transport equation. Forn a discussion on the "ray effect”, it
is necommended the papers of Lathrnop /19,20/.

To ifPusinate the main features of Zhe Discrete Ondinate
metkod, consider the one-group Zransport equation for 4fab

geometry, with isotropic scatterning (L=0), as given in
tabfe 1, and a dischetization of the phase-space as shown
in 4igune 2 [discrete spatial meshes X0 Xgpeee X5 and
angular quadratunes, Wy,ug,...,u ), with associated weights
w,,wz,...,wm). Thus, wnitting the transpornt equatdion §on

each discrete dinection, us using a second orden central
diféenence discretization fon the spatiaf variable; and
approximating the scattening integral ferm by a quadratuxre
fonwula, Zhe discrnetized transpori equations become,

Pmyivn/2 " Pmiion/e + ZL - Y
P A‘i L myi

5 TP 51 O . (18)
A
m=1,2,...,M,
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M
RERTE>
Qm,i Y Zn el “m ¢m,i ! Sm,i. (19)

Due 2o the itenaiive method of sofution, it is assumed
that & & 48 known, and this quantity 4is updated, at each
new 4itenaion (innen iteration). The boundary conditions,

2 M, s
discussed bedone, assume that ¢m"/2; z= 7,2,...,—74p04btum

dircctions, p>0); and ¢m,1+1/z poms .M (negqtive
directions, u<0) are specdfdied.

Finst, it 48 noted that there are IxM equations §on
[2T1+1)xM unknowns (om,i+1/z; ¢m,£-1/2; °m,i)' and even

using the M equations given by B.C., 4% is 82ilL not possible
to sofve equations (18). Therefore, 4Lt 4i& necesdsary o
obtairn TxM mone equafionb 20 30Lve the problem. These
equations axre obtained by nefating the {Luxes ¢m,i to the

hatg§-node §Luxes, QM,itx/z' by :
@ cs1y2 PO -,
2’ . = m,Li+1/ m,{-1/2 s &= 1,7, 1 5
m; 4 2 (20)
m= 1,2

Equations (20) anre the cone-dimensional vension of zthe
general scheme calfed "diamond differnence™. Therefone,
substuting Eqs. (20) into Eqs (18), we obtain

B I-Et,i AX /Ty, ® . Qm,i 5 0
- ‘_ ’EY‘ . ’
m,&+1/2 1+, . AX./2qu W, 412 Hm 4fELL/2 LA
1,4 £ m

(z1)

C ! (S ¥ :



and

o . ) 1'Z£,iin/2um e _2!.1_____————— p <0 {22)

m,L-x/z 141 .AX-/f}J m”"'&l/2 - /AX +L /2 & )
L4744 T m Pm 1,4

Equations (21}, and (22) give a strategy to solve the
iransport equation, L.e, stanting at the boundany 1+1/2,
whexe the angufar {Lux L 1+1/2 48 specified fon b, <0 .
the sofution advances 50& all values of v, < OLMLRQ equation
(22}. Fox u > 0, the boundary conditions Apec45y zthe
angulan 6£ux at Xl )’ and the solution advances foxr ate
values of u,> 0 using equation (21). °

The strategy used fo construct the solution may  gdive
origen o numenical unstability, on negative {Luxes. Te

see, how 4% may occun, we note that 4§ equation (21) L83

used the solution is stable, since the ennon wi{lf  advance

with [1-% AX/Zn 1/ 1+ AX/Zu ), and s4ince u,> 0 the ennon

will be dumped as the Aotut&an advance. Haweven using
equation (22), the ennon may be amplified as the so0lution
advances. To avoid unstability 0f the solution, care must
be zaken in the choice 0§ the mesh Length. In ANISN code
there ane some empirical prescadiptions to avodid such
unétabititg, as 5on example: The nadial mesh shoufd be,
AR<(14Z /E }/42 and the axial mesh AZ<2/Z;, whene Z;

i3 Zhe £angeaz ¢ota£ group cross section, and I , A8 Zhe
within group scatiening cross section for the selected
ghcup. Besides, this crnitenia should be applied nean

boundary negion, on whene Large §Lux gradients may  occun. .

Alse, a mesh size should not vary mone than a facton 0§
twe between adjacent mesh negions.

To guanrartee the positivity of the s0lution, discrete
ondinate codes, such as ANISN, have some "§ixup” routines
These noutines involve Local modification o4 the dif{ference
scheme whenever a negative {fux occuns, being one of Zhe
most used of such routines being "step scheme”. 1In this
sckeme, the equations [20) axe mod<i{ied to,
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= . ; >0, {23)

¢m i € a¢m.i*1/2 & u;®M,*'1/2 Y
¢m,£ = a®m,i-,/2 + (J'G)om,£+,/z ; um<0, {24)
whexe for a=,/2, Eqs (23), (24) are neduced 2o the
"diamond scheme", whife choosing a=1 (step modefl) the

positivity of the sofution wilf be guaranted, atthougﬁ wizth
some Lost o4 accuracy. : :

The denivation used in the plane geometry discrete
ondinates case is not used in cunved geomeiries {sphenical,
on cylbindnical}. In this case, a conservative foam of  Zhe
trnanspont equation 48 integrated in a discrete ondinate
celi lsece figure 2) to obtain a general discrete ondinates
equation in one-dimensional geomeinry;

)

um(A£+l/2 Q’M,I.’)/z - Ai—;/zq}m,i—“l/Z

. - a -] ,
* (aM+1/z ¢m+,/2,¢7 m-1/2 m-1/2,4 m

(25)

where area (A) and volume (V) efements for sfab, sphernicaf
and cylindrical geomeitrnies are given 4n table 3, and the
curvatune coefficient, a, can be obtained by the necurnnrence

nelation,

/ = - A. -A.) {26)
Ymerts am°x/z umwm( i+ T4
1 = = ocunse, for plane geometry (A=1 ;
MY of Ces (zgx neduces to eqs. (18)
G208 = egs. . .
Vi: Axi' am*x/z am'x/z : BY
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Table 3 - Area and Volfume Elements gor one-dimensionat

geometndies.
Plane Sphenicat Cytindricat
2
Ait;/z 1 4nn £yl znnifl/z
5 ;
Vi Axi 4nn iAni ZwaiAni

In sobving equations (25}, §4inst we note that thexre ane
(3IM+1+M) unkrowns for IM equations. Therefore, it is again
necessary to nelate the centered §Luxes with the edges
§fuxes (see 4igurne 2), i.e.,

Q’m’i_ = ad + (1-a)®

m,i+y/2 m,i-1/2 "’ (27)

® . = agd

w, i = o ity s, 0 + (i—a)@m =1,2,...,1 {25)

-1/2,4°

la=1/2 ; diamond £ a=1; sdlep scheme).

Equations (27) and (28) add 21IM equations to the IM
equatdions (25), and even using th_E boundany conditicgz,{t
48 81ilL missing 1 equations Zo so0lve the problem. These
additional equaxignb are obtained by using the faci Zhat
fon u=—7(u’/2), a . =a-1/2 =0, and therefore equation(25),
fon This particufan direction, is the same as in
geoweiny, and the angulan f{Luxes °1/z,i+x/z
by the same scheme discussed befone. Then, ¢

= plane
can be computed

’/z"" y 47 1/2,
3/2 ,...,1+1/2 are known. Now, using equations (27), the
fLuxes at all mesh points at m=,/, can be caleculated.
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To go forward for alf othen mesh podints foxr w, <0,
equations (25), (27) and (2§) ane combined %o yield,
1) {2) (3)
o.=x‘ o + K0 K 0. = . (29)

m, 4 m, L m,L+1/2 m,4 m')/z,i m,4i “m,4

whene K(il are expressed in teams of ao; a; A, and Blknown).
m,4&

' Then, stanting with ¢,,I+,/z known from the boundary
condition, and with Q!/z,i known from the previous step,

we progress to the Left as

(1) {2) (3)
&,,1 = Ky,T &,,T+1/, + Ky,18:/2,1 # Ky, T Qu, 1,

known known known
H]
and the edges §Luxes &,,I1-1/, and ¢3/2,I can be computed

using equation (27) and (28) as,

- - s i I
Q1,7'1/2 2¢1,1 ¢1.T*z/z lasy/2

2% - la=1/2).

= o
¢3/2.1 1,1 1/2,1
This scheme is nepeated fon &y,4; 4=1-1, 1-7,... until
X=0 ({i=,/2) is neached, and then start for the next m,
u <0, (m=2,...,M/2).
m

Once all g w, <0 have been found, the values of the

m, L’ L
angular {Luxes for u >0 can be found by a simifan strategy.
In this case egqs. (25); (27) and (28) are combined, to
yiekld,

(4) (5) (6) -

= ; + K .% + K. : {30)
¢m,i Km,i ¢m,4—1/2 m A ma /2 4 m,LQm,L ’

3 ( ditions oxn
and, stanting with ¢M+l/%l/5nown the boundary condiztd

el E = O
o - cNERGIA NUCLEAR/SP - IFED
COMISSAD NACICN/L CE ENERGIA NUC
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reflective conditions, we progress to zthe night,

Figure 3
{lfustrates this stnrategy.

The {teration descnibed above ("inner iteraticn)gives
the angufan fLuxes at all mesh points 4in the phase-

space
gon a given sounce (Q). There are several accelenation
schemes 2o inchease the convergence, such as "coarse mesh

rebalance”; "Chebyshe §4"; "synthetic method”, but Zhe

discussdon of such schemes is beyond the dcope of this text.

The code ANISN uses the "space point nenoamalization

scalling™ /21/. Fon corvergence chifenia, there anre

two
opticns: %
4) 4integral convergence test,
{n) (n-1)
_L/E-;L dv < e, (31)
v pln)
{4} podint wise §lux convenrgence critendia,
(n) (n-1)
max . Skl < e . (32)
pln
Once the innen itenation convergence L& obtained in

the 4inst group (g=1), cafeulation proceeds untif converged
inne~ sofutions anre obtained in each othenx a=2,3,...1GM.

The downscatiening portion of the source to each ducceeding
group L& recomputed as soon as §Lux information

L4
avaifable. 1§ §ission or apscattening L8 present, Zhe
<fe=ation must be continued because these sources depend

uper. the §Lux being calculated. This cycle 4is called
"ouen itenation”. (see f4gurne 1). To accelerate convergence
4in Zhe outer iternation (mainfy when upscatiening

44
present), discrnete ondinates codes such as ANISN,

use an

* ~ ANISN-PC (CCC-0514/02) used during the workshep, uses for inner-
iteration stabilized variable-mesh rebalancing scheme, or linear
diffusion synthetic scheme.

Figure 3 - Discnrete Ordinates Strategy Solution
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uppex scalen factor, which improves edigenvalue convergence
and && used to adjust the Level of atf §Lluxes before anothen
cufexditernation "is performed.

A{tm an oufer {lenation 4is penformed, the multiplication
natio,

(n) (n-1)
2 ext
A= IV (F, + 8% y/zv. (F. +.5s2Xty (33)
RS g 8,4 it 4 g ’
is computed, with $¢*% nepresenting the exteanal  sounce
2
and F. the §ission sounce (£v25£g¢i 9). Fon the next
iteration, a renormalization 0f the §ission sounce L8

perfeoamed by multiplying the initial §488ion spectrum by
1/X, 80 that X tends to unity as iteration proceeds, and

convergence is achieved when /1-x/< €. The effective
muftiplication facton, Kegﬂ’ 48 obzained as the natio o
the initial f{ission spectrum sum to the curnent §4is84ion

dpectrum sum. 1% Lis also the muliiplication of sucessive
muliiplication ratios, on,

initial curnent ‘
K = X # ZX ) (34)
g ? g 3
Finally it is interesting 2o mention some sdpecial

featunes of the discrete ondinate transport codes (such as
ANISN) that allows these codes to be applied fon s08ving
preblems in multipfying media; shielding; celkl caleulation
as well as £to be used as auxifiany caleculation §on othen
metkcds, such as Monte Canfo: -
4) The outen iteration aflows the sofution 04 fixed
sounce, on multiplying med{a, on combination 04
these two. This allows several Lypes of applications:

K - calculation; a - caleculation (time absonpticn

cafculation); concentration search calculation

44)
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(mixtune, on efement in mixture); zone thickness
seanch cafculation and outer radius dimension Zo
achieve a desined multiplication Level. In

chiticality search, the desdired parameten 4s altered
to make X appoach unity.

Besides the solution of forward transport equation,
ANISN can pernform Adjoint calculation. The adjoint
flux, ¢*(£,g,f) 48 4interprneted as the “impontance"”
0f a panticle in coniributing to detector iresponse
at a centain point in phase-space, and it is the
so0lution of the Adjoint transport equation:

-0.v8" + 2¢*=jﬁ(1.2,5*ﬁ’.6')é*(ﬁpﬂ'.f')dﬁ'df' +
o : |
RD, (35)

where RD 4s the detector neaponse function. The
adjoint calculation allows Zhe discrete onrndinates
codes fo be used in sevenal applications such as 4in
Monte Canfo codes, such as MORSE, to be used as
importance funciion Ln vardiance reduction Zechniques;
in pentunbation theony, fo calculate reactivity
changes on wonth due Zo material pentunbations  in

regions (ex: controf nods), 4L.e.,

+
AK ¢ (n,9,E) 8I¢(n,Q,E)dQdEdV
%I

and also in the calculfation of kinetics parameiens,
such as Baéﬂideﬁaged neutron fraction) on L% (prompt

neuthon £ife ztime).
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