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better flux for cell homogenization and condensation
(normally 25 — 6 groups) than the traditionally used
asymptotic flux obtained by assuming that each pin-cell
type has zero net in-current. At the same time, the
present method reproduces this asymptotic flux in the
limit of an infinite uniform lattice. Moreover, the net
currents it yields are utilized in determining auxiliary
sources for improving cell homogenization.®
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4. On Multiregion Problems in Plane Geometry,
Yuji Ishiguro (IEA-Brazil)

A general systematic method to reduce multiregion
problems in plane geometry to regular integral equations
for the coefficients of singular-eigenfunction expansions
is proposed. The method requires only half-range or-
thogonality relations and is applicable in two-group as
well as one-group theory.

Since the publication of Case’s fundamental paper, the
transport equation for plane geometry has been studied
extensively in various models. General solutions have
been obtained and their full-range and half-range com-
pleteness properties have been proved in several models.
However, though various orthogonality relations of the
eigenfunctions have been obtained to solve ensuing equa-
tions for the expansion coefficients, types of solvable
problems have been quite limited due to difficulties in
removing the singularities.

Our purpose here is to propose a general method to
derive a set of regular integral equations for the co-
efficients from the set of singular integral equations that
results from boundary and interface conditions. Since we
demonstrate the method in the accompanying paper' in a
specific problem, here we summarize in a general way
the steps involved:

1. At an interface, separate the continuity condition
into two equations, one for pe(0,1), the other for ue(-1,0).

2. (a) To the ue(0,1) equation apply half—fange or-
thogonality relations for the right-side medium.

(b) In the pe(-1,0) equation change p to -p and then
apply half-range orthogonality relations for the left-side
medium. \

3. (a) If any singularity remains in step 2(a), consider
the interface (or boundary) condition for u > 0 at the
left-side boundary of the left-side medium and generate
the same singularity, subtract the result from the equa-
tion in step 2(a) and remove the singularity.

(b) For step 2(b) consider the right-side interface
of the right-side medium (consider u < 0).

4. If singularities remain in step 3, repeat the pro-
cess, generating the same singularities at different
interfaces.

We have applied the method to several problems in
both the one-group and two-group models of neutron
transport theory for isotropic scattering. All singular-
ities can be removed in the form
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exp(a/v) - exp(a/p) .
V- U 4

thus, iterative solutions of the expansion coefficients can
be obtained by the standard method.

One disadvantage of the method is that it does nd
solve two-half-space problems analytically in one-group
theory, as can be done by the use of two-media orthog
onality relations. One may find another in that someof
the regularized equations become quite long, involving al
unknown coefficients, as the number of regions increases,
However, in the few problems for which numerical works
have been completed, including a three-region problemi
one-group theory, we have not encountered any difficulty
convergence is smooth and a high degree of accuracy can
be achieved.

As we show in the accompanying paper,' the method
can be used in two-group theory and we believe other
two-group problems involving dissimilar media; e.g., the
critical problem for reflected slab reactors and the
transmission of neutrons through two slabs can now he
solved. However, there is one model problem that we
have not been able to regularize—the cell problem. This
is due to the facts that the cell problem is geometrically
an infinite array and that the processes of regularization
terminate at an outermost boundary or interface, though
in one-group theory they can be terminated at a boundary
of symmetry. '

Though the method proposed here has a few limitations
and disadvantages, we believe it can be used to soly
various problems that have long remained unsolvable.
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5. Two-Media Milne Problem in Two-Group
Neutron Transport Theory, Yuji Ishiguro (IE4:
Brazil)

The Milne problem for a half-space bounded by a slal
of dissimilar medium is solved numerically for the first
time in the two-group isotropic scattering model.

In spite of the well-known merits of the two-groy
model in problems involving dissimilar media and exten-
sive investigations in recent years, two-media problems
have remained unsolved in exact transport theory. The
difficulty was that no method was known to remove all
singularities in the integral equations for the expansio
coefficients. Recently, Ishiguro and Maiorino' circum-
vented this difficulty by combining the Case method
with the principle of invariance and reported severil
numerical results. However, their technique has been
successful only for the case of two half-spaces. Here e
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TABLE I
Extrapolated Endpoint z,
a Zgy
0 (Refs. 3 and 5) 0.66583
1 ‘ 1.6228
2 2.4628
5 * 4.0538
10 ' 4.7189
© (Ref. 1) 4.7944




nsider a problem involving a finite medium, the Milne
oblem in a half-space (x = 0) of medium 2 bounded by a
of thickness o of medium 1 (-a =x =0), and show
at all singularities can be removed by the method
proposed in the accompanying paper.?

‘The boundary condition at x = -a can be written as

 A)®(v,p) + fol ‘?1(v,u)A(u)dv
= - A(-v1)®(-v1,1)E(v)

1
, - Ji @u-v,p)A-VEWdy ,  pe(0,1) , (1)
and we write the continuity condition at x = 0 in two
_tions
L ¢ 4
W)@, p) + [ 2y, p)A(-v)dv
= G, 1) + B()G ol -5 1)

£G [ ®y(-n,1)B(n)dn - A(va) (v, 1 E(v:)

- [ @y(-v, ) AWEM)AY pe(0,1) , (2

B)enp) + [, @on,m)B(m)dn
i ‘I’z(-m,u) e A(Vl)G—l'I)l(VL,H)E(Vl)

¢ M) G By vayp) + G [, @i(v, ) AW)E() A

.+G'1 fol &, (-v,u)A(-v)dv , pe(0,1) ,  (3)

here ®(£,p), £€(-1,1), is a 2 X 2 matrix, A(+v) and B(n)
e two-vectors, E(¢£) = exp(-a/£), and G is a constant
)% 2 diagonal matrix which comes in from symmetrizing
the scattering matrices. Further, we have assumed one
pair of discrete eigenvalues for both media and similarly
ordered groups.

. Applying the half-range orthogonality relations® of
‘ediuml eigenfunctions to Egs. (1) and (2), we can iso-
late the coefficients in the left-side expansions:

Al) = - lefl(vl)Ul(Vl)Clel(vl)Clel(ul) (4a)
AD) = - N () Wy(r)CHT () G Ya(w) (4D)
§ M-v1) = nNT w)Us(01) CHT  (n) C Ya(vn) + Ao(-11)  (52)
 Al-) = oNTH ) Wa(0)CHT (1) T Ye(v) + Ao(-v) , (5D)

where two-vectors Yi(£) and Yy(£) are regular functionals
involving expansion coefficients, the second terms in
1‘ (5) are independent of the coefficients, and other
functions are the same as in previous work. 3

for medium 2 to Eq. (3), we can isolate the coefficients in
e left side. However, the continuum coefficient B(n)

E(o 277/ 01) 0
10yn, )G
0 E(n)

d integrate over ue(0,1), we obtain in the left side the

ept for the E functions. Then, subtracting between the
equations, we obtain

Bm) = mNz (7)Us(m) CHz (m) Cz* [ Ya(m) + Ya(m)] + Bo(m)
(6a)

N ()W) CaHE () C3* [Yoln) + Ya(m)] + Bom)
(6b)
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If we next apply the half-range orthogonality relations *

ame singular integrals as in the equation for B(n),‘
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where Yi(£) is a regular functional and Y4(£) is a func-
tional involving integrals with removable singularities.

We have solved Egs. (4), (5), and (6) iteratively for the
same data sets as in previous works“®° medium 2 is
pure light water and medium 1 is borated water at
1.025 b/H. We report for several values of o the extrap-
olated endpoint defined by the zero-extrapolation of the
asymptotic total flux in medium 2.
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6. Conjugate Gradient Solutions to the Discrete
Ordinates Equations, E. E. Lewis* (LASL)

In an attempt to provide more eifective solution
algorithms for Sy equations,’ the use of generalized
conjugate gradient methods® has been examined.” In these
methods, the solution of a symmetric matrix equation
Ax = b is obtained by first splitting the coefficient matrix,
A=M - N, and then forming a series of residual vectors
rj such that rT M r; = 0, i # j. ‘Like the original conjugate
gradient method,* for which M + I, an exact solution will
be obtained when the iteration number is equal to the
dimension of x. While requiring that M™! be performed
at each iteration, generalized conjugate gradient methods
have been shown often to result in greatly increased rates
of convergence.? To apply such methods to the Sy equa-
tions, the equations must be cast in a symmetric form,
and the Sy sweeping of the space-angle grid must be
retained to obviate storage of the coefficient matrix
elements.

The diamond—\differenced Sy equations may be written
as

1 1
L£¢£=Ecs%wz,xpﬂ,+@;q ; =12, ...,L ,

where 1 is the vector of y(r,Qg) at the spatial mesh
points, the streaming-collision matrix Lg is lower tri-
angular, og is diagonal, and w, are the quadrature
weights. An equivalent partitioned matrix equation is

Ly=Wy+Q , (1)

where ¢ is a vector made up of ¥y, ..., ¥y, The
standard solution algorithm, iteration on the scattering
source, corresponds to

® = K(og® + q)
=1 -1
K—4”%}wiLﬁ 5o (2)
where @ is the scalar flux vector, and L@l corresponds to

sweeping the mesh in direction €.

To obtain conjugate gradient methods, Egs. (1) and (2)
are symmetrized as follows:

@l -wT) (L -wy = (T -whHQ (3)
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