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Abstract -

A theoretical development of a general Bond Graph approach for Computational
Fluid Dynamics is presented. Density, entropy per unit volume and velocity
are used as discretized variables; in this way, time-dependent nodal values and
interpolation functions are introduced to represent the flow field. Nodal vectors
are defined as Bond Graph state variables, namely mass, entropy and velocity. It
can be shown that the system total energy can be represented as a 3-port IC field.
The conservation of linear momentum for the nodal velocity is represented at the
inertial port, while mass and entropy conservation equations are represented at
the capacitive ports. All kind of boundary conditions are handled consistently
and can be represented as generalized modulated effort sources at the inertial
port or modulated flow sources at the capacitive ports.

Keywords : Computational Fluid Dynamics, boundary conditions.
1. Introduction

Since the invention of the Bond Graph formalism by Professor Henry
Paynter [1] , 40 years ago, this technique has become a powerful tool
for modeling and simulating dynamic systems. Used in the beginning
in the fields of Electrical and Mechanical Engineering, applications in
different areas such as Thermodynamics, Electrodynamics, and even
economical systems have been extremely successful. In the field of
Fluid Dynamics, however, the potential benefits of Bond Graphs have
not yet been exploited. The applications made so far dealt with problem
restrictions such as the neglect of inertia terms (which amounts for the
major non-linearities), very simple flow geometries, or the use of the
so-called “pseudo bond graphs”. Once the Bond Graph representation
of a system has been obtained, there is a systematic procedure for:

1. Determination of the state variables;

2. Determination of the input variables, which are equivalent to the
boundary conditions, by means of generalized effort and flow
sources;

- Assignmentof causality, which assures the mathematical well posed-
ness of the state equations; and

4. Determination of the state equations and output variables.

In this way, the Bond Graph formalism can be regarded as a filter

through which mathematical inconsistencies can be detected in the mod-

eling process from the very beginning.

An important fraction of the problems in Fluid Mechanics fall within

what is called Computational Fluid Dynamics (CFD). This branch of

the human knowledge has nurtured the development of various numer-
ical approaches (e.g.: Finite Elements, Finite Volumes, Finite Differ-
ences, etc.). In general, all these methods try to solve the problem by
discretizing the continua, that is, by replacing the continuous variables
by a combination of a finite set of interpolating functions. The result is

a (generally nonlinear) algebraic problem, instead of the original dif-

ferential or integro-differential one.

Although Bond Graphs have been applied to Fluid Mechanics, the ap-

plications to fluid dynamic systems were not oriented to a systematic

discretization of flow fields, typical of CFD problems. As far as we
know, the first attempt to apply Bond Graphs to CFD problems ap-
peared in [2] , although the formulation was restricted to a prescribed
nodalization and heat conduction (which lead to convection-diffusion
problems) was not modeled. The purpose of this paper is to present a
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new approach for CFD problems based on the Bond Graph formalism.

This approach provides a systematic procedure for volume integrating

the power conservation equations in order to get the state equations,

which are based on lumped parameters.

The organization of this paper is developed as follows [3] :

1. Based on the total energy rate per unit volume, a set of independent
variables (namely entropy per unit volume, density and velocity) is
defined, as well as associated potentials (namely linear momen-
tum per unit volume, kinetic coenergy per unit mass, Gibbs free
energy per unit mass and temperature). From the first derivatives
of the total energy per unit volume the constitutive relations are
defined, while from the equality of the mixed partial derivatives
the Maxwell relations are presented. Finally, the balance equations
corresponding to each one of the terms that contributes to the time
derivative of the total energy per unit volume are shown.

. The formalism is extended to a system having a finite volume by
defining, for each independent variable, time dependent nodal val-
ues and interpolation functions. The nodal vectors of entropy and
mass are defined as volume integrals of the corresponding inde-
pendent variables weighted by the interpolation functions, in such
a way that these nodal vectors and the nodal velocity vector are
used as Bond Graph state variables. Based on the system total en-
ergy, nodal vectors of associated potentials, constitutive relations
and Maxwell relations are defined in the same fashion as it was
done for the differential volume; in this way, it can be defined an
IC field associated to the system total energy.

- Next, the system state equations are obtained by systematically vol-
ume integrating the balance equations corresponding to each port
of the IC field.
A generic Bond Graph model can be formulated to represent energy
storage. O-elements are used to add entropy rates and mass rates
at the field capacitive ports, while a 1-element is used to add all
the nodal vector forces. Modulated transformers and a modulated
resistance are used to relate generalized variables, whose product
gives raise to power terms appearing in more than one port.

Finally, modulated flow and effort sources are added to model the

different boundary conditions associated correspondingly to the ca-

pacitive ports and the inertial port, as well as to represent volumet-
ric sources.

2. Power balance per unit volume

In this section, we present the balance equations and the constitutive
and Maxwell relations in terms of a set of independent variables, con-
sidering a differential volume. The results obtained in this section will
be used in applying the Bond Graph formalism to a system having a
finite volume.

2.1 Total Energy

The total energy per unit volume e, is defined as the sum of the internal
energy per unit volume u,, and the kinetic coenergy per unit volume ¢ :

e; = uv(sva P) + t;(P, V) M
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We assume that the internal energy per unit volume is a function of
density p and entropy per unit volume s, = p s, where s is the en-
tropy per unit mass. The kinetic coenergy per unit volume is defined as
ty = 3 p V2, where V is the velocity. We define the following poten-

tials [5] :
pu=(gt".}>p=PV @
= <%f),, )
y=1 (uv+p—esv)=(a;;)% )

where p,, &, 0 and 1) are correspondingly the linear momentum per
unit volume, the kinetic coenergy per unit mass, the temperature and
the Gibbs free energy per unit mass. The time derivative of the total
energy per unit volume can be written as:

dey, LM dp
2.2 Constitutive relations

The resulting constitutive relations come from the first derivatives of
the total energy per unit volume:

A%

=t ¥

Q)

0 = 0(sy, p) Q)
Y+ k& =P(sy, p) + K(V) ®)
Py =Pu(p, V)=pV )]

2.3 Maxwell relations

The Maxwell relations arise from the equality of the mixed partial deriv-

atives of the total energy per unit volume expressed as a function of the
independent variables s,,, p and V:

0 9 oy _
6p—' BSU (¢+n)_63u (10)
80 _ Op, _
OV~ 8sy . an
g = Br _ Ope

24

The balance equations are power equations corresponding to each one
of the terms that contributes to the time derivative of the total energy
per unit volume, namely Eq. (6). They can be obtained starting from
the conservation equations [4] and the potentials:

Balance equations

v
Po.5r = pG.V+V.(V.L)-V.VP
-pV.Vk—VV:1 (13)
08y
05, =—0V.(ssV)=V.q+VV:z+& (14)
Op
(¢+n)5t— = —V.[p(h+kK) VI+V.VP
H0V.(5u V) +p V.V (15

where ¢ is the time, q is the heat flux, P is the pressure, G is the force
per unit mass, 7 is the viscous stress tensor, ® is the volumetric heat

source and h = ;1; (uv + P) is the enthalpy per unit mass. It is im-

portant to notice that all the terms in Egs. (13), (14) and (15) can be
written as a function of the independent variables through the constitu-
tive relations and three independent derivatives [5] , namely:

S
*=70 (59)p =
0s
cv =0 ("—35),, an
_1 (o
= p (BP)O a®

where o, ¢, and k¢ are correspondingly the coefficient of thermal ex-
pansion, the constant volume specific heat and the coefficient of isother-
mal compressibility. In this way, assuming Fourier’s law, the heat flux
can be calculated as:

q=-AV0= -'\—:)- [Vs., + 1p (n% - s,,) Vp] 19)

where ) is the thermal conductivity. The pressure gradient can be ex-
b o

pressed as:
Vs, + fi_.*__a__s_” Vp (20)
pcy Ko al  pre p

The viscous stress tensor 7 can be expressed for a newtonian fluid,
assuming Stoke’s hypothesis, as:

VP =

2
=p (VV+VVT) = 2u (V.V) L
where y is the fluid viscosity.
3. Discretization
In order to formulate the discrete model of the fluid continuum in the
domain 2, it is necessary to specify the description of the flow fields.

For each discretized variable, the following time-dependent nodal val-
ues and interpolation functions are defined:

@n

p(r,t) = Zpk ®) e (r) =p" P
k=1

(22
8y (r,t) = Z sul(t) eu(r) =3." . 0, (23)
=1
V() =Y V() evn@®=Y" .0y (24)
m=1

where p, s, and V are time-dependent nodal vectors, while ¢ ,, ¢, and

py are the corresponding nodal interpolation or shape functions. The
interpolation functions have the following properties:

ny
Y evm() =1 Vr € Q (25)
m=1
ny
Y eu(r)=1 Vr € Q (26)
k=1
> eulr) =1 Vr e Q @7
=1

For simplicity in the treatment of the boundary conditions, we also re-
quire for the interpolation functions the following properties:
Pym (Tn) = bmn 28)

‘Ppk (l‘n) = 5kn (29)



@a (Fn) = b1n (30)
for any velocity, density or entropy node located at position ry,. In Eqgs.
(28), (29) and (30) 6kn is the Kronecker delta (6, = 1if &k =
6 = 0 otherwise).

4. Integrated variables

The system mass, entropy and lineal momentum can be obtained by
volume integrating the discretized variables:

n,

Q k=1
s=/suda=is, (32)
p= /pu dQ = /deQ (33)
Q

Based on Eq. (31) and (32) we define nodal vectors of mtegrated val-
ues, related to the discretized ones as:

:8_1_;)

(34

ﬁ = _Q_B - S_v (35)
where & and {2, are correspondingly diagonal volume matrices asso-

ciated to the density and entropy per unit volume:

Q= (), = / @ 1 Okn dQ2 36)
Q

D =R}y, = / @1 B1n A2 37
Q

S.  System integration
5.1  Total Energy

The system total energy E* is defined as the sum of the system internal
energy U and the system kinetic coenergy T™:

E'=E" (& m, V) =U (S, m) +T"(m, V) (38%)
where:
E* = / e, dQ 39)
Q
U=/ Uy dQ = U (S, m) (40)
Q
T = / dQ =T"(m, V) (41
Q
It can be shown that:
- 1 d o
T = 3 Yy M.V (42)
where M is the system inertia matrix (symmetric and regular):
= (M), = / P PVm Prn AR 43)
Q
We define the following potentials:
m‘!.
2(—- V)= oV =£—'X=/Pvﬂdﬂ (44)

or* =
K(X)=%_=Q_él /ﬂﬁdﬂ (45)
Q
Q(i,m)=%=&"l /oﬂdn (46)
- Q
ou =
i(ﬁ,m)“—‘gm—=&1- /1/1_<0_de @n
- Q

where p, K, © and ¥ are correspondingly nodal vectors of linear mo-
mentum, kinetic coenergy per unit mass, temperature and Gibbs free
energy per unit mass. It is important to notice that Eq. (44) defines a
modulated transformer relating the nodal vectors of velocity and lin-
ear momentum. According to the power conservation across the trans-
former, the generalized effort is given by:

E=M.V (48)
According to Egs. (45) to (47), the nodal potential vectors can be re-
garded as system volume averages of the corresponding local values,
weighted by the interpolation functions. Therefore, it is important to
realize that the values of the nodal vectors are in general different to
the corresponding nodal values calculated with the local variables. The
time derivative of the system total energy can be written as:

E'=8".S+@+K)" .m+p”. ¥ (49)
Taking into account Eq. (44) to (47) it can be easily shown that the
system linear momentum can be obtained as:

ny
= / pod2=3 pm
m=1
It can also be shown that the volume integrals of the left side terms of
Egs. (13) to (15) can be calculated as:

(50)

ov I
/p”’atdQ_R A 1)
Q
0% a0—g" .3 (52)
ot
Q
[ew) o=@+ mT 63
Q
5.2  Constitutive Relations
The system constitutive relations are:
OE* 6U
—_— = 54
OE* oU  oT*
—_—— - — = 55
om ~ om | om ¥ (S m+K (V) (55)
OE* OT"
=== Vv 6
v ~ v R (m,¥V) (56)

53 Maxwell Relations

The Maxwell relations corresponding to the system total energy arise
from the equality of the mixed partial derivatives of the system total
energy expressed as a function of the independent variables S, m and
V. These variables are regarded as the state variables for the Bond
Graph formalism:

0
=55 X+K) =

g0
A

(57



_Q_——_——-

0 _BS‘_O (58)
= — — —

LS w + k) = 2K (59)

54  System IC Eeld

The constitutive relations (namely Eqs. (54), (55) and (56)) and the
Maxwell relations (Eqs. (57), (58) and (59)) define an IC field associ-
ated to the system total energy. This field has an inertial port (BT V)
and two capacitive ports (87T . ﬁ and (¥ + K )T . m). The general-
ized effort variables associated to these ports are V, © and (¥ + K| ),
while the generalized flow variables are correspondingly P ﬁ and 7.

6. System Balance Equations

The system balance equations can be obtained by systematically vol-
ume integrating the balance equations corresponding to each port of the
IC field.

61 Portp? .V

Each term of Eq. (13) is integrated in such a way that the result can be
expressed as a product of a corresponding nodal force vector (general-
ized effort) times the nodal velocity vector V_ (generalized flow):

o T
P V= (Ec-Fr-Fx-Fp+F{) .V (60)
where:
F_G=/pG<pvdn (61)
a
a
_F_:/prupv dQ (63)
a
&:/ V- (evz) -¢v (v-)] a0 (64)
a
FO — / (;ﬁ) oy dT (65)
ity
62 Porto? .S

We define a diagonal temperature matrix, whose diagonal elements are
the components of the nodal temperature vector 8:

g =(8),, =61 bin (66)
We also introduce nodal entropy weight functions w,; with the follow-
ing properties:

Vi, Vr € Q (67)

ny
Z wgy (r,t) =1
1=1
Wsi (rn, t) = b1 (68)
for an entropy node located at position r,,. Each term of Eq. (14) is
integrated in such a way that the result can be expressed as a product
of the nodal temperature vector © (generalized effort) times a corre-
sponding nodal entropy rate vector (generalized flow):
ar.8=a7. (@1+Sg’ —S_C+S'_D+§£) (69)
where: T

ar =7 | [a.Yu. a0 10)
Q
Sg)——e_l ‘/‘_1_1,'_1,_q.ndl1 ())
&
Sc=8"" ws O V. (35 V) dQ 2)
Q
$p=9"" /w_ (vv ;) o (73)
Q
Sr=87"". /%c‘bdﬂ (74)

63 Port(T+K) .m

We define diagonal matrices, whose diagonal elements are correspond-

ingly the components of the nodal Gibbs free energy per unit mass vec-

tor and the nodal coenergy per unit mass vector:
¥ =(¥),, =Yk bkn 5)

K = (K);, = Kk 6kn (76)

We also introduce nodal density weight functions w,; with the follow-
ing properties:

Z wp (r,t) =1
=1

‘LDpk (l‘n, t) = 6kn (78)
for a density node located at position r,,. Each term of Eq. (15) is
integrated in such a way that the result can be expressed as a product of
the nodal vector (¥ + K) (generalized effort) times a corresponding
nodal mass rate vector (generalized flow):

Vt, Vr € Q 7

@+E)T i = @+E)" . (-mwe - ml)
+ip + tho + 1) (719)
where:
-1
rwre = - (L +K) /p(h+n)V.prdQ} (80)
Q
ﬁ=(g+g)—l. /[&p(h%—n) V] BdTS (81
T
-1
mp=(Z+K) - /ﬂV.VPdQ (82)
Q
-1
e = (L+K) /z_uﬁav.(st) 4o (83)
Q
-1
g = (L+K) /&pV.VﬂdQ 84)

Q
7.  System Bond Graph

The resulting system Bond Graph is shown in Fig. 1. A modulated
transformer with transformation matrix M is connected to the port



ET . V. At the 1-element with common V. we add all the nodal vector
forces; in this way, the effort balance represents the linear momentum
conservation equation for the nodal velocity values. At the 0-element
with common (¥ + K) we add all the nodal mass changes per unit
time; in this way, the flow balance represents the mass conservation
equations for the nodal mass values. At the 0-element with common
© we add all the nodal entropy changes per unit time; in this way, the
flow balance represents the thermal energy conservation equation for
the nodal entropy values. The modulated sources are needed to rep-
resent the different boundary conditions established in the problem, as
well as to represent volumetric sources. The modulated transformers
and the modulated resistance field connect power terms that appear in

the conservation equations corresponding to more than one IC port. It
can be shown [3] that:

Thp + K = (g—rg)—l m] v 85)
Pe+Ex=|(2+K)” MPK]T.(2+_&> (#6)
mo=(Z+K) .M 8“} “ 87

-8 (89)
A'A

; I

Sp=[Ms.087] . ©0)
where the rectangular matrices Mpx (n, rows X ny columns), My
(n, X ng) and Ms (nv X n,) are correspondingly defined as: -

(Mpxk)4.,, =/u;p;c Pvm (VP 4+ p Vk) dQ

©on
Q
(Ms),, = / Woke wet O V. (s V) dOQ (92)
Q
(Ms),, = / Wt [V.(Wm ;) — (v ;)] Q. (93)

Q
Since the transformation matrices are in general not inversible, it means
that there exist restrictions in the allowable causalities.

8. State Equations

The system state equations are:

V=M. (Fe-Fp-Fx-Fp+F{) 4
8 =280r+55 —Sc +Sp + 8k ©95)
= —rwp — 1) +mp + 1 + (96)

In order to solve the state equations, we need to set initial and boundary
conditions.

9. Initial Conditions

Initial conditions can be written as:

S(t=0)=5 o7
m(t=0)=mo ©8)
V(t=0)=YV, ©9)

%) g{’?l Vj\
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Figure 1: System Bond Graph.

10. Boundary Conditions

The boundary conditions establish relationships among the variables

corresponding to the nodes related to the system surface. All possible

boundary conditions can be modeled in terms of generalized sources
T &) T 0, qrDT v

connected to the ports 8~ . S/, (L + K)~ .mhy andFy’ . V.

10.1 Imposed Surface Heat Flux (Neumann)

The Neumann boundary condition can be stated as:

q(l‘rN, t) .ﬁ:qu (l‘pN, t) (100)
Introducing the weight functions w,; and integrating over the surface
'y with Neumann boundary condition, we finally get:

SgN) =-987". /%qFN dr (101)
'n
10.2  Imposed Surface Temperature (Dirichlet)
The Dirichlet boundary condition can be stated as:
0 (rrp, t) = 0rp (rrp, 1) (102)



J Considering a functional dependence through the discretized variables,
we have:

O(r, t) =0(su(r, t), p(r, t)

= @ (Z st (t) @u (r), D o (t) ok (r)) (103)
=1 k=1

Let us consider the set of nr,, entropy nodes located at the positions
r; (¢ = 1,...,nr,) in which the Dirichlet boundary condition is es-
tablished. For these positions, only the interpolating function for the

corresponding node takes the value 1 and the rest take the value 0, so
we can write: :

Si(t)

0:(t) =0(ri, t) = 6 ((Q,)__’ 3 (’gkgt) Ok (r.-)) (104)
LU P kk

From Eq. (104) it is possible to obtain S; (t) as a function of the bound-
ary condition 0;(t). Derivating Eq. (104) with respect to time we get:

@ =[re oo {85

1 a o M (t)
o5 ()]0 X gL emeeo o
Replacing S; and 7, from the state equations, namely Eq. (95) for
node % and Eq. (96) for nodes k, we get the nodal entropy rate vec-
tor .S"g”) due to the heat power flowing through the surface I'p with

‘Dirichlet boundary conditions as a function of the boundary conditions
dl; . .
0;, - and the state variables. In practice, the state equation corre-

sponding to node % are replaced by the expression for S; obtained from
Eq. (105), in which i, is substituted from the state equations (96).

103  Convection (mixed)
The mixed boundary condition can be stated as:

a(rrg, t) .= H (6r; — Oreo) (106)
where H is the heat transfer coefficient and Oroo is a reference local
surface temperature. Introducing the weight functions w,; and inte-

grating over the surface I'c with mixed boundary condition, we finally
get:

5§ =-g7. (107)

/&H (9[*6. = Hpco) dF

Te

104  Imposed velocity field (mass flow port)

In order to calculate Eq. (81) it is necessary to impose at the system
surface the velocity field, as well as two independent variables needed
to determine the thermodynamic state of the fluid; normally, pressure
and temperature are used as boundary conditions, from which density

and enthalpy can be calculated. The velocity boundary condition can
be stated as: :

V(rry, t) = Vr, (108)

K (rrv, t) =Kr, (109)

We get, from Eq. (81):

—1
iy = (E“Lé) : /[&Prv (hry + &ry) VPV] . dl
Ty
(110)

105  Imposed stress force
The stress force boundary condition can be stated as:

z (rr,, t) . =7r, (111)
From Eq. (65) the stress force can be written as:
F{) = /rn @y dr (112)

Ty
10.6  Imposed velocity field (force port)
Let us consider the set of nr,, velocity nodes located at the positions
rj (j = 1,...,nr, ) in which the velocity boundary condition is estab-
lished. For these positions we can write:

Vj(t) =V (l‘j, t) (113)
Derivating Eq. (113) with respect to time we get:
8 ov
V=2t 1) (114)

Replacing \'/'j in the state equations, namely Eq. (94) for nodes j,
we get the stress force Fg‘ V) due to the stress power flowing through
the surface I'v with velocity boundary conditions as a function of the
boundary conditions V'; and the state variables. In practice, the state
equation corresponding to node j is replaced by the expression for V;
from Eq. (114).

10.7  Flow and effort sources

It can be observed that any boundary condition related to the port
er. Sg) or (T +K)T . 'rhs;) can be regarded as a flow source,

while any boundary condition related to the port Fg‘ T . ¥ can be re-

garded as an effort source. These sources are modulated by the state
variables.

11. Conclusions

The present paper addresses the theoretical development of a general
Bond Graph approach for Computational Fluid Dynamics. The sys-
tem state equations are obtained in terms of the state variables, namely
nodal values of mass, entropy and velocity. Since the formulation is
based on the definition of nodal discretized variables, different numer-
ical schemes can be obtained by means of the appropriate choice of
the interpolation and weight functions. This work represents a new
approach to CFD and an extension of the Bond Graph methodology
to general Fluid Dynamic problems. Examples of application of this
formalism are presented in a companion paper [6] .
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