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Abstract
TheDuffin-Kemmer-Petiau equation is investigated for spin one bosonswith the so-called natural
(normal) and unnatural (abnormal) parity states for non-minimal vector interactions. To illustrate
the current state of knowledge about the equation, a thorough but concise discussion ismade onwhat
can be achieved analytically within this framework for well-known phenomenological interactions,
includingCoulomb, soft-core, Cornell, Kratzer, and exponential type interactions. In the non-
exponential cases, the equation, depending on the chosen interaction, is studied in relation to the
confluent, doubly-confluent, and biconfluentHeun functions. Furthermore, to show the need for
careful treatment of various parity states, a Kratzer-type potential, such as a generalized Coulomb
interaction, is discussed in depth using the Lie algebraic approach, showing the need for careful
analysis of abnormal parity states in a fairly explicit way. The energies obtained are discussed using
somefigures to explicitly show the different regimes, as well as the absence of theKlein paradox.
Finally, some directions for futurework that would undoubtedly need to be explored in thisfield are
discussed.

1. Introduction

In relativistic quantummechanics, the Klein–Gordon,Dirac, and Proca-Weinberg equations describe,
respectively, spin-zero, spin-1/2, and spin-one particles, and theDuffin-Kemmer-Petiau (DKP) equation
provides a frameworkwithinwhich both spin-zero and spin-one particles can be investigated [1–4]. The case of
spin zero, due to a structure similar to theKlein–Gordon equation, has been frequently studied in the literature
[4, 5]. The spin-one version of the equation becomesmore interestingwhenwe remember the complicated
nature of the Proca andWeinberg equations, as well as the scant literature that exists on them.On the other
hand, theDKP equation, due to theway it is represented, which appears in the formof a ten-spinorwave
function, is a rich basis for analyzing various interactions and fields. The structure of this equation hasmotivated
recent papers investigating the problemwith a variety of physical interactions and concepts: for example,
Nedjadi and Barrett [6] considered the free particle, potential well, andCoulombproblem for vector bosons,
solutions forDKPwith a linear interactionwere found in [7], and theDKPoscillator was analyzedwithin a
noncommutative approach in [8]. The similarity of the structures inDKP andDirac equations was discussed in
the conceptual work ofOkniński [9] and the creation ratewithin the de Sitter frameworkwas obtained using the
Bogoliubov transformation in [10]. Castro and deOliveira provided a review of the equationwith non-minimal
vector interactions, including the linear one [11], and theGalileanDKP theorywas formulated atfinite
temperature to study Bose–Einstein condensation [12]. An instructive survey on the equivalence of theDKP
equationwith theKlein–Gordon and Proca equations is provided in [13]. In [14] ground state solutions of a class
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of generalizedCoulomb interactionswere derived using the Ansatz approach. The fractionalHamiltonian
formulation of the equation in the Lagrangian formalismwas restudied by Bouzid andMerad [15]. The equation
in (1+1)-dimensions was analyzed in [16]. The associatedAharanov-Bohmproblemwas discussed in detail by
Castro and Silva [17], and the field-theoretical analysis of the equationwas formulated in [18], a work inwhich
the corresponding Stefan-Boltzmann lawwas also discussed, as well as the Casimir effect atfinite temperature.
Later, deMontigny and Santos [19] generalized the formulation of the equation to arbitrary dimensions.

Solutions of theDKP equationwith aKratzer potential in a noncommutative approachwere obtained in
[20], a work inwhich some delicate points should have been carefully considered, as wewill see in some of the
following sections. Let us alsomention that the non-relativistic limit of the equationwas found in a non-
commutative framework using the Foldy-Wouthuysen transformation and theMoyal-Weyl product [21]. The
Dirac delta problem in the q-deformed formulation of the equationwas solved by Sobhani et al [22], and using
Dirac derivatives, Chargui andCherif found theDKP equation validwithin aκ-Minkowski spacetime [23].
Increasing the spatial dimensions, the (2+ 1)-dimensional DKPoscillator influenced by an externalmagnetic
field and the corresponding canonical ensemble thermodynamic properties were reviewed in [24]. On the other
hand, the study of themomentum space of the three-dimensional DKPoscillatorwithin the Snyder-de Sitter
frameworkwas performed in [25]. In a conceptual paper, Chragui andDhahbi analyzed an extendedDKP
oscillator for spin-one bosons, exhaustively studying various parity states [26], and subsequently treated the
DKPoscillator in three spatial dimensions in a noncommutative plane, showing the salient related physical
aspects [27].

In recent years there has been intense activity in this area, with the following results being noteworthy: the
rotational symmetries of the equationwithin the (1+ 2)-dimensional Gürses spacetime backgroundwere
commented on byCandemir andAhmed [28], the equationwith a hyperbolic tangent potential was investigated
byValladares andRojas [29], theDKPoscillator problem in one and two spatial dimensions and the associated
thermal properties were analyzedwithin a noncommutative framework [30], a new non-minimal coupling
associatedwith a q-deformed approachwas consideredwithin the framework of the equation and the
thermodynamic properties of the q-deformed oscillator were studied [31], andChargui et al generalized the
DKPoscillator in a form that includes an additional spin-orbit term [32], tomention only themost prominent
ones. Themotivation for such studies is not exceptional because spin-one systems are present inmany areas,
includingmolecular systems [33, 34], isotropic spin-1 antiferromagnetic systems [35], Cooper pairs [36],
charged impurities [37], etc. Very recently, Charqui andDhahbi [38] have addressed a very interesting and
applied aspect of theDKP equation: they have connected the equation in two spatial dimensions in a kind of
atom-field interaction similar to the Jaynes–Cummingsmodel, whichmay be a great step in the field if we
remember the limitations of othermodels. However, this idea is quite recent and absolutely open to debate, with
many questions and challenges that need to be properly answered. It is worthmentioning that the problemof
vector bosons, photons, has also been discussed in several articles in different frameworks [39–43]

The present work focuses on twomain points: (i) a general analysis of the structure of the spin oneDKP
equation andwhat can be derived analytically from a fairly general class of phenomenological interactions and
(ii) a clear and detailed discussion of so-called unnatural or abnormal parity states, which have not been
investigated before in detail. To this end, we start in section 2 from the ordinary differential equations governing
theDKP spinor components to avoid extensive text citations of previouswork. The readermust either be
familiar with the spin oneDKP equation, or carefully read the original works on the derivation of various parity
states [6, 7, 11, 26] in order to understand the concepts and calculations.We next present the Lie-algebraic
approach to tackle the equations arising in the case of a carefully chosenKratzer-type interaction.We derive the
general solution in section 3 and analyze the energies for both the natural and unnatural parts to provide a clear
discussion on the physics of the equation. In section 4, without going into details, the forms of the equationwith
a large class of phenomenological interactions are discussed in terms ofHeun functions and other approaches in
mathematical physics. Concluding remarks are included in the last section.

2. The structure ofDKP equation

Before startingwith the essentialmathematical developments, let usmention some points about the limitation
in the analytical study of the spin oneDKP equation. To avoid overlapswith previous publications, wewillmake
some statements and refer to the original articles [6, 7, 11] to support them.A look at equations (61) and (62) of
[6] reveals that the general formof the equation appears as a systemof coupled second-order differential
equations that, to the best of our knowledge, has not been solved analytically. Onemight think that the
homogeneous part of equation (61) in [6] is the general formof theHeun equation [44] and that, in this case, the
solution can be reported. However, this is not true since the spinor components that appear there are coupled
andwe cannot simply think of a single dependent variable problem. This very complicated formof the equation
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has forced the authors to focus on the case of J= 0 in order to report the analytical solutions or, as will be seen
soon, to consider a zero term in part of the interaction [6, 7, 11].

The components of the spin oneDKP equation are denoted as the parity states (− 1)j and (− 1)j+1. This
terminology originates from the behavior of the associated spherical harmonics of each spinor underMaxwell-
like equations. Those that retain their value of J are called (− 1)j components, or natural/normal/magnetic-like
parity states, and thosewith a one-unit increase or decrease in the value of their J are called (− 1)j+1

components, or unnatural/abnormal-electric-like parity states. The connection to electric andmagneticfields
comes simply from the behavior of thesefields under parity, as they have negative and positive parities,
respectively. Let us now review the form that the final equations take and emphasize that the readerwho is not an
expert on the subject shouldfirst read the articles [6, 7, 11, 26].

2.1. (− 1)j–parity components
Obviously it is not appropriate to present here the entire content of [6, 7, 11], but we do believe it is essential to
mention themost relevant aspects of the ten-component structure of the problem. After various calculations, it
can be shown that the original DKP equation can be expressed in terms of three auxiliary components, one of
which, F0(r), represents the so-called normal (natural) parity states and the other two, i.e.H0(r) andf(r), govern
the abnormal (unnatural) parity states, and common solutions (E)must be sought in the equations governing
H0(r) andf(r). Therefore, although these three second-order ordinary differential equations produce the
spectrumof the system for different parity states, their eigenfunctions are not those that originally appear in the
DKP spinor. However, the spinor components can be found since the relations are given completely in [6, 7, 11].

As alreadymentioned above, wework on a ten-component basis, inwhich, roughly speaking, we denote by
F0(r) the term related to the original component of parity preserved through some relations. Once F0(r) is
determined, all data related to natural parity states are derived. After some algebra (not included here to avoid
repetition), it follows that this functionmust satisfy the differential equation [6, 7, 11]

( ) ( ) ( ) ( )d F r
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E M
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dr

j j
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0, 1r
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where j denotes the order of the associated spherical harmonics. The termAr(r) is a spherically symmetric
potential and the scalar part of the original DKP equation.We considerAr(r) andA0(r) in the formof the

modifiedKratzer potential ( )V DMK e
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In this form, xr< 0, yr> 0 and zr> 0. Substitution of the potential (2) in (1) yields
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Let us now review the equations governing the unnatural parity states.

2.2. (− 1)j+1
–parity components

In this case, in order to report analytical solutions, we have to considerA0= 0. In this case, we have to consider
two equations for the spinor components [6, 7, 11]:
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which take the following forms for the potential (2):
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and

( ) ( ) ( )
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In the next sectionwewill look for analytical solutions to the three equations (3), (6) and (7).

3.Quasi-polynomial solutions

First we review the basic concepts of quasi-exact solubility [46] and thenwewill comment on the solutions and
the spectrum associatedwith each of the three differential equations obtained above.

3.1. Algebraic structurewithKratzer-like interaction
It is clear that the three equations (3), (6) and (7) appear in the formof Schrödinger equationsHψ(r)= 0with
Hamiltonians of the same type

( )H
d

dr r r r r
, 8

2

2 2 3 4
a

b w d s
= + + + + +

already analyzed in [46–48]. Applying the transformation
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inwhich 1− η> 0 andσ,α< 0, equation (8) can bewritten in the form ˜ ( )HR r 0= with
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where
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The differential operator H̃ can bewritten as an element of the universal enveloping algebra of sl(2) as [46–50],
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As a result,HQES preserves thefinite-dimensional space of polynomials
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where the coefficients cm satisfy the three-term recursion relation
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This yields a systemof linear equationswhich has nontrivial solutions if [46, 49, 50]
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This last condition imposes severe restrictions between the parameters that appear in the potential. It should be
noted that the equations (3), (6) and (7) appear as doubly-confluentHeun equations [44, 51]. Nowwe are going
to consider in detail the solutions to each of these three differential equations, separating them according to the
parity of the component being considered.

3.2. (− 1)j–parity solution
Let us consider first the natural parity states. Using the previous section, and comparing (3) and (8), we deduce
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fromwhich, together with (13), the general expression of the eigenvalues is deduced, which can be rewritten as
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Infigure 1 you can see a graph of (21) for the three lowest values of n. The solutions are represented in the real
plane (En, òn) for M n

2 2> , which implies |yr|> |y0|. The families of curves are symmetric atEn= 0, implying
that even forfinite potentials, energy levels arise in the particle continuumand penetrate into the antiparticle
region. In this way, there is no room forKlein’s paradox.We can also observe that for |y0|> |yr|, the solutions
gain a phase in the radial component.

For non-minimal vector interactions, Cardoso et al had already demonstrated properties of theDKP
equation that inhibit the occurrence of theKlein paradox in (1+ 1)-dimensions, that is, the spatial component
of the potential plays a determining role in the confinement of bosons [52]. Therefore, ourwork shows that the
same can happen in non-minimal vector potentials in (3+ 1)-dimensions.

Figure 1.Energy behavior for normal parity states.
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Regarding the relevant component in this case, from (17)we obtain that its expression is
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Note that aswementioned above, wemust have 1− η> 0, which specificallymeans that
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<

Moreover, note that the potential parameters in (21) and (22)must fulfill the constraint given by (19). For
example, in the simplest case, corresponding to the ground state n= 0, as deduced from (19), the parameter
restriction is given by b= 0. This condition, together with (11) and (20), explicitly leads to

( ) ( )( ) ( ) ( ) ( )y y E M z z y z y z j j x x x1 2 2 1 0 24
r r r r r r0

2 2
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2 2

0
2 2

0 0
2

0
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where η< 1 andE0 are respectively given by (23) and (21). Figure 2 shows a graph of the allowed potential
parameter in (2) based on the constraint (24).

Let us now consider the unnatural parity solutions.

3.3. (− 1)j+1
–parity states

Aswe have already seen, we have to consider two different types of spinor components: those ofH0(r) coming
from (6) and those off(r), coming from (7).Wefirst consider the equation governingH0(r).

3.3.1.H0(r) solutions
To obtain the solutions forH0(r)wehave to compare (6) and (8), fromwhichwe deduce
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fromwhich, together with (13), the possible values of the solutions are deduced:
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Figure 2.Allowed parameters of the potential in (2), determined by (24), corresponding to the ground state of the natural parity state.
Here, we consider x0=− y0=− 4 and z0=M= j= 1; note that η< 1 for the represented domain.
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These eigenvalues can bewritten as

( ) E M z
x z

x n
n, where

2
, 0, 1, 2, 27n n n r

r r
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2
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⎠

In this case, energy levels do not penetrate the E< |M| region, so there are no bound states andKlein’s paradox.
Infigure 3 you can see a graph of (27) for the three lowest values of n.

Furthermore, the corresponding expression for theH0,n(r) components is obtained from (17):
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Recall that the potential parameters in both relations (27) and (28)must satisfy the constraint given in (19).

3.3.2.f(r) solutions
In a completely analogouswaywe determine the values of the parameters in the case of thef(r) component,
comparing (7) and (8),
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r r r

r r r

2 2 2

2

2

a b

w

d s

= - - = - +

=- + + +

= - = -

which, togetherwith (13), give the energy relation as

( ) ( ) ( )x z n x M E z2 1 2 2 1 , 30r r r n r
2 2 2+ = - + + - +

which does not have a real energy spectra, being the spinor component

( ) ( )r r r M E z
y

r
c rexp . 31n

x
n r

r

m

n

m
m1

2 2 2 2

0

r åf = - - + -+

=

⎡
⎣

⎤
⎦

Note that, as in the previous cases, the potential parameters in equations (30) and (31)must satisfy the
constraint given in (19).

4.Heun forms and a class of interactions

TheHeun differential equation [44] can be considered a generalization of other special functions in
mathematical physics. This equation can bewritten in a form that resembles Schrödinger’s, namely
ψ″(r)+V(r)ψ(r)= 0, with

( )
( ) ( )

( )V r
A

r

A

r

A

r a

A

r

A

r

A

r a1 1
, 321 2 3 4

2
5

2
6

2
= +

-
+

-
+ +

-
+

-

inwhich all parameters except r are constants chosen simply to show the formof the equation. As already said,
special cases of this equation produce other special functions ofmathematical physics, including hypergeometric

Figure 3.Energy behavior for abnormal parity states.
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ones, this being a topic of current interest [44, 51, 53]. In the next subsection, we give the general idea bywhich
some important interactions of physics can be investigated analytically in terms ofHeun functions or other
simpler special functions. However, it is worthmentioning that each interaction can be the subject of an
extensive study separately, since both themathematical and physical structure of the problem vary fromone
field to another.

4.1. Generalized cornell interaction andbi-confluentHeun equation
TheCornell potential includes linear andCoulomb termsThis is an attractive case in particle physics since it has
a confining linear term in addition to theCoulomb interaction, and has been used to study bound states [54]. In
its basic form, the resulting equation in theDKP formalism can be investigated simply as it appears in the formof
a non-relativistic three-dimensional harmonic term, the solutions of which have been known for decades
[55–57]. The generalization of the interactionwith a constant extra term appears in the formof bi-confluent
Heun functionwith the effectiveHamiltonian [44, 51]

( ) ( )V r A r A r
A

r

A

r
k. 331 2

2 1 2
2

= + + + +- -

It is interesting to note that the linear term is normally called theDKPoscillator, as it results in a harmonic-like
formdue to the square term, resembling the non-relativistic harmonic oscillator.

4.2. Coulombplus soft-coreCoulomb interaction and confluent-Heun equation
Mehta, a long time ago, proposed a change in the denominator of the Coulomb interaction [58], which is called
the truncated or soft-core Coulombproblem. Although the soft-core potential was originally used in particle
and nuclear physics, its applications now gomuch further and the potential is of great interest and application in
laser physics, optics, etc [59, 60]. The combination of ordinary and soft-core Coulomb terms, that is, the
interaction a

r

A

r
1 1+

b-
- - , takes the formof confluent-Heun differential equation [44, 51, 53], with

( )
( )

( )V r
A

r

B

r

C

r

D

r
k

1 1
. 34

2 2
= +

-
+ +

-
+

The soft-core Coulomb interaction can also be investigated on its ownwithin this approach.

4.3. Kratzer-like interaction anddouble-confluentHeun equation
In the previous section of this workwe have investigated theKratzer-type potential with the Lie algebraic
approach.However, the problem can also be investigated in terms of the double-confluentHeun functions
[44, 51, 53]. Bymaking a simple change of variable, the radial equationswith our Kratzer-like interaction, appear
in the equivalent formof the doubly-confluentHeun equation, with

( ) ( )V r
A

r

A

r

A

r

A

r
k. 351 2

2
3

3
4

4
= + + + +- - - -

whose solutions can bewritten in the form [44, 51, 53]

4.4. Yukawa and exponential-type interactions
In dealingwith exponential-type interactions, it is not possible to present analytical solutions unless wemake
some approximations. Obviously, this is due to the simultaneous presence of inverse and exponential terms.
Oneway to report general solutions is the so-called Pekeris-type approximation, which considers some
exponential approximation for the inverse terms, or vice versa [61, 62]. However, this is very rough since the
approximationworks only for a very limited range and cannot be very competitive with powerful numerical
techniques. Nevertheless, there are papers that report analytical solutionswith such approaches for various
equations of quantummechanics.

5. Conclusion

The spin oneDKP equation, unlike other wave equations in quantummechanics, has not been discussed
extensively in the literature. Theremay be several reasons for this, including the rather complicated structure of
the equation, which usually appears in the formof ten components. The analysis of theDKP equation in this case
must be done very carefully due to the existence of the so-called unnatural or abnormal parity states. In general,
the energy of the natural parity and unnatural parity cases show the relationship between the states with S= 0
and |S|= 1.

In this work, we consider aKratzer-type potential to show that abnormal parity states cannot represent
bound states for this choice. This highlights the need for careful study of various parity states in related studies.
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This could be a good starting point for future research on relativistic vector bosonswithmore complex physical
problems, since a non-minimal vector interaction has been considered, and the problem considered goes
beyondwhat is frequently addressed in the literature.More precisely, articles in this field have so far focused
mainly on the so-calledDKPoscillator, which is, in fact, a linear interactionwhose structure resembles the non-
relativistic Schrödinger equationwith the harmonic term and possesses exact solutions. Here, we have gone
beyond an exactly solvable problem and considered a conditionally exact problemwhose exact solution can be
reported only if the appropriate conditions among the parameters aremet, as shown infigure 2.

To solve theDKP equationwith this interactionwe have used the powerful Lie algebraic approach and
reported the general solution.

We also discuss other classes of interactions, including theCornell, soft-core, exponential and
trigonometric, which are not only pedagogically important to graduates, but also physicallymotivating and
applicable in various fields.We also comment on the energy of various parity states thatmay, in someway,
indicate the absence of Klein’s historical paradox.

We hope that with the fairly detailed conceptualization and calculations performed here, theDKP equation
will be considered as a basis for studying spin one ions,molecules, hadrons, etc. As afinal point, let usmention
that it seems that the analysis of the non-Hermitian structure of the equation is very deficient in thefield and
studies in this direction could open quite new and deep horizons.
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