HALF-RANGE ORTHOGONALITY THEOREM FOR THERMAL
NEUTRON TRANSPORT

Y. ISHIGURQ

PUBLICACAO IEA N.° 370

Janeiro — 1875

INSTITUTD DE ENERGIA ATOMICA
Caixa Postal 11049 (Pinheirps)
CIDADE THIVEREITARIA "ARMANDO DE SBALLES OLIVEIRA™

BADQ PATULO — DBRASIL



HALF-RANGE ORTHOGONALITY THEQREM FOR
THERMAL NEUTRON TRANSPDRT

¥. Ishigura

Coordenadoria de Engenharia Nuclear
Institute de Energia Atdmica
Sio Paulo - Brasil

Publicacdo |IEA N 370
Janeirg - 1975



Instituto de Energia Atgmica

Censelhs Supeticer

Eng® Aoberic M. Jafut - Presicence
Prot.Or.Emitio Mattar - WVice-frecdente
Fraf Or_José &ugusto wartinsg

Prof,Dr Milton Campoe

Eng?¥ Helcio Vodesio ds Costa

Superintendente

Rormsla Ribeiro Pigroni



HALF-BANGE ORTHOGONALITY THEQOREM FOR
THERMAL MEUTROMN TRANSPOQRT
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ABSTRACT

5 snoven thay the pgontunct.ens ol tha energy deperdert Liansparr equad.on e b g op ©
toegtier.ng degenaiaty Keenee hawve a ha'l rapge ortnogonatty property, Adpont fonetans ane oapressed in
rets o1 1ma H omar - nispduced oy Pahor

1 Introduction

One of the dietficultes i the application of the singular eigenfuncton cxpansion method
to ene-gy déependeni problems bas been that a suitabde haif range orthogonality ralation
cancernang the aigenfunchions % not as readily avaslsble as in the full-range £ase Though the
ptiacagle of mvanance has been successfully applied to golve halfrange problems 0 several
models' ¥ the approach 1s not as convenient as may be desived Siower1® has shown that the
ggenfunctions of the two group egquation of rad:ative transfer possess @ half range
oahoganality  pragerty  Similar half range orthogenality  theorems have been proved in
™ graup transport theory by S.ewert and Is"'nigu.m:r_‘| for the ¢ase of isotropic scattering and by
ishigure® for the case of lmearly amsotropic scattering The adjoint functiony in those cases are
expressed «n tenms of H matrices which may be obtained from the princple of invarmnce;
however mpleations of the established theorems are mare general than the principle of
INvar-ance

in the present. paper we wish to establish a half range orthogonality thearcm congaming
1he eneqgy dependent transpost equation for thermal neutrons with isctropic scattening
degengrate kernel

Thus we consider the equatlun:“
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whe:e the function M« v b the neutron gollision density per wnit speed interval and per
unl womgryet, the meart fre path S0y] amd the distance x are measured in upits of the
raximim value of the mean free path The nedtron spsed v is measuned in unets of the most
aiohable spesd in the Mawwelhan distribution M ois assumed that the mean free path s a
rmancron's tuncticn increasing fram Yol = o te == 1

By -ntrodpcng a new vanable

E= 8l (2]



Eg. (1] becormes
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with

i, v py = o x, v E i)

and the function ¥¢ being definad by the relation

E = Uyl {6}

We consider here a kernel written as
Fodw'=wl = v* Miv]TTvh uiv) {6}
Mivl = a2 axp (- w7} (7]

where o (v i5 8 colurnn vector and a superscript tilde 1s used 1o denote the transpose operation,

The general solutien 1o Eg. {3} has been obtained3-?. Here we would like only to
surmmarize the resulbts in order {0 establish owur notations.

Seeking the solution of the foren

Wi, v EY = Biw, Eoeap (- %1 2
we find a continuum vector eigenfunction
Bhe. £ 0) = v Wi ol FUE, b, wet- 1, 1) (9}
and discrete gigenfunctions

$lv, £oteh = v M) v FE =) alz ), ] = 1,2, M. (10}
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Fit v = E+ G {ul Ay Btr- 8 {11)

with P raferring to the principal wvalue of the integrals and E being th& unit matrix, The
SYMMEeNric matrix Givl s given by

Gl = J*“w v v v TEV) du 2

and the discrete efigenvalues tvl- are the raars of the equation

Alzh = det Alz) = O 133



whera
Alz) - E - Z e GiLl _dji_, 014
o z — o Lo & 7 E

The number of discreate digenvalue pairs iz denoted by [ and it is assurmed, in the present
paper. that Afs=j +0

The boundary values of the dispersion metrix are
At = a61 1 Gl vl 1.1) (151
and the vector atuil satisfies the equation
Alfl alut = O F = 12, M 116
2 The E MWzt rin

Pahnord | considering the half space albedo problem and applying the principle ot
invarianee, has intraduced the H-matrix which satisfies the nonlinesr integral equation

- | z. o di | _ 2
ﬂ |E . HF]G[H£+E _E”.zif{ 1. 04 117)
The H matrix alsa sat:sfies the equations
7o of
Hiz)Alrl = E 1 HLE G[F] a2 R ] {18a)
L 2l - F
Vo dai
Hivlalel = E - 5 F i HiE GilEl ;_'_E «ei0, 11, t 18h)
Constraining the H matrix sueh that
. |
det |[E J° HIEN GUE FIE, vl of |~ 04 =132, M 178}
-~ L

ansures that Egs. [17) and (18} have a unigue colution which is analytic in the complex plane
cut from 1 to O except at z ~ - & whare Hiz} has a simple pole.

3. Half-Range Orthogonality
We wauld noww like to establish the half range orthogonality thearem; (hereaftar w17 -0,

Theorem: the eigenfunctions ¢iviel. we{0T and $wisb j=12,. . .M, are
arthogonal an the halfrange £(0, 11 in the sense that

i’ j'}ah.',E,I.fi}ir-:u.&,lfk]:‘;dfdu =0,f # % (203}
noYE



f.la J:; B tv, £, vj) dlv, &, 21 Edidy = © 1206}
ST Blw Bl ik e fdbkdy = O [20t]
] '|.I'E — —
e sty = Q0 # 0 f20d}
where the adjaint functions are given by
8 (v Ejd = @tk H™' feg HIE) FRE. o)) ul) {212}
8 tv, £ ob = HOT L HIED FLE, ¢ utv), i21b

Prood: If we substitute Egs. {21b). {9} and {11] into Eq. {20d} we obtain, after some
partial fraction analysis and use of Eq. (12],

I; {Eiw,s, Bl (v, £, v} Edid
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The usze of Eq.(18b) proves Eq. (20d), snd the other cases can be proved in & similar
manrer uzing Eq. {16} as well as Eqs, (1B,

Finally we wouid like to 1ist the normalization integralslg

I ! a
J"ﬂ {:; Blv, £, vj plw, £, wjlidédy = 3 pj'titl-’j:'ﬁr[“i}?_:pj] {23a)
£ gy Bt ipde £ Moty = oW1 G W ALY ) 1238

and the cross product integrals

' - - - vk ~
Iu j:E Blv, £ vjl v, £, — sgitoide = A+ o) 2 a el H” :;—|H Y daln ) 124a)
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LT Bl bl b - bRl = A - T  Mela {24c)
'IDJI‘-'E Bl kbl L — v fdEdv 2 + i o H tejla ey
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Ia 'I‘-‘E Blu b mgle &, - 0'lididy T Ho {p HP 0L (244)

RESUM

E dernpngtrade gue as autofuncgdes da ecuagdo do transperte dependente da energia com urm Kerme” de

aspalnarmento gatiBplco degenarado agresenta a propredade de oricgona idade no semi-imtervalo.

A3 fungdes ad|unras 280 axpressas em TErmos da matris FListredurica poar Prahrr,

RESLURIE

O a prauwd gue les fonctions orgpis de | equatian de deansporl dependant de énzigie avee Karme de

relenlegement isptropigue dégencre onk ume propeistd d'crhegonabied & demipore. Les fanctions adjalnoes
sonT 2tablias en rigle de la matrice M introdu-e par Pahor,
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