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ABSTRACT

A study of the idesal MHD spectrum of low frequency modes
with long parallel wavelength, short perpendicular wavelength
was made. Ey applying a two-scale perturbation analysis to the
two coupled equations that in general describe the modes, an
equation was derived that is valid in the vicinity of the
magnetic axis of an axisymmetrie high-beta configuration. By
solving it, the stability boundaries to ballooning instabilities
and the growth rates of unstable modes are obtained. The
connection between ballooning and interchange modes is
discussed. From the asymptotiec solutions of this equation, the
continuous spectrum of shear-Alfvén waves and slow sound waves
can be generated. The time-dependent problem is solved to
determine the amplification of stable perturbations and to
examine the transition from shear-Alfvén waves to ballooning
instabilities.

Thesis Supervisor: Dr. Bruno Coppi
Title: Professor of Physics
Thesis Reader: Dr., Jeffrey P. Freidberg

*

Title: Professor of Nuclear Engineering



ACKNCWLEDGEMENTS

1 am tHankful tovthé following persons and institutions:

Professor Bruno Coppi, my thesis advise;, who offered me a
most interesting topiey .

Drs. Thomas M. Antonsen, Jr. and Jesus J. Ramos, my close
collaborators; who watched and participated in the development
of this thesis;

Barton Lane, for many useful discussions, comments and
advice on the manuscript;

Sow Toh Chu, who taught me that computers are not to be
feared;

Drs. Nicholas Sharky and Ronald Englade, for their
assistance in the use of computers; |

Geoffrey Crew, for help with some computations and grabhs;

Prs. James W.-K. Mark and Linda Sugiyama, for their
interest in the development of this work; |

. Instituto de Energia Atdmica e Pesquisas Enefgéiicas in S;o
Paulo, Brazil, for a fellowship;

Yamato Miyao, my attorney in Brazil, for his loyalty and
generosity in the defense of(my interests;.

Profs. Sidney Yip and Robert Hulsizer for moral suppoft.
during the completion of this thesis; '

Maggie Carracino, for her good will and efficiency in
typing the manuscript; . | |

AAndy Pornoy, fof his care in the preparation of drawings.



TABLE OF CONTENTS

Abst’raCt ..‘.;.lll.....'..l."..'.;OQO-OUUO..CI.'.......‘O.

ACknOWledgments .Qco"'o.c‘.....0.0.0.0"!000..0."00.0

Table of Contents

® 4 0 6 9 0 9 5 T @S ¢ T A AN GO0 sSSP RN

List Of Figur'es ...‘D...;..l..."l'.....l.l."........

Chapter 1I.

Chapter 11I.

Chapter III.

Chapter 1IV.

IntrOduction 8 8 0 0 8 8 0 8 T S QSO NN eSS

The General MHD Theory of

Ballooning ModeS .iceececsccsanccncocans

Appendix
Appendix
Appendix

2A ® 8 8 6 0 5 5 9 06 2B 8N S S PO BN B e
25 O......‘;...Ol...'.ll.'..llQ

2C e % 0 5 0 9 S 24 4 2 S0 0 S A s e NS S e s

The Equilibrium Solution ....eececcccass

Appendix

1

The Spectrum of Unstable Modes .eeeesees

Appendix
Appendix
Appendix
Appendix
Appendix

BA veveeeronnseensoanaanansnans
BB wevecenosaoasonseononssnncns
BE tevnvnrnnsoncucasncnenosomes
AD teenerrnnenretenaeiaenanaas

uE LK B K B L B B B BN BN A B BN BN BN Y B RE RN N BN BN BN BN B A

Page
2 .

3
y
6

37

97
98
100

101
127
129
170
171
173

175
176



Chapter V. The Continuous Spectrum ......cevneecees
Appendix SA l....0‘Dl.l.l.l..!."..l".l.‘.

Chapter VIQ CO“ClUSion ® ¢ 9 0.6 00 4 3 @ 260 S8 ST OB O Ee SO R0

ReferenCes ‘.0l....'...."..‘.....‘OI....O..'I'.’....‘.

178

245

254

257



" Figure 1.2

Figure 1.1:

Figure 2.1:

Figure 3.1:

Figure 4,1:

. Figure 4.,2:

Figure 4.3:

LIST CF FIGURES

A Plasma Slab Model to Interpret the

Gravitational Instability ...%.eeeeeo.n.

Evolution of a Fluctuation into a
Ballooning Instability in a Torus .....

Contours of m2 =z constant in the

~

Phase Plane (‘l’, q‘p) e % 2 2 % O 0B 4 PO NP e
Coordinate System for an

Axisymmetric Toroid (.ceeceececscecnnnss

Instability Boundaries in the

(Bp’g) Plane LI I I A BN R R I B I B I I I B )

Graphical Determination of the
Instability Boundaries for Equilibrium
Configurations Characterized by
Circular Flux Surfaces in the Vieinity
of the Axis and Bp z ® ;......;........
Ciagram to Interpret the Transition
from Interchange Modes to

.

Ballooning ModesS .ccecscececceranccccss

,23,

28

92

103

144

157

159



Figﬁre 4,4

Figure 5.1:

Figure 5.2a:

Figure 5.2b:

. Figure 5.3:

Figure 5.4:

"Figure 5.5:

The Growth-rate Squared Parameter
as a Function of g for Equilibria

Characterized by Circular Flux Surfaces

*

'in the Vicinity of the Magnetic Axis

ands - ® L s00 00000000920V sGCeBRGONSEE

The Plane Statified Medium ...veeeesoes

The Continuous Spectrum of Alfvén
hWaves in the Vicinity of the

Magnetic Axis for g = 0.1,'qo =1 eunn.
The Continuous Spectrum of Slow Sound
khaves in the Viéinity of the

Magnetic Axis for g = 0.1, qQ = T ceees

Sketch of the Several Frequency
DComains for Equilibria Characterized

by Circular Flux Surfaces in the
Vicinity of the Axis and Bp S ® seesens
Shape of the Equivalent Potential

V(¢) for Different Equilibria .........

.Interpretat;cn of the Transient

Growth of Stable Perturbations as a

163

181

214

223

227

Focusing Effect on Magnetic Fluctuationé!

causedby Shear .l'.........'.'.....'....

233



Figure 5.6:

Figure

Figure

Figure

Figure

5.7:

5.8:

5.9:

Time Evolution of a Pulse c.eeerenanvens

Maximum Amplification of a Pulse

Initialiy Located at 1, = 15 as a

Function of the Equilibrium

Parameter g ..cce...

Time for a Pulse Initially Located at

£ = 15 to Reach the Origin as a

(o

Function of the Equilibrium

Parametergl..oooc.-.lt..'luollc.O'oocq.

Characteristic Lines in the

(t,’:) Planev.tloolo.'o--.-oogouucnooocuoo

¢ et

Equilibrium Profiles in the First

Stable Region (Dashed Line) and

Partially in the Second Stable

Region (Solid Line)

S & 8 40 00200 0P e L9 B0 s

237

241

242

248

256



Chapter 1
INTROCUCTION '

In the past few Years, a cénsiderable effort has been
expendeq in the theoretical understanding of ballooning modes.
Practical reasons justify this, since ballooning modes are
geherally seen as a potentially dangerous form of instability,
that could limit the maximum beta achievable in tokamaks. Eets,
defined as the ratio of the average plasma pressure to the
magnetic field pressure, is perhaps the most important single
parameter to characterizing the merit of a fusion device as a
prospective reactor. A limitation to a Iow value of beta would
pose a serious threat to the economic feasibility of‘fusion
resctors of the tokamak design, since the power output is
directly proportionél to the square of beta(1). In addition, we
cannot expect that the strength of the magnets necessary to
produce strong confining fields can be increased without meeting
technological barriers. It is then crucial to asses how much
room is available, in increasing beta, without creating
conditions that would léad to loss of confinement.

To eritics, the weakness of a fusion program based on the
assuMptionvof reactors operating at low beta did not pass
unnoticed. 1In an article published in the magazine Science in
1976,(2) Jjust before the beginnings of intense rgséérch bn

ballooning modes, Mertz, quoting comparative studies on the
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fusioﬁ cost, pointed out that'"to make a tokamak reéctor compé-
titive, ways would have to be found to increase the beta value
from the currently assumed value, between 1.9 and 5.6 percent to
- at least 10 percent." We may take these fighrés as represen-
tative. |

In fact, the limitations on bets at that time, for
engineering design, were dictated not'oﬁly by stability
considerations, but also by the equilibrium., It is known thét a
plasma has a tendency to expand along the major radius of the
chamber, and to counteract this, a vertical field has to be
applied. AS the pressure is raised, the plasma must be kept in
position by a stronger vertical field, and at a value of
poloidal beta (the ratio of the plaéma pressure to the magnetic
poloidal field pressure) typically of the order of the inverse
éspect ratio, the applied field cancels the poléidal field on
the inner side of the torus. 1In terms of beta, this limit

2 (3)

corresponds to g -¢/q , where q is the safety facteor, and e
= -a/Ry, for a circular tokamsk with minor radius a and major Ro.v
With the formation of a second magnetic axis inside the column,
ﬁhe flux surfaces would intersect the wall, and once the plasma
is carried to the wall, the,confinemept is destroyed.

One way to relax this equilibrium limit is by tailoring
non-circular cross sections. But probably it was the |
development of the concept of the flux-conserving tokamak that
opened new ways in the search of high-beta systems and shifted

the emphasis from the equilibrium to stability considerations.

The idea can be traced back to a review paper of 1971 by
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Mukhovatov and Shafranov(u), where we find the observation that
"if a plasma is heated sufficiently rapidly so that the
condition of 'freezing' of the magnetic field in the piasma is
satisfied, tﬁen the topology of the magnetic'confinement cannot
be disturbed, i.e., evén on unlimited increase of pressure the
topology of the enclosed toroidal ﬁagnetic surfaces with one
magnetic axis theoretically remains unchénged." The condition
of "freezing" is equilivalent to the condition that, in the
process of pfessure raising, the gq-profile is held fixed. VWith
this simple prescription, sequences of equilibria can then be
obtained with arbitrarily large values of beta without the
undesirable shifting of the separatrix to the interior of the
chamber and consequent loss of confinement. The principle found
a fertile development in the hands of the Oak Ridge researchers;
in 1977, Clark and SigmarCS) proposed an analytical model to
explain the evolution of the macroscopic parameters of the
equilibrium under the constraint of flux conservation, and LCory -

and Peng(G)

reported the results of numerically computed
equilibria with B values above 20%. Since then, flux conser-
vation has become a common computational meﬁhod of generating
high-pressure configurations fér Stability'studies.

With the obstacle of the equilibrium out of the way, it
seemed that magnetohydrodynamic stability considerations would
set the limit to the maximum pressure that could be contained.
Indeed' by 1677, following a paper by the Princeton group(7), it
"was clear that ballooning modes would impose ve*y severe

limitations on the attainable value of beta, of the order of 1. 5

percent,

o e i e et e ————————
INSTITUIC CE PESCU ASENTR LU 8 E NUCLEARES
. P. E. N. ’




12

First reports on ballooning instabilities, however, go as

5(8'10). There we find

far back as three papers dating from 196
already the main ingredients of our present gonceptual ¢harac-
terization of ballooning, as modes that can be driven unstable
by locally unfavorable'magnetic curvature. In a toroidal
axisynmetric configuration, particles moving along a field line
wpuld see a magnetic curvature that.is periddibally varying with
respect to the direction of the confined plasma pressure
gradient. Favorable regions then zlternate with adverse ones
from the point of view of the stability. Perturbations are
possible for which the ;mplitude is largest in the "bad"
regions, and can evolve in a relatively localized ballooning
instability. In these original papers a criterion was given for
the critical beta agzinst the onset of the instabilities, of the
form B ~ ch/La, where r is the plasma radius, L is the length
along field liné§ between "good" and "bad" regions, and R, is
the mean radius of curvature.

Apparently, ballooning modes remained in relative oblivion
in the following ten years. The work done in Princeton in
1976-77 was essentially a numerical one, making use of the
recently developed PEST package. A wealth of beautiful figures,
showing the displacement vector fields, that seem to drag the
plasma from the center to the outer surface of the chamber, and
providing a vivid picture of the structure of phe mode did not
fail to motivate the community of physicists. Ballponing modes
rapidiy became the fashion.f Soon after é taik given by Greene |

at MIT late in 1976, Coppi(11), examining the characteristics of
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the mode revealed by the Princeton code, formulated a simple
analytical thedry to explain its topology and to identify the
main physical parameters affecting the mode. From this theory a

criterion for stability was obtained, that in the case of

shearless systems, can be stated as G = 1/2, where G = -qu

o
(2dP/dr/B%), B being the magnetic field strength and dP/dr the
pressure gradient. If we assume that the typical leﬂgth of
modulation of the magnetic field is L ~ qRo, this relation gives
the same scaling law for the critical beta of ten years before.
Coppi also found that, around the most unstable flux surface,
the radial distribution of the mode can be approximated by a
Gaussian curve and -- although not stated explicitly -- that the
most unstable modes~oqcur in the limit of infinite toroidal
‘ number.

The theory of Coppi was based on an equilibrium configu-
ration described by circular concentric flux surfaces. For the
form of the perturbed quantities, as the displacement, he wrote

£ = g(r’e)eiN(¢-q(r)e)

, where ¢ is the toroidal coordinate, 6
the poloidal angle, q(r) is the inverse rotational transform on
2 surface of radius r, and N is the toroidal number, assumed to
be a large iﬁteger. This is one instance of the widely used
"eikonal representation,”" to which we shall give some attention
later in thié chapter. The difficulty with this representation
is that, if Nq is not an integer, in order to produce a
‘displacement £ that is periodic in the poloidal ang}e, the

“amplitude" £ cannot be periodic. This is inconvenient, because

the mode equation ultimately will refer to the quantity §, and
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instead of usual boundary conditions, we find that § has to

satisfy a difference relation of the type £ (0an) =
_E(ann)e'i2"Nq. Cne way to circumvent this difficulty is just to
assume that ; vanishes at the angles o = in.' This was, again,
suggested by the numerical results of the Princéton group, that
showed, consistent.with the physical mechanism of the insta-
bility, that the amplitude becomes quite small at £he inner edge
of the torus. Coppi baptized this boundary conditon the
"disconnected mode approximation," because the modes appear as
if they were acting independently on periodically spaced,
successive regions along a given magnetic line. Strictly, this
approximation does not generate fully periodic, analytic
solutions, since it introduces a discontinuity in the derivative
of E that, in principle, would be removed by a more adequate
treatment of the problem in a narrow layer around 6 = *s, For
systems with strong shear, however, the eigenmodes do-decay vefy
QUickly in the poloidal angle as'we méve from the outer to the
inner side of the torus, aﬂd the approximation provides
reasonably good estimates for the critical conditions of
stability and érowth rates of.unspable modes.

In the same year of 1977, Eobrott et g;.(12), working at
the GCeneral Atomic Company in San Diego, California, derived the
high-N equation for ballooning modes at marginal stability for
arbitrary equilibria. Starting from the ideal MHL energy
principle, they carried out a systemstic minimization procedure,
which, to lowest order in powers of 1/N, gives an équation that .

describes the structure of the mode along the field lines on a
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given magnetic surface. This derivation showed that, in the
high-N limit, kinks, that ére drivenlby the interaction of the
parallel equilibrium current with the pertuabed magnetic field,
decouple from ballooning. The minimization process eliminates
the terms in the energy functional usually associated with the
.fast and slow magnetosonic waves, leaving only the term that
drives the shear-Alfvén waves (stabilizing) and the term
containing the interaction of the pressure gradient with the
curvature (de-stabilizing). To solve the mode equation, Dobrott
and co-workers used the same boundary conditions as Coppi, i.e.,
they considered even modes that vanish at & = %=x,

The next step in the developmenp of the theory of
ballooning modes came as a new approach to the question of the
"represcntaiion of the mode, and to the boundary condition to be
applied to the mode equations. Y,C. Lee and VanEam(13), at the
Workshop on Finite Eeta Theory held in September 1977, in
Varenna, Italy, noticed that, in the high wave number limit,
there is local translational invariance among the harmonics of
the perturbations, and, using this fact and the Poisson
summation formula from the theory of Fourier transforms, they
derived a reﬁresentation of the mode as an infinite series.

Each of the terms of the series has the "eikonal form" that we
mentioned previously, but shifted by 2% in the poloidal angle.
In this way,lthe periodicity of the overall mode is automa-
tically guaranteéd; with no need for the individual‘terms of the
series to satisfy any periodicity requirement. At the same '

Conference, Glasser proposed an identical representation.(1u)
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Pegoraro and Schep(15) had a1$o arrived at the infinite series
of quasi-modes, by exploring the symmetries of the mode equation
in the local approximation, and developed ahguments quite
similar to the ones of Lee and VanDam. This formalism, that is
now usually referred to as the fballooning representation," is
an important gain to the theory because it finally solves the
problem of reconciliation of the eikonal form, which is
desirable to preserve, with the physical requirement of
periodicity of the mode in a sheared magnetic field.

Apparently, the new representation received wide acceptance

after the paper by Connor, Hasties and Taylor(16)

appeared in
1978. In this paper, the "ballooning representation” was given
as an infinite summation of Fouriler transforms, rather than a
series of quasi-modes with shifted arguments, which is indeed
more convenient for theoretical purposes. Connor, hastie and
Taylor rederived the mode equation, that has exactly the same
form of the equation previously obtained by Cobrott and
co~workers, but noticed the fact that because of the
introduction of the "ballooning transformation," the independent
variable is no longer to be interpreted as the physical poloidal
angle, and ranges over an infinite interval. As a consequence,
the appropriate boundary conditions have to be redefined, and
thié leads to stricter conditions for marginal stability than
found p;eviously. Exploring furthef the new mathematical terms
in thch the problem was re-stated, they carried oup an
asymptotic analysis of the mode equation, and recovered the

Mercier criterion for stability against localized interchanges.
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All these results appeared again in 1979, in an expanded

(17)

version of the original paper , but with an important

addition. Connor, Hastie and Taylor observed that, by use of
the "ballooning representation," to lowest o;der'in an expansion
in powers of 1/N, one obtains an ordinary differential equation
that describes the oscillations on each magnetic surface. No
coupling occufs in the radial direction, and the eigenvalue that
results is‘a "local" one, depending parametrically on the
equilibrium quantities of the considered surface. The radial
structure of the mode, of course, remains undetermined to this
order. To ccmplement the local theory, they carried out a
higher-order analysis, that permitted them to evaluate the
"global" eigenvalue and to determine the radial profile of the
mode. A quite general proof was then given that the most
unstable modes correspond to the limit N + =,

Ih fact, the equations derived by Connor, Hastie and Taylor
are strictly valid only at marginal stability, although this
does not affect in the least the general conclusions that they
obtained concerning growth rates and finite-N dependencies of
the mode. The limitation came from the fact that they had
assumed that the divergence of the displacement vanished to all
orders and this does not actually minimize the full Lagrangian
(the kinetic energy term included in the energy functional).

The correct treatment was given by the Princeton group by the
‘middle of 1978(18), which showed that, in general, modes with
long paréllel wavelength, shprt perpendicular wavelength across

the field lines, énd low frequencies — in other words, modes
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with the ballooning characteriétics — are described by two
coupled equations, rather than one. 1In the same paper, they
proposed an alternate method of treating thq problem of the
global eigenvalue, and the N-dependencies of the mode, that

makes use of the phase integral quantization condition.

The Second Stability Region

Up to now, in this historical overview, we have followed
the path of development of what we could call the "general MHL
theory of ballooning modes." Parallel to this; there was the
search of concrete stability limits, both using numerical codes
and analytic or semi-analytic models for the equiliﬁrium.

In the first studies on ballooning modes, we found already
a scaling law for the critical beta, that can be written as 8
~c/q2. It seemed an obstinacy of Nature that the same limit
formerly set by the equilibrium reappeared now imposed by the
stability against ballooning. The simple model for the
equilibrium adopted by Coppi, corresponding to an almost
pressureless plasma, reproduced this scaling law and indicated
that the growth rates of unstable modes increase in an approx-
.imately linear relation with the pressure gradient (more
precisely, with the parametef G); also, that increase of shear
is uniformly stabilizing. He pointed out, however, that the
consistént determination of the stability limits would have to
take into account the modifications in the equilibr}um
introduced by the finite values of beta at which the instability

actually appears, in particular the shortening of the effective

R - : . -,ot —
oL EE G ENERTOVIICSE NUCLE
STITUIC L ¥ -GU SAB '
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connection length(jg). This could be accomplished in a model by
assuming a simple law of variation of the poloidal magnetic
field over a'given magnetic surface, of the form Be « (1 - ue(G)
cos e)'1, where “e(G) is a positive monotonically increasing
function of G. ‘In addition to the increase of the peloidal
magnetic field in the outer regions of the torus, an equilibrium
model for finite beta configurations should include the
weakening of the local shear around & = 0, the simplest choice
being an expressiﬁn of the type: shear (local) = shear
(average) - aq(G) cos &, where aq(G) has a behaviour with G
similar to ua(G). In faét, we can show that an equilibrium with
these characteristics is described, geometrically, by shifted,
rather than concentric, circular flux surfaces. In the first
half of 1978, the MIT group found the surprising result that
such an equilibrium predicts that the modes are first
de-estabilized at some critical threshocld of the pressure
gradient, but then, by further increase of the pressure, can
again become stable(ZO). At the Innsbruck Conference of 1978,
it was reported that "when g increases, at first a critical

value g_ is found such that for g > Bor @ mode with positive

c
growth rate is obtained. Then'by increasing g further, the mode
growth rate does not appear to increase and in certain cases it

'(21?. This phenomenon has been

decreases and even vanishes'
referred to later as the "second stable region" of high

pressures. The interpretation given then for the appearance of
two péints of marginal stébility was that thé pressuré gradient

enters twice the effects of the equilibrium on the mode, first.
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as an unfavorable factor, as in the Raleigh-Taylor instability,
and Seéond, as a stabilizing factor such as by shortening the
characteristic scale lengths of the mode amp}itude along the
field lines. In fact, if we analyse the mode equation
appropriate to this equilibrium using a variational form,
because of the dependence of the poloidal field and shear on the
pressure gradient, we obtain a quadratic zlgebraic equation for
the critical G, that admits two real, positive roots.

At the Innsbruck Conference, similar findings to ours were

communicated by European researchers, namely Mercier(22), Sykes,

Turner, Fielding and Haas(23)

Zakharov(2%) Basically, their results were also derived from

, and, frcem the Soviet Union by

simplified analytical solutions of the equilibrium, that, in one
way or another, contained the essential‘ingredients that lead to
the stabilization of the mode at high pressures. Because the
calculations based'qn such models are strictly valid only in the
vicinities of the magnetic axis, it was not clear, however, if
equilibria which are glecbally stable could be obtained by
increasing the pressure beyond the first critical threshold. 1In
the United States, numerical codes finally confirmed that
high-beta configurations could be produced with flux surfaces
lying in the second region of stability at an average beta of
the order of 8%, faf above the limit of 1% of the first

(25)

region It appeared then, for the second time, that the

restriction g fg/q2 could be beaten.
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A Simple Model for Ballooning Instabilities

In this thesis, we assume that the plasma is described by

the equations of ideal MHD. 1In the system of rationalized.

natural units, they are written as:

: s dav _ _
Equation of motion: Pp gt = ~ VP + Jx B (1-1a)
. N 3oy, >
Equation of continuity: TtV -(pmv) = 0 (1-1b)
Faraday's Law: %% = ~-vxE (1-1¢)
Ampere's Law: J = vaxB | (1-1d)

where Pm is the mass density of the fluid, P is the scalar
pressure, J is the current density, E and B are, respectively,
the electric and magnetic field. The basic MHD constraint,

usually called the "frozen-in-law":
E + vxB =.0 , . . (1-1e)

which charaq@erizes the plasma as a perfectly conducting fluid,
is assumed to be valid. This set of equations, in general, is
‘not sufficient to specify completely the fluid behavior, and hes
to be complemented with an equation of state. For phenomena
that occur in a time scale much shorter than the typical trans-

port time scale, we may assume that the equation for adiabatic

procesées is obeyed:
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= 0 , - (1-1f)

where Yo is the ratié of specific heats. wé shall always
consider equilibrium states for which there is no flow velocity.
Ke now develop, within this general framework, a rudi-
mentary model that illustrates the physical factors affecting
the stability of ideal MHL ballooning modes(26). We consider an
infinite plasma slab imbedded in a uniform magnetic field

directed along the z-axis. The equilibrium density is nonhomo-

geneous along the x-axis with a characteristic length scale

de
N 1 m
rp =T E; dax— ' (1'2)

To simulate effects of magnetic curvature in this one-
dimensional model, we introduce an artificial gravity g along
the diretion of the pressure gradient that acts upon the fluid
mass oscillations, but not on the flpid at rest (Fig. 1.1). We
will see, in subsequent chapters, that the inccmpressibie
fluctuations are subject to the least favorable stability

condition. Thus, we take:
vt = 0 , (1-3)

a strict constraint that can be viewed as an equation of state
and closes the set of the fluid-magnetic equations, making the
use.of Eq. (1-1f) unnecessary. Here, f is the fluid displace-

ment, that we assume to vary harmonically with time:
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Gravitational Field are Uniform.
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t
P ettt f v dt. (1-1)

Linearizing the equation of motion for small deviations of the

-

equilibrium, we obtain:

2 4 - B . l p -~
-0 pmz = -V(P1 + B -E1) + B V§1 + §1 vB + P18 (1-5)
where the subscripts 1 apply to perturbed quantities. The

equation of mass conservation gives

P + ? - Vo, = 0 , (1-5)
and,-by combining Faraday's law with the frozen-in law, we

obtain for the perturbed magnetic field:

51 = v x (¢ x B) 4 (1-6)-

We next Fourier-analyse the perturbed quantities, and write the

displacement, for example, as:

~

t eikx + ikyy + ik" 2z

T(r) = (1-7)

We choose to consider perturbations with Ez = 0 and assume
further that, in the directions transverse to the épplied
magnetic field, the scale of variation of the mode is much

shorter than the equilibrium scale:
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K. -~ k. > r ' | (1-8)

The incompressibility condition can then be used to eliminate

the y-component of the displacement:

kx
fy T TR, G (1-9)

Eq. (1-5) gives immediately:

~ ~ dpm
p = - Ex I - (1-10)

and, from the x-component of Eq. (1-6),.we obtain:

Bx = i k‘l B {x (1-11)
Taking the z-component of the curl of Eq. (1-5), we have:
2 .25 . 2 2 2 ° _ _
o p kT & = i(k, B) ki By + kj g ¢ . (1-12)
where k_,.2 E ki + ks. kith the already known expressions for the

perturbed density and magnetic field, this last equation finally
yields: ' ‘ ' |

2 1 g a
Vi - S (1-13)
A e ek )® T : | .

where Vi = lepm defines the Alfvén speed. This dispersion

relation is a composition of the dispersion rela;ions-for the
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Alfvén waves and the Raleigh-Taylor instability. The first
term, in particular, is due to the bending of the field lines
and is stabilizing. Eq. (1-13) tells us thqt the modes, because
they stretch the field lines, require a minimum plasma pressure
before developing into the gravitational instability. The

condition of marginal stability is reached when

2

—E— = K (1 “x, (1-14)
r L " =z
p A ky

Now, in a realistic configuration, because of the curvature
of the magnetic field, particles moving along a field line
experience an acceleration m vtﬁ/Rc, where Rc is the radius of
curvature, m is the mass and Vin in the average is the thermal
velocity., This suggests that the analogy between the effects of
curvature and gravity in a planar model can be achieved by the
substitution:

g o,
r

_ (1-15)
rp .pm pRc . _

The scale cf variation of the.modé'along the field‘lines is
typically of the order of'magnitude of the periodicity length of
the magnetic field, and we replace

21rv : : .

ky — & - T a-e

Lefining beta as g = 2P/52, the condition expressed by Eq.

(1-14) provides then a rough estimate for the critical value of

betsa asi
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r R r

B~ P ¢ . p . (1-17)
0 wen? R, q g | -

where we have assumed that kx ~ ky.
The dispersion relation, Eq. (1-13) can also be interpreted
as follows. if the Alfvén term is large, meaning that the field
lines behave as stretched strings under strong tension, ripples
tﬁat are formed in the "bad" regions tend to propagate quickly
to the inside of the torus, apd have no time to be effectively
de~-stabilized by the local unfavorable curvature. They will
just experience a transient growth, that cccurs in a time scsale
larger tban the time of transit between the regions of bad and
good curyature. On the other hand, if'tﬁe combined effects of
the pressure gradient and curvature expressed in the second term
of the dispersion relation is large enough, as the fluctuations
travel along the outside of the torus, they are first slowed
down, and then trapped in the graviiational "well”, eventually

developing into an instability (Fig. 1.2).

Advantages of a High-N Theory

In Chapter 11 we shall présent the reasons that make the
eikonzal form a natural choice for the representation of the most
unstable perturbations. However, even remaining in the level of
general considerations, we can find intuitive arguments to make
iit piausible(27). A plasma, because of the strong confining

magnetic'field, is a highly anisotropic medium. The magnetic



- 28

— a4 St

RQ‘

Figure 1.2: Evolution of a Fluctuation into a Ballooning

Instability in a Torus.

-

SR

INSTITU (U OV EGU SASENERIL TIL SE NUCLEARES
; I P.E. M

i s, VA Gt




29

field tends to tie the'motion of the.particles to the field
lines, in this way isclating the plasma on'adjacenﬁ field lines.
Thus; the plasma supports rapid variations of perturbed
quantities across the field. Along the parallel direction,
however, the free motion of particles is hindéred only by their
own inertia, and for low frequency phenocmena, in bafticular,
this rules out the possibility of large unbalanced forces
associated with rapid variations in perturbed quantities.
Because they bend the field lines, variations along the parallel
direction have a stabilizing influence. Therefore, we may argue
that the most unstable modes are those that maximize the ratio
kl/k" , being characterized by long yavelengths in the direction
of the magnetic field and short perpendicular wavelengths.

Perturbations of this type are conveniently represented as:

~

%) ei® ' (1-18)

Ll 2

->
1 4 =

where all fast variations across the field are isolated in the
eikonal a, and the large scale variation along the line of force
is contained in the amplitude E(X). Specifically, we require

that

v

|v,a] > | 2

31 | S (1-19)

»

where ¢ represents a coordinate zlong the field line., Since va
invelves large derivatives, to make effective that the
amplitude, alone, gives the slow parallel variation of the mode,

we demand further that
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n

C(1-20)

a

*

id_est, the eikonal must be constant along the field lines.

For example, in an axisymmetric.toroidal confinement
described by circular concentric flux surfaces,rwhere the field
lines are helices of uniform pitch on a given flux surfaée, the

appropriate representation of such modes is

~

T = ¥ (%) elN(e-q®) C(1-21)

Short perpendicular wavelength is represented ty the largé
number N in the phase factor. To make the mode periodic in the
toroidal ccordinate, N must be chosen to be an integer. On the
other hand, the parallel wavelength of the oscillation is
contained in the amplitude, with a much slower variation, such
ﬁhat parallel derivatives remain of order unity.

A high-N theory of ballooning modes has many advantages.
The first of these is that it deals with the modes that impose
the strictest conditions of stability. In the second place,
high-N number modes provide a natural expansion parameter, and
this makes it possible to obtain mode eduations for absolutely
Agenéral equilibria. For modes with low toroidal numbers, in
contrasf, because of the lack of an expansion parameter embodied
in the structure of the mode itself, we have to 100? for a
suitable parameter in the equilibrium, usually the aspect ratio.

This leads to mode equations that are less than general,
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limiting the scope and amplitude of the theory. 'In ihe third
place, the lowest order equations in a high-N expansion corres-
ponding to infinite N, can be shown to be ordinary differential
equations, descriping the structure of the mode over decoupled
lines of force, and are sufficient to determine the boundaries
of marginal instability. This greatly simplifies the problem,
that in principle would require a two-dimensional formulation.
Stabilizing effects of finite N and the radial structure of the
mode are fixed by higher-order equations in the expansion.
However, once again because of the large parameter involved,
asymptotic methods are available thét make unnecessary a precise
picture of the radial profile to determine the effects on the
instability bound;ries by the finite value of N. Thus, higher-
order equations are not really needed, all relevant infqrmation
being contained in the lowest order theory. Finally, for large
N numbers, computational methods of minimization of the energy
functional find difficulty in resolving the fine structure of
the mode, and have to be complemented by the differential

equations provided by the asymptotic theory.

Retrospective View of the Deveiopment'of this Thesis

The object of this thesis is to study low-frequency modes
with long parallel wavelengths and short perpendicular wave-
lengfhs in a realistic equilibrium configuration. Because of
the Qifficulty of a global treatment of the'problem, we -
rrestricted our attentibn to the vicihities of the magﬁetic axis,
where equilibrium solutions can be obtained ih the form of powér

series,
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Sacrifices are imposed by the analyticél éttitude, not only
concerﬁing the domain-of validity of the analysis, but also
because the complexity of the equations stil} require further
simplification of the description of the equilibrium. This
precludes a systematic investigation of the local effects of
boundary conditions of the equilibrium on the modes. However,
we believe that shaping studies, with its important applications
for the design of optimal geometries for confinement, become
more meaningful in the context of global analyses, that reguire
a full numerical approach. They can be left outside of our
study with no harm to the substance of its conclusion.

The starting point and basic motivation of the work
presented here was 'to determine the stability limits against
tallooning modés by using simpiified equilibrium models that
would mimic the most important effects expected to be found in
realistic, high-beta configurations. We could expect that,
conceived as modeis, these descriptions of the equilibrium would
portray more accurately the actual conditions prevailing in the
neighborhood of the magnetic axis. In the develorment of the |
work, it becgme clear that, because of the specific ways by
which the equilibrium affects the mode, a fairly more detailed
solution of the equilibrium equations, even in that tiny
particular region, was required. We mean by this that, with the
available tool of the power series expansions, the lowest order
solutions of the mode equations could be found only after going
much farther in the orders of the équilibrium. This sensitivity

of the ballooning modes to the equilibrium is in sharp contrast
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with other MHL modes, as the localized interchanges,'for which
local criteriavof stability can be determined with much less
complete information about the equilibrium. Then, the location
of the precise boundaries to ballooning inst;bilities at the
axiéhinvolve not only a knowledge about ﬁhe ambuﬁt of relative
shift of the flux surfaces, but also about distortions in shape
as fine as of the fifth harmonic in the poloidal angle.

The complete understanding of this problem was reached only
by the application of an appropriate mathematical technique to
the mode equations that makes use of two distinect scales. 1In
the ballooning equations, because of the periodicities of the
equilibrium, the poloidal-like variable appears as the argument
of periodic functions but, by effect.of ghe non-vanishing shear
élso in secular, non periodic terms. He;note that, because of
the dependence of Va along a field line, shear effects are
retained in the equations that describe the structure'of'the
mode, although these equations apply to each single surface
individually. As we follow a field line winding arouﬁd a given‘
flux surface, it departs more and more from the path of a field
line lying on an adjacent flux surface with a different rate of
twisting, aiﬁhough at the starting point they would run very
close. Then secularities appear mixed with periodicities. The
intfoduction'of two-scales permits us to treat separately the
two different dependences on the poloidal-like variable. By
appropriate averages, it is possible to compress all information
" regarding the effects of the equilibrium on the mode in the

coefficients of a much sinmpler, second order differential
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equation inveolving only a secular variable. This provides a
compact description of shear-Alfvén waves, slow sound waves and
ballooning and interchange instabilities in the neighborhood of
the magnetic axis, id est, of all types of oscillations that are
present in the general equations. Because of the way that this
equation is genefated, we call it a "distilled" equation.*

We then arrived at a rich and, nonetheless, simple
analytical model for the investigation of the low-frequency MHD
spectrum, that reproduces faithfully the effects of the physical
environment around the magnetic axis on an important clas; of
modes. This model is the conducting thread of this thesis, and
~integrates our study of ballooning mecdes in a unifying frame
that comprises a variety of other asgects.

It should be noted that, because of the specific conditions
surrounding the magnetic axis (we have in mind the weak values
of the shear), this region of the plasma is not accesSible to
numerical solutions of the mode equations. Within this
perspective, analytical results presented here can be considered
a useful reference for the extrapolation of the numerical ones.

This dissertaiion is organized as follows. -Chapter II is
devoted to a.review of the general MHD theory of ballooning
modes. We discuss the question of representation, and going
thréugh the arguments developed by Lee and VanDam, and Pegoraro

and Schep, we show how the ballooning transformation solves the

* : .
This expression was coined by J. J. Ramos.
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. dilemma of the eikonal form and pericdicity. The energy
principle is used only as a guide to model the most unstable
perturbations; to obtain the mode equations, we use directly the
general differential equations of MHD. Thi; derivation, that we
present in detail, was communicated to us by Thomas Antonsen,
Jr., and we believe that it is simpler than other derivations
that are avaiiable, in more or less concise form, in the
literature. Ve give a brief account of the method envisaged by
Connor, Hastie and Taylor to bridge the local theory to a global
one, and reproduce their formula for the global eigenvalue using
the WKB method. Finally, we summarize the results concerning
the boundary conditions and the aSymptotic behavior of the
solutions.

In Chapter I1II, using the method bf Solovev and Shafrariov,
we obtain the equilibrium solution that is needed for the
subsequent work. We compute the equilibrium quantities that are
relevant to the problem, as the rotational transform and the
curvatures, and derive the appropriate expansions for the
coefficient functions of the mode equations in the vicinity of
the magnetic axis.

The next two chapters contzain most of the original contri-
butions of this work. Most of Chapter IV is devoted to the
unstable side of the spectrum. We describe in detail the methcd
of the averages; and deduce the "distilled" equation. The
stability limits against ballooning are then obtainfd as the
eigénvalues of this equation,“and é simple approximated

dispersion relation for growing modes isAgiven. Next, wé
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“compute analytically small growth rates for both ballooning and
interchange'instabilities and examine the transition from the
infihite sequence of interchange modes to a.single unstable
‘ballooning mode. We conclude the chapter by obtaining the
representation of the eigenfunctions in the "real", physical
space of the poloidal variable at marginal conditions of
stability.

In Chapter V we address our attention mainly to the stable
side of the spectrum. We review briefly some general thecrems
stated by Barston concerning the structure of the continuum and
show how they must be applied to modes constructed by the usé of
the ballooning infinite series. A simple rule to,genqrate the

continuum then follows, and is applied to detérminé“tﬁ%fdisper-

-

sion relation for shear-Alfven waves .and sio& sound waves in tne
neighborhood of the magnetic axis. We then solve the time-
dependent problem. to examine the evolution of shear-Alfven waves
into ballooning instabilities and to determine the rate of
amplification of perturbations in stable regimes of equilibrium.
In this chapter we make extensive use of a slab plasma model in
order to clarify certain concepts associated with the continuous
spectrum, and we find here an opportunity to formulate a more
elaborate planar model for toroidal effects, that illuminates
the meaning of the "distilled" equation. In Chapter VI we
return to géneral considerations, discussing some tendencies in
the current approach to ballooning modes, and give‘suggestions

for future work.
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Crapter II
THE GENERAL MHL THEORY OF BALLOONING MOLES

Review of MHL Equilibrium

In this section we review briefly the equilibrium equation
of ideal MHD for axisymmetric systems, in order to have the
basic concepts and results available. We follow élosely the
treatment given by Callen and Bory(zs).

The basic equations to be solved are:

VP = J x B (2-1)
vwxB = (2-2)
B = 0 (2-3)

where P is the scalar pressure, J is the current density and E
is the magnetic field. From the first equation, it follows that
B'vP = 0 and J'vP = 0, and therefore field lines and current
lines lie on surfaces of constant pressure. We réfer to these
surfaces as "magnetic surfaces." we introduce then a function
Y(i), such that each of the magnetic surfaces is specified byla
constant value of y.

Magnetic surfaces provide a natural set of coordinate
surfaces to describe the configuration. For axisymmetric
toroids, the azimuthal angle ¢ around the axis of s}mmetry is an
ignorable coordigate and provides another convenient choice. To

complement these two, we introduce a poloidal coordinate x, such



that surfaces of constant x are orthogonal to both the magnetic
surfaces and the meridian plane of ¢ = constant. The
construction of the ofthogonal coordinate system (Y¥,x,4¢) will
theﬁ be completed if it can be associated with a metric thét
gives the differential length between two neighboring points.

The expression for the line element, in general, is

df = h. dy e”

- ) -+
v v * hx dx ex + h¢ d¢ e ’ (2-4)

$

- -+ - .
where h h. and h, are scale factors, and e , ex, e are unity

¢’ X ¢ ¢
vectors that, at any point, are directed perpendicularly to the
coordinate surfaces. The volume element is dV = J, dydxde,
where J, si the Jacobian in this coordinate system, given by the
product h“J hx h¢. | |

The scale factor h¢ is simply 1/|v¢| = R, the distance away
from the axis of symyetry. To determine the scale factor hw, we
have first to specify the function v, which, tesides the
condition that it takes constant values on surfaces of constant
pressure, still remains arbitrary. It could be chosen to be the
pressure itself, but it is preferable to define ¥ in terms of
the poloidal flux.

Since field lines lie on magnetic surfaces, the magnetic‘

field in this coordinate system is rebresented only in terms of

-> -+
X 6" The

magnetic flux across a ribbon of width dr between two neighbor

its polocidal and toroidal components, B = Bx e+ B° e
magnetiq surfaces ¢ and Y + dv, all the long way around the
torus, is defined to be 2« d¥, From this definition, it follows
that
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dvy = RB_ dr | (2-5)

and the scale length hw is

- 1 1
h'b = """'""Iv” = FE; . (2-6)

The magnetic field can then be rewritten as
B =T ve + Vo x V¥ (2-7)

where T = K B¢. Since the pressure is only a function of y, the

two components of the pressure balance equation
VP = (v x B) x B ~ - (2-8)

along the e; and e; directions must vanish. With the above form
for the magnetic field, this constraint can be satisfied in an
axisymmetric-configuration in which aT/3¢ = 0 only if we also
have aT/?8x = 0. Thus, the function T, the same as the pressure
and the poloidal flux, is a surface quantity, in the sense that
it depends only on the coordinate ¥,T = T(Y).

The remaining component of Eq. (2-8), along the eV

direction gives a nonlinear partial differential equation for

the flux function ¢:

dP _ 1 dT 1 '
ay - - Eﬁ T ay - v.(;z vv) | (2-G)
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This equation represents a reduction of the original set of
equilibrium equations for an axisymmetric toroid, and is
frequently referred in the literature as the Grad-Shafranov
equation. For specified functional dependencés of Pand T on V¥,
under suitable boundary conditions, it can be solved for the
flux function ¥ in soﬁe convenient system of coordinates, and
once the distribution of flux surfaces is known, all equilibrium
quantities can be obtained. Alternatively, Eq. (2-9) can be
viewed as an equation for the Jacobian, that completes the
geometric description of the equilibrium through the last metric

coefficient:
~h = J_ B (2-10)

The quasi-Laplacian operator in the right-hand side of Eq. (2-9)
%
is usually denoted by the symbol & :

A*Y = Vo (1? vv)’: }- g; (JBf) (2-11)
R .

This term clearly represents that part of the confinement coming
from che interaction between the toroidal current and the
poloidal flux, and is related to the toroidal current density

by:

Jr = R § Y (2-12)

$"":f‘3 TITU VO UF BESGY S48 ENE R TIOAS £ NJCLEARES %
I = & K y

b
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The first term on the right-hand side results from the
crossing of the poloidal current witﬁ the toroidal field, and,
in fact, it can be shown(29) that the stream function T(¥),
except for a factor 2r, is the total poloida& current.

As a field line winds around a flux surface, the torcidal

angle changes with the poloidal coordinate at the rate

J B
ql (W,X) =3 g—% = —H-—-O T ’ (2_13)
as can be readily obtained from the equation of the field lines,
dl x B = 0. This is not an invariant quantity, since it depends
on the choice of the poloidal coordinate that is effectively
used in the representation of Jo‘ An invariant quantity can be

obtained by taking the average of q, over one period of y:

q(y) . ] éiﬁl d (2-14)
= Zr R X .

which is commonly feferred in the literature as the Safety
factor, or, more appropriately, as the inverse rotational
transform. After a complete turn the short way around the
torus, the field line has proceeded on angle a4 the long‘way,
that is given precisely by 2zrq.

In general, a field line does not close upon itself after a
"finite number of circuits around the torus; as we follbw a field
line, it traces out a net that covers the magnetic surface

densely. For some particular surfaces, however, the angle a4 is



42

a rational fraction of 2r; in this case, after n complete turns
the short way and m complete turns the long way, we are back to
~the initial position. The g-value, for these rational surfaces,
is the ratio of the integers m and n,. '

The inverse rotational transform is an‘important parameter
in the characterization of an equilibrium configuration, and
appears frequently in the formulation of stability criteria. An
alternative definition can be given as follows. The toroidal

magnetic flux between two close magnetic surfaces ¥ and Y + AY

is

JBé )
LY PR Bd) hx .dx hw AY = = dy av , (2-15

and, by comparison with Eq. (2-14), we see that

de¢

- de
1 tor tor
Q(V) = 2-; a.T—-_ = a?—— y (2—16)

pol

remembering the original definition of the poloidal flux.
To conclude this overview of MHD equilibrium, we recall

that the curvature vector x of a field line is defined as the

gradient along the field line of the unity vector b = B/B:
- 1 52
r = (b.W)D = Eﬂ (B x v (P «+ E-)] x B . (2-17)



43

and is everywhere perpéndicular to b. The component normal to

the magnetic surface is the normal curvature:

2 ’
(P + Bo) (2-18)
2

Q"Q’
-

G = L L
n B hy

and the component lying on the magnetic surface, but perpen-

dicular to the field line, is called the geodesic curvature

given by:
B 2
g = og— L L& (2-19)
B BX Jd x 2

In a circular cylinder, field lines are geodesics on the

surfaces, and x  is identically zero. In a torus, since the

magnetic field is not uniform on a magnetic surface, this is not

(30)

the case, but it can be shown that the surface average of

the geodesic curvature always vanishes.

The Orderings for Ballooning Modes

We shall derive the eduations for ballooning modes using
the fluid eqﬁations, rather than by minimizing the Lagrangian of
ideal MHD. However, in order to identify the essential features
of the most ﬁnstable modes, and to model the perturbations, we
shall use the energy principle as a convenient starting poiﬁt
and a guide. The following form is particularly useful for this

purpose(31):



Ly

L=g | av [ é? (B, B-E.vP)° + 8‘12.1 ey Plv. D)2
- ':'!_;é_%  x BB -2 PIEE) 20 w2€2] (2-20)
B m

the last term representing the kinetic energy and the sum of all
others the total potential energy. Here, ? is the fluid dis-
placement, Yo is the ratio of specific heats, Pm is the fluid
mass density and v is the frequency. The vector §1 represents
the perturbed magnetic field and is given by |

B, = vx (fxB . (2-21)

1

The first term of the potential energy contains the
component of §1 in the direction of the equilibrium field,
indicating that this term represents the work done in
compressing the field lines. The perpendicular component gives
the second term, which can be interpreted as the energy asso-
ciated to the bending of the field lines. The third term on the
other hand, measures the amount of work required to compress the
fluid. These three terms are responsible for the stable side of
the MHD specprum. It'is an approximation commonly made to
assume that they individually drive three modes, respectively
the fast magnetosonic, the shear-Alfvén and the slow sound
waves. In the case of an infinite homogeneous medium, in

' particular, in the limit of long parallel wavelength:
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- i
T k.pg- << |K| | | (2-22)

where k is the wave vector, they effectively decouple. As it is
(32) '

well known , the dispersion relation in this case reduces to:

. 2 2 v,
fast magnetosonic waves: w = k - (2-23a)
A vV, -V
A S
shear-Alfven waves: w2 z kfl Vi (2-23b)
. : . e 2 2
slow magnetosonic waves: w = k', Vg (2-23c)

where V, is the Alfvén speed, given by Vi = 82/pm and the

velocity of the slow magnetosonic waves i's defined by:

P 2
2 _ Ye B .
YCP + B m

The two other terms in the expression for the potential
energy are destabilizing. The first of these contains the
erce—free (parallel) equilibrium current, and drives the kink
mode. We shall see later that, in the limit of high-toroidal
number modes, it decouples entirely from the other terms, and
disappears from the final equations. We may concentrate then
our attention in the term that contains the curvature and the
pressure gradient which is responsible for the interchange and
ballooning instabilities. To derive an equatioﬁ for ballooning

modes, we have to manufacture a perturbation that emphasizes the
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effect of this term by reducing the stabilizing influence of the
other three. .

We start with the assumption that, by applying the operator
v to the perturbed quantities, due to the la¥ge mode number N,
we generate large derivatives, of the order of N. Variations of
the equilibrium quantities are assumed to be much smaller, and
we refer to them as of order "unity." Then the ballooning term
itself is of order unity, while the stabilizing terms, if no
further condition is introduced, become of order N2. To see
more clearly this point, we expand the expression for the

perturbed magnetic field as
B, = (B.wi-Ev.i- (@ -0k (2-25)

making use of familiar veéth'identities. It becomes apparent
that the sources of large'stabilization by the terms resulting
from the bending and compression of the field lines in the

Lagrangian, Eq. (2-2C), are the parallel derivative:

'w

) E a " (2-26)
| :

a

o 0

Vil
<l®

and the divergence of the displacement, which appears also in
the term that drives the slow sound wave.

Thus, although we allow the deri#atives a/3ax and 3/a¢
themselves to be large, in order to bring those terms tb the
same drder cof magnitude of the‘ballooning term, we have first to

demand that the combination in Eq. (2.26), that gives the
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derivative along the field line, remain of order unity. This
suggests a representation for the displacement in eikonal form,

'a ga WKb:

~

(v, x, ¢) = % (v, x) ei®

(2-27)
with

: , x .

a = N (¢ - f q, (¥,x)dyx) (2-28)

The phase factor is constant along the field lines (since t. ve
= 0), while changing rapidly in the perpendicular direction (v,a
~ N). Slow variations along the parallel direction, of the same
order as the variations of the equilibrium fields, are still
present in the mode, though the (comparatively) weak dependence

of the amplitude on x:

v E 1 .
B T Y (2-29)

4 L
where L is a length characteristic of the equilibrium, such as
the connection length.

With this representation, we automatically eliminate the

predominance of large parallel derivatives. The next step to
suppress large stabilizing terms is to order the divergence of

the displacement:

v-nz = i e Ve + i € E. Va » ‘ (2"’30)
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as small, relative to the transverse variations of the perturbed

quantities. Specifically, we require that

- Lo« |v,a] | (2-31)
L .

We will see that these assumptions are sufficient for the

derivation of the mode equations.

The Ballooning Representation

The eikonal representation, to which we were naturally led
by a consideration of the general features that we want tc
ascribe to the mode, entails, however, a difficulty. Since the
magnetic surfaces a}e nested tori, the mode should exhibit a
periodic dependence on_the pecloidal variable with the same
period of the equilibrium quantities. OCf course, periodicity in
the toroidal angle is also a requirement, but in axisymmetric
systems, we may analysg the azimuthal dependence of any
perturbation in Fourier components, and treat each of them
separately. The amplitude of each component does not depend on
the ¢-coordinate, and a representation like Eq. (2-27)
corresponds to a "mode" in the proper sense, that satisfies
automatically the requirement of periodicity in ¢. With feéard
to the poloidal coordinate, however, the situation is different.
The eikonal representation, both by the poloidal dependence of

the damplitude" and the form of the phase factor, is not a



49

Fourier-mode in x (it is usually called a "quasi-mode", from the
fact that the'dominant dependence on x is still given by the
phase). The condition that the perturbation is periodic in the

poloidal angle implies that

£ (v, y+27) = ¢ (y,q) el2rNa (2-32)

and, unless we are precisely on a rational surface, where q =
M/N, the amplitude itself is not a periodic quantity. Moreover;
since the phase factor in Eq. (2-27) varies rapidly with x, and
in general it is not periodic with the equilibrium quantities,
the requirement of periodicity of the entire perturbation can be
satisfied only if the "amplitude" compensates the lack of
periodicity of the phase, and for this it has to.contain a
dependence on x of the same order as that of the phaée itself.
Theh, it appears that éhe eikonal representation, that separates
neatly the slow and.the fast dependencies of the perturbations
on the  poloidal angle, is inherently incompatible with the
‘physical requirement of periodicity, except for a particular set
of flux surfaces — the rational surfaces.

The most satisfactory way to solve this difficulty is
probably by means of the so-called "ballooning transformation.”
It was published originally by Connor, Hastie and Taylor,(16)
although Pegoraro and Schep,(15) Lee and VanDam(13) and
Glésser(1u) have discovered independently this transformation at

about'phe same time (1978) and reported it earlier.: We shall

give here a brief account of the reasoning develobed by Lee and
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VanLam to arrive at this ingenious solution of the problem of
representation of the ballooning modés, that accomodates the
eikonal fqrm with the periodicity constraint in a sheared
magnetic field(33). v ' '
The central idea associated to a representation of the form
£ = E(Y,x)e-iqu is that, for N >> 1 (and g a number of order
unity),_tge strong dependence on the poloidal variable comes
from the exponential factor, as we have repeatedly emphasized.
Then, if we turn around the torus the short way, at any meridian
plane, the number of oscillations that we will count will be

approximately M ~ Nqgq. In other words, if we analyse the mode in

its periodic components in x:

o+ @ .
£ (r,x,0) = NS g (nemi™ - (2-33)

M=

the dominant coﬁponent on a rational surface, where Né equals M,
an integer, will be EMe‘iMx. Other components will exist, since
the x dependence of the mode is not only contained in the factor
e'iqu, but with a much smaller amplitude. On the other hand,
for large N, the rational surfaces are closely packed together,
If we apprcximate the variation of ¢ overva small range of flux
surfaces by a linear relation as q(¥) = q(Yo) + (Y-Yo)(dq/dv),
then we may see that the radial distance between two rational

.8urfaces q = (M-1)/N and q = M/N is of the order

Ars = Nwaa7a? . l ' 7 . v (2-34)
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On this scale, we may assume that the equilibrium quantities are
nearly constant. As we move from a rational surface to the next
neighbor surface, however, the poloidal spectrum of the mode has
shifted from a localization around the M-component to the M-1
component, with just a slight variation in the relative ampli-
tude of the harmonics, introduced by the éhange in the
equilibrium conditions. Then we are led to recognize two scales
in the rédial dependence of the mode: a large, given by the
scale of variation of the equilibrium quantities, and a short
scale, of the order of the separation between adjacent rational
surfaces, on which there is local translational invariance among

the dominant Fourier components. This fact can be stated as:

~

ie eiMu

EM(T,NQ) = e {M-1(Y; Ng=1) = ... = EO(Y, Ng-M) (2-35)

The factor eia allows fcf a change in phase between adjacent
rational Surfaces, and & should be, rigorously, a function of
Nq, and not a constant, as implied by the above reiation. A
generalization is possible, as done in the original work( ?,
but we shall not pursue this matter here. We shall poStpone to
a latef sectioh of this chapter the discussion of the signi-
ficance of this phase factor, only noiing now that it is
essential for a global analysis of the modes, and it can be made
" to appear naturally at this level of the argument. For our
present purposes, however, it may be ignored all together,
"without doing.any hérm'to ﬁhe‘substance of our conciusions. For

simplicity,'then,‘wé put ¢ = 0 in Eq. (2435); as it is

ghfa-np Gt SEBOU KRS ENTECL TN S0 L NUCLEARES 3
i . ‘o . 4

{2,
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- sufficient for a local analysis. .Using the translational
property of the Fourier coefficients, the expansion can be

rewritten as:

+ @

§(Y,S5x,0) = e £, (Y, S-mye~ 1M (2-36)

X

where we have used the notation S = Nq.

We now express the amplitude ¢ _(¥,S) by a Fourier integral:

+o L

6oty 8) = 5= [ ly,ye Y gy, (@31

-

and the summation becomes:

-i(S-m)y dy

. ' + o ~
ey, Six, 00 = N0 T LetI™ by ye (2-38)

+
Nz~ -0

Assuming that the order of integration and summation can be

interchanged, we have:

~ +®

o+ s
£(y,5;x,¢) = N/ ay IS iy, y) %; SV e 1E-myY (5 39y

- 00 N=e=w

But, by the completeness relation of the circular functions, the

summation on the right hand side 15(3")
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o+ o
MY ) o Sh g (yey-2um) (2-40)

1
2; msee Nz =
where the ¢'s are the Dirac's impulsive functions. Using

well-known properties of these functions, we can carry out

formally the integration in Eq. (2-39) and obtain:

(0, Siy,e) = eiMe > miSGe2em) 2o oy (i)
' N--w
This is no more than the Poisson summation of Eq. (2-35)(3u)»
and is completely equivalent to Eq. (2-38), the form originally
proposed by Connor, Hastie and Taylor.

A series like this can be viewed, more broadly, as a
receipt as to how to construct a periodic function from a
function that is not periodic. For eiSX E(v,x), in general, may
not exhibit any periodical property as the argument x ranges
from -=» to +=, but when it is summed according to the rule
specified by Eg. (2-41), it generates a function that is, by
‘force, periodic in x with period 27, Also, there is no reason
why we cannot assign large variations with x to the exponential
factof, whilg demanding that the derivative of ¢ with respect to
x remains smsll. Then, here, we have the key to the problem of
reconciliation of the eikonal represehtation with the
periodicity of the mode. Instead of working with the

*

perturbation g, we work with:
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X )
£,y ,¢) = etV (e 'Jf a, %) £Ce,x)

where E(w,x)'varies slowly kith x,» but is no longer to be
regafded as the émplitude of the physical perturbation, and,
therefore, does not have to satisfy any periodicity require-
ments. This leads to a formulation of the problem in terms of
the quantity £(¥,x,+), defined in the infinite domain -= < x <
+®, Once the mode equations are éolved, the physical pertur-
bation can be conétructed from the solution by means of either

of the equivalent versions of the periodic representations:

I3 . X - ' + & -~
£ =Z E(y, x+21n,¢) = eiN(¢ -f q!. dx)z e-iZnnSE(?, x+21n)
N e=wo Na=—ow
(2-42)
1  _iN(e - *q dy)st®  i(s-n)y ¥ ° ~i(S-n)
£ = 5= e ¢ - fq AT X g,y e VY gy
4 Noew -
(2-43)
where
_ N /T .
R !: q, dx = Ng .

All that is required is the c&nvérgence oflthese series, and for
this, E(?,y).has to decay sufficiently fast as y goes to
infinity. The constraint of periodicity is then ultimately
replaced by a condition on the asymptotic behavior.

“It is also very grat;fying to find that this."ba1iooning
‘ transférmafionﬁ preserve;_the‘form,of ibe mode equations. The%e

~can be represented in a concise way as



o0

Leg = 0 ' (2-44)
.where L is a linear operator that involves aerivatives with
respect to x and with goefficient functions that depend only
periodically on the poloidal angle. But to differentiate E(x)
with respect to x is tantamount to differentiating E(y) with
respect to y. For, using the representation of Eq. (2-43), and

omitting the unnecessary factor (1/2x) eiN¢, we have:

+ o o -~ o0 . +.m . ~
8. ¢ = & 2: e'imx_[’ ™ e(y) dy = - :ZT im e'imx.[ el™Y £(y)

Dz =

where, in the last step, a partial integration was performed and

it was assumed that E(y) vanishes at infinity. Using this same
fepresentation, it is straightforward to show that, as we

mdltiply E(x) by a periodic function of the form %ikx (k an

integer), the function E(y) is also multiplied by %iky. It

follows that, if E(y) satisfiés the equation L(y) E(y) = 0, in

the infinite domain of the variable y, then g(x) satisfies
automatically L(x) £(x) = 0. The equations are the same, the
eigenvalﬁe problem differs by the boundary conditions imposed on

€ and E. . ‘ .
The form of Eq;_(z;u2);.ﬁhilé pfoviding é more imﬁediétely'

obvious wayvof generating periodic fuhctions, is less convenient
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than the representation of Eq. (2-43). From this last one, we
can see that the relation between thé perturbation & and the
'"amplituae" of thé quasi-mode E is analogous to the relation
between a function and its Fourier transford, and that the
relation between the "physical" poloidal angle x and the
"extended" one y is similar to the relation between a free
vériablg and its Fourier conjugate. To be rigorous, in the
future work, we should keep a distinct notation for one and the
other, but we shall frequently ignore it, and use y to refer to
both variables, as it is the usual practice.

The reasoning developed by Pegoraroc and Schep(15) has
several points of contact with the previous derivation of the
"béllocning transformation," but is, nonetheless, instructive to
examine it briefly. The motivation, for them, was the
symmetries in the structure of the mode that are revealed by the
mode equations in the local approximation.

As a simple example bflfhe form taken by these equations,
let's consider an equilibrium éonfiguration in which the flux
surféces are described by circular concentric surfaces of radius
r. On each flux surface, the field lines wind at a constant,
uniform rate, independent of the poloidal angle. We assume,
however,vthat q = q(r), so that the mbdel allows for a non-
vanishing shear, defined as § = (r/q) (dq/dr). For the
displacement, we assume the form of Eq. (2-27). Then, because
of the constraint on the amplitude glven by Eq. (2-32), we may
‘recognize as before the ex1stence of two radial scales.

Neglecting the dependence of z on the large scale distance, we -
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are led to the following partial differential equation for the

mode amplitude at marginal stability‘(w2 = 0):

~ 2 ~ ~ ~
g; [1 + 52(x+i %3) ] %; £(S,x) + Glcos x + s sin y(x+i %S)Jz(s,x) = 0
(2-46)

The quantity G is proportional to the pressure gradient, and
will be defined later; for the time being it does not have to
concern us, being enough to keep in mind that, as an equilibrium

gquantity, it does not change on the scale ar and so, can be

s?
assumed here to be a fixed parameter. This same comment applies
to ;. The periodic terms that appear above are introduced by
the curvature, respectively the normal component (= cos x) and
the geodesic component (= sin xﬁ. It is the existence of these
terms that makes difficult the analysis of the poloidal depen-

1Sy

dence of the mode. For, if we write £ = £ e , and expand & in

its periodicity in x as a Fourier series

then the equation for the component &m will be coupled through

the curvature terms to the equations for g In a géneral

m+1°
equilibrium, the coefficient functions in Eq. (2-46) would
contain harmonies of higher order, with the result that the
coupling would involve an indefinite number of poloidal
components of the perturbation., The coefficient functions,. -

however, do not involve any dependence on S. This suggesfs that
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rather than a decomposition in poloidal components, we may try
to find a representation of the mode as a superposition of plane
waves in the radial direction. We look, then, for the solutions

of the form ~ e*1XS suen that:

£ (5445, x) = £ (s, 0% . _ (2-47)

But the periodicity constraint on the entire perturbation by Eq.

(2~32) requires that
E (S, x +21) = & (S, x) e*t2vis (2-48)
.and the combination of these two conditions gives:

+271(S+aS) +2niasS

(2-49)

g (S+a8, y+271) = £(S+aS,x) e = g(S,x+2x) e

It follows that 48 is restricted to integer vaiues, that is, K =

+ 2¢n (n = 0,1,2...). We propose then a representation periodic

.in S:

~ - + a0 ~
£(S,x) = E;n- £ (x) e-ZnimS (2-50)

* " . -~
Cr, more generally, £(S + AS,x) = ei“As £E(S,x), where the phase

change that goes along with the translation A4S permits us to
bridge the local radial analysis with the global one, and is
analogous to the phase change in Eq. (2-35). For our present
purposes, we may take @ = 0, as we did before.
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. with period equal to the distance that separates two consecutive
mode rational surfaces, 85 = 1. In order to satisfy the

condition expressed by Eq. (2-48) we must have:

*

-~ -~

-~ o l . .
£E(S,x~2zn) = 2 £ (x-2w%n) e-2nlmS = e-—2~n1mS £(S,x),

L)
- -0

(2-51)
showing that
+ +o ~ :
- ~ -2ni(m-n)Ss ~2rim'S
E(S,x) = E-’w Em(x~2nn) e”“" '-‘-’z_;:_w gm,_'_n(x-z'nn) T
(2-52)

Comparing this last expression for g.with Eq. (2-50), we find
again that the coefficients must obey a translational property

~

3

Enen (x - 27n) = Em(x) ' (2-53)

which, by successive shifts of the argument, can be rewritten

as:
E,(x) = g (x + 2mm) o | C (2-54)

The series for the amplitude becomes:

+ & ~
> £, (x + 2xm) e~2TimS

flizee . ) ' .

CE(S,) =  (2-55)

and we are back to the representation of.Eq. (2-42), etc. ete.
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This is the heart of the argument of Pegoraro and Schep. A
more thorough discussion can be found in Ref. (35), where an
analysis of the symmetries of the mode structure is fully .
devéloped. These symmetries can be'summariééd as follows:

1) The partial differential equation for the mode ampli-
tude, as exemplified'by Eq. (2-46), is invariant under the
transformation x + -y, S + -S. It is then possible to choose
solutions that are either even or odd under the above transfor-
mation, and, in each respective case, they can be‘obtained from
an even or odd function Eo(x) in x in the infinite series
representation of Eq. (2-55). The solutions of greater physical
ihterest, however, are the even ones, since they lead to the
highest growth rates for unstable moées and give the strictest
conditions for marginal stability.

2) For even Eo(x), the amplitude vanishes at half-rational
surfaces, where S = ¢+ 1/2, + 3/2, ..., when x is equal to tn,

*3r.... For we have, at S 1/2 and y = n:

4o

+ o ~ -~
E (w—y, 7) = 2 (--‘])m E (v+27m) = 2 (-1)" £ _(x-2%m) (2-56)
2 = o o ' i o
changing the dummy variable m by -m. But since Eotx) is even,

this is equal to

-~ + @ PS i <+ o0 PS
£, 0 =Y DT g erezam) = (DO (we2em) (2-57)
Mz e Mzww .

where, in the last summation, we have replaced m by m-1. From

this expression and the first summation in Eq. (2-56), we



conclude that 5(1/2, n) is zero., It is straightforward to show
that this property repeats itself periodically with periods
ASz1, Ax=2w.
 Then thé functions E(S,x)vand £(S,x) have a lattice

structure in the two-dimensional space (S,x), the unit cell
given by the domain -1/2 < 8 < 1/2, -n < x £ n. At the corners
of this cell, both functions vanish, while translation by steps
equal to the sides of the fundamental unity are accompanied by

the transformations:

T(S+1,%) BS,x) , E(s+1,x) = e ¥ g(s,x) (2-58a)

E(S,x+27)

eZWiS g(s:x) ’ E(S,x+21r) = E(S,X) (2-58b)

We now return to the partial differentizl equation, Eg.
(2-46) that provided the initial motivation for the construction
of the infinite series. Wwhen Eq. (2-55) is substituted back in

this equation, we obtain a summation in m over the equations:

~ 2 ~
%[1 + 52()( + 2%m) ] g'; é:o(x + 2wxm) +

+ G[;cos (x+27M) + s ;in (x + 2um)J £ 2x+2wm) = 0 (2-59)

With the substitution x + 2sm + x, which leaves the periodic

functions unchanged, we rewrite the above equation as
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~

d (1 + ;2 2) 359 + G (cos ; ; sin x) 2 (x) =0 | (2-60)

a differential equation in the poloidal variable alone.
Obviously, if Eo satisfies this equation in the infinite domain

~

-» ¢ x < +=, the original differential equation for £ is
automatically satisfied, and all periodicity constraints for E
(or g) are guaranteed by the representation of Eq. (2-55) [or
Eq. (2-42)]. Observe that the extension of the range of the
variable from -» to » to infinity is actually possible because
of the choice K = ¢+ 2qn in the basis functions eiKS and this
provides another justification of Eq. (2-47).

Noting tﬁét; for the model cons;dered here, the element of
length of the field lines is given by d&¢ = Rg dx, we may
substitute the variable x in Eq. (2-60) by ¢ . Then, by use of
the ballooning transformation, we were able to reduce the local
problem to a single ordinary differéntial equation that
descrites the structure of the mode along the field lines. We
are going to see in the next section that this is generally
true, regardless of the equilibrium considered. The finé
structure of the mode along the radial direction, because of the
crowding of ﬁhe rational surfaces in the large N limit, can be
described by translational symmetries that are ultimately
contained in Eq. (2-58) and decouples from the analysis of the
poloidal dependence. It remains only to determine the glotal
fadial structure. As we shall see still in this chapter,
hoﬁévek, the relevant information cohcerning the glébal eigen-

value can be determined by a clever exploration of the eikonal
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representation in the limit N >> 1, that makes it possible to
avoid solving another differential equation in the variable vy.
Because of this, a typical two-dimensional problem can be
reduced to thé solution of ordinary differential equations in
the poloidal-like variable. Thus the theory of ballooning modes
can be simplified in more than one way by the assumption of high
toroidal mode number.

To conclude this section, a few words about the relation
between the localization of the modes in the poloidal and radial
directions. Because of the predominance of the Fourier
component of ordgr M on the rational surface Nq = M, the radial
function EO(S) in Eq. (2-36) is highly localized around S = O,
The global poloidal dependence of the mode at any rational
surface, that is determined by the amount of interfergnce
between its domihant component with the dominant components of
all other rational surfaces, asppears then as the result of the
finite width of the radial distribution of the mode. Weak
overlap between adjacent rationsl surfaces means that the mode
is extended in the poloidal coordinate, as it is well approxi-
mated, at each rational surface, by a few harmonics. On the
opposite extreme, we could figure a situation of strong inter-
ference, in which all Fourier componeﬁts would have about the
same amplitude on each surface, and EO(S) would be approximately
constant. Then, by Eq. (2-36), we would produce a modé peaked
around the outer edge of the torus, .as an impulsive function

8(x).
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A mode sharply defined in'the poloidal angle is called a
sirong ballooning mode, as opposed to the weakiy ballooning mode
that spréads over the whole interval -r to n, Strong ballooning
corresponds to solutions of the mode equatidns in the infinite
domain that are themselves peaked around the origin. In this
case, because of its fast decay, E(x) becomes negligible at 2,
and the summation that represents the periodic mode, Eq. (2-42),

collapses to one single term:

£) = eNG = a0) £

This corresponds to the "disconnected mode approximation™ of

Coppi(11)

, the name "disconnected" coming from the fact that the
modes appear as if they were acting independently or perio-
dically spaced, successive regions along a given magdetic field
line. In this model, g is reparded as the true amplitude of the
mode, and the mode équations are solved in the finite domain -«
< x < v with boundary conditions g(in) = 0.

As we have learned from the discussion on the intérpiay
between radial and poioidal profiles, strong ballooning-is
associated to modes that are radizally extended; The
"disconnected mode approximation," therefore, gives more
accurate results if the rational sﬁrfaces‘are closely spaced,
and, by Eq. (2-34), this condition is better satisfied in
configurations with strong shear. Shear, then, appears as the

physical agent that causes the disconnection of the modes on the

inner side of the torus. Another way of seeing this is by a
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straight consideration of the asyhptotic beﬂaviour of the
eigenmodes, that‘decay more rapidly as the shear is increased.
This is shown in a subsequent section of this chapter.

The representation of the modes proposed by Coppi, thét
leads to a treatment of the eigenvalue problem in the finite
domain -~ < y < g, in fact, is more general and more sophis-
ticated than the simplified version that we presented here. A
detailed exposition of his method can be found in Ref. (35),
where the correspondence with the method of the infinite series
is also discussed and the "disconnected mode approximation™ is
formulated in more rigorous terms than above. 1In this £hesis,
however, we are mainly concerned with equilibrium configurations
that are characterized Ey weak shear, that cannot be dezlt with

properly by this approximation.

Lerivation of the Mode Equations

At this point, with what we have learned from a consider-
ation of the energy principle, we may start the derivation of

the mode equations; using the normal mode method(36).

We assume
small perturbations of the equilibrium, that vary harmonically
with time (~ei“t) and linearize the equation of ideal MHD. The

equation of motion that results from this procedure is:

-0 w? § = -vP, + I

Bi 1 xB + Jx B (2-61)

1

The perturbed magnetic field B1 has already been introduced
in Eq. (2-24). This expression results both from Faraday's
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induction law and the so-called "frozen-in-law" of ideal
magnetohydrodynamics, that ties the motion of the particles to
the nmotion of the field lines. The perturbed current 31; for
low frequency modes as those that we are considering here, obeys

Ampere's law:

= v x & (2-62)

>
J 1

1.

and the perturbed pressure P1 follows from the law of adiabatic

transformations:
P, + T 9P + TP Ve T = 0 , (2-63)
where P is the equilibrium pressure and Yo the adiabaticity

index. We assume that all perturbed quantities have the same

. eikonal representation as the displacement, namely:

B, = B, el (2-64a)
31 = 31 eia (2-64Db)
P1 = %1 ela ' (2-64¢c)

with o given by Eq. (2-27). Then

B1 =vx (¢t xB) «-iBE . va (2-65)
31 =y x'Bj . i VQ'X‘B1 " (2-66.)
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Vector quantities will be projected locally on three mutually
perpendicular directions: along the field line,'as specified by
the unity vector B; in the direction of va (that, although
perpendicular to the field line is not_necessarily normal to the
flux surface at that point) and in the direction of the vector
va x B.

Taking the scalar product of the equation of motion with ﬁ,

we obtain:

~ ~

-op mz .B = -B. v% -8B « gP , (2-67)

il ]

where use was made of the equilibrium relation, Eq. (2-1).

The component in the direction of va gives:

Fas2?

Va = -i]Val2§1 - Ve . 7;1 - 1 |Va|2 B.B +
4
+ Ve « [(v xB) xB] +va.(J xB) ' (2-68)
K} X}

The dominant terms in the right-hand side of this equation,

2 2p? ¢, k,, while the left-hand side

2

of order N

2 .
is ~ w . £, k

1t
i/mz. We now make more precise the range of frequencies of the

, scale like k,

» S0 that the ratio of the two sides is ~ k,

phenomena we are studying. We are interested in low frequency
"modes, with o on the order of Alfvén and sound freqUenéies. By.
ordering w2’5 kﬁ Vi ~ 0(1),‘the dominant balance in the above

equation is simply:



%1 + B .B, = o0 | (2-69)

2 2

A~ O(N®), are

and fast magﬁetosonic modes, for which ¢ - klz v
therefore excluded from our equations.

he take next the scalar product of the equation of motion
with the vector ve x B, and after some algebra, we obtain the

third component:

-pmwz va. (B x %) = Va-[v.x (§1E) + B2 vV X §1] +
¢+ va -[Bx T xB) =P ve.(vxB (2-70)

The first of the three terms on the right hand side can also be

written as:

~

v.[(Pb+B2B) xval - va . (vB2 x B)) O @-1n,

and, since

51 B+s2 B, = BB B o= Bx (B x B (2-72)

by Eq. (2-69), we can recast Eq. (2-70) in the following form:

”~

»pmwz vao (B x £) = v. ([B x (E1x )] x va - va » (vBZx 31)

-2P vaeld B ¢ S Y



69

If we now express the displacement as

~
->

‘= XVaxbd + Y va+2b . ' (2-74)

from the requirement that v.% - éf Vo ~ 0(1), it follows that Y
~ X/L|va] - (k“/kl) X, i.e., Y is a quantity of order 1/N as
compared to X. This implies that, to lowest order, the

perturbed magnetic field can be represented as:

~

B, = Ve x V(BX) -1 [vel® Y B | (2-75)

and that va o §1 = 0. Using this fact, we transform the third

term on the right hand side of Eq. (2-73) as follows

~

- 2P, Vo . Y = 2 Va s (ﬁ1 x YP) , | (2-76)

recalling Eqs. (2-69) and (2-1). Introducing the expression for:
§1 also in the term of the divergence, the scalar equation for

transverse motions takes the form:

-pyull7e12(BX) = 7. [17alZ B B+ v(BX)] + B, + [v(2P+B) x va)
| (2-77)

To reduce further this equation, we note that B1 can be

trivially written as:
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12
+ ) (2-78)
E B2 ) |

and, replacing in the cross product in the right hand side §1

again, as given by Eq.'(2-65), we obtain:

" B. B
Eﬂ = —?—-l g - L-YB-%QQ E X Vo (2-79)
RS

This permits us to rewrite the last term on the right hand side

of Eq. (2-77) as:

- . 5.1
B+ [v(2P+E%) % val = Ky —— - E—-‘—V—-‘-gﬁ (B« v52) |va|2
(2-80)
where KT is the curvature-related quantity:
K. = 22 . [q(P I5‘2) ] =2 (B x ¥) 2-81)
T = -B—El v +"é"'- va - Va * X g ("
The first term can be expanded as
vel|va]2d Bovw(BX)] = B2 Bav [|val? EL-‘%-B-X-)-]
B
B.v(BX) (g 2 2
+ === (B« vB%) |va| - (2-82)

B

~and, substituting Eqs. (2-80) and (2-82) into Eq. (2-77), we
'obtaiﬁ: | | | .
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~

| 2 B o B
Nk L"-‘éé- (BX) = By v [ |ve|? E.:.lé.‘i’ﬁl] M S (2-83)
! B B

We now turn our attention to the scalar equation for the
parallel motion, Eq. (2-67). With the expressions for P, and §1
given by Egs. (2-69) and (2-75), this equation becomes:

coguZ teB = Bogd B o (BXTadP oy oipy, (2-84)
‘ | B

In the Appendix 2A, we show that, for o given by Eq. (2-27),

B.v[(va%)'vP]zAO , (2-85)
B .

and this permits us to write the above equation as

w2t B = B, v,[ B. B, + (BX) ¢ "sz“)' VP} | (2-86)
The couple of éhuéf;oﬁs} E&:'(2-835”and (2-86), as it is,
still contain the three components of‘the displacement vector,
X, Y and Z, the transverse component y being implied by the
expression for 31.(Eq. (2-75)). The missing relation is
supplied by the law of adiabatic transformation, that can be
‘used to eliminate Y and Z in Senefit of the divergence. The
linearized form for small perturbations, Eq. (2-63).15

equivalent to:
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~ N ~ ~

B eB = F.vP + y P (ve} +17.va) - (2-87)

Y

The mathematical tranformations of this expression, although
straightforward, are qhite tedious. 1In the Appendix 2B, we éive
the details of the calculation and show that, by neglecting
quantities down by 1/N, the divergence of the parallel

displacement can be obtained as:

~

t. & 1 1 BX
Ve (E ) E-l = W(eee + ==) + == K (2-88)
[ B2 TP g8 B¢
where W, defined by
Wo= BB+ (BX) (B x v;). vP (2-89)
B

is the same qﬁantity that appears on the right hand side of Eq.
(2-86) . o

We now eliminate B, . B in favor of W in Eq. (2-83) and
insert ¥ . B, given by Eq. (2-86), into the expression for the

divergence we have just obtained. The result is:

2 KoK K. ¥
ST e v[m.z TN e L Q-
B

B
(2-90a)

, . | K. (BX) |
-y ey A8y o e Lw 2 0 (2-90b)
) ’ ' _pm B . Y'C B B ‘ ) '

INSTITUTG 0 FSSQU SASENFRGETIC C 7 NUCLEARES i
| L S A

* s



73

where we defined the pressure-gradient related quantity:

B+ (VP x Vva)
Be ' '

" (2-91)

Note that, if the displacement vector in Eq. (2-74) is repre-
sented in terms of fiux—coordinates (and the expressions given
in Appendix 2A can be useful for this), we find that the

is the component

quantity BX is essentially RBx £, , where g

¥ v
normal to the flux surface. Thus, Eq. (2-90a) is essentially an
equation for the normal displacement.

To see the meaning of the quantity W, we observe first that

Eq. (2-89) is equivalent to

;B - E_;. vP _ (2-52)
where E; denotee the perpendicular displacement vector. Then
|W|/B2 reproduces the first term in the expresssion for the
Lagrangian, and can be interpreted as the potential ene%gy
associated to the compression of the field lines. Remember,
however, that by the minimization process that was effectively
carried out, fast magnetosonic modes have been eliminated from
our equations. 1Indeed, an alternative form for W, that we shall
give now, shows that this quantity ean also be related to the
term in the Lagrangian usually associated with slow sound waves.

Eq. (2-92) can be rewritten as ' .



=
[¢:]
[
f
1"

B2 (v 42t ey, (2-93)
K} K}
(see Appendix 2C for the details of this transformation) and,

Eq. (2-85) is the same as

- ia 1 1 + - :
Vo = We ( + ) + 2% . (2-94)
EH -.FYC E? E‘l K

Combining these two results, we can derive an expression
for the divergence of the displacement, which shows that

Wel® = yPoet , | - (2-95)

and therefore ‘le/ycp is the potentizl energy associated with
~the expansion or compression of the fluid. The ratio of the
compressional'magnetic energy to the energy of the compressionszl
fluid is y P/B° . g. We see that Eq. (2-90b) is essentially an
equation for the fluid compressibility;

To summarize, we have derived two equations for low-
frequency, short perpendicular wavelength, electromagnetic modes
in an inhomogeneous plasma. The differential operators in both
equations involve only the parallel derivative B+ v, and
consequently'they describe the structure of the mode zlong the
field lines. The dependence on the radial coordinate ¢, through
the various quantities P, 52, etc., appears only parametrically.
This permits us fo treat the stability analysis as % separate

problem for each megnetic surface.
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In the equation for the perturbations normal to the flux
.surfaces, the term that contains the interaction of the
curvature and the pressure gradient, as represented by the
quantities KT and KP’ is responsible for therballooning
instability, while the term involving the parallel derivative
clearly represents the (stabilizing) effect of the bending of
the field lines. 1If we decouple the pair of equations, by
assuming that KT ~ 0, then a simple scalihg shows that the first
describes transverse modes that propagate down the field lines
with frequencies of the order of the shear Alfvén waves, while
the second gives modes with typical sound frequencies. High
frequency waves, as we could expect, are absent. Note that in
this limit of vanishingly small curvature, the quantity W

becomes

v 1 1 * :
W =« - (-B-z + ;——p) Ve E" : (2-96)

and the slow waves are mainly polarized in the longitudinal
direction(37).

The equations decouple also at marginal stability (w2 + 0),
since this limit, by the second equation, requires that W = 0.
Then, by Eqs. (2-95) and (2-92), we have V- T =0 and B. §1 -
E&r vP = 0, and the terms érising from the field compression and
fluid compression in the energy integral vanish. This
corresponds to the most dangerous condition for the.onset of the

instability, in which stabilizing effects were feduéed to a
minimum, leaving only the unavoidable behding of the field
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lines; Cnce the instability starts to grow, the subsequent
motion of the field lineS, due to thé finite parallel wayelength
of the perturbation, introduces longitudinal oscillations and
excites sound waves, in addition to shear-Al}vén waves, bringing
the effect of the other stabili;ing terms that our minimization
process had suppressed at neutral equilibrium. In other words,
finite values of W tend to slow down the growth of the mode.

To obtain a simple scaling law for the critical conditions

of equilibrium, we note that K, ~ - (k,/B)(dP/dr), and K

P T"
2(k,B/R), where dP/dr ~ -(P/rp) measures the pressure gradient
along the radial coordinate r, with a typical scale length rp.
The balance between the Shear—Alfyén term and the curvature term

in the ballooning equation then giveS:

2 2 dP o '
and taking k = 1/L ~ 1/Rq, where L is the connection length,

]
we obtain that marginal conditions are reached when

_ 2Rg®(dP/dr)
52

m.

~ 1 3 (2-98)

(38)

rb/qu. Numerical studies show that the increase

OF Berit ~
of the critical value of beta with the inverse aspect ratio
follows indeed an approximate linear relation. The dimension-
"less pressure-gradient dependent parameter on the léft—handvsidé

of Eq. (2-98) — that we shall call G — is an important‘
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quantity in the theory of ballooning modes and appears
repeatedly in the formulation of stability criteria.

It is useful also to examine how finite values of W affect
the growth rates of unstable modes. We consider two caées. In
the first, we assume that the equilibrium conditions are highly
unstable, and that the growth of the mode is large, in the sense
that -u? ~ k V2 >> k 2 v2. Then, in Eq. (2-90b), the initial

term can be dropped, and W is approximated by:

-1
{BX) 1 1
( + ) (2-99)
B° Yo EZ

W~-—KT

Inserting this in the first equation, Eq. (2-90a) the term that
couples the two equations is subtracted from the curvature-
pressure gradient term, and we can see that the instability is

now effectively driven by‘a term proportional to

(2YCP)/R r )
G (1 - -—3F7a?~—) ~ G (1 - 2y, RB) (2-100)

where we have assumed, for simplicity, that g ~ ycP/B2 << 1.

The net effect of the compressibility, in this case, is to

reduce the pressure gradient, thus an'evalﬁation of the growth

" rate squared that neglects the coupling between the two mode

equations will be in error by a factor of the order of Grp/R.
For slightly unstable equilibria, the stabilizing effect of

¥ appears in a different”way. If we assume that the growth

rates are Sﬁéll, i.e., -w2 <K< k2 v2, the second term on the left

| H S
hand side of Eq. (2-90b) becomes negligible and we have
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2
. BX w fm :
|- KT (Ez) —;2'— ’ (?-101)

replacing @he differential opera;or B 7v by B k“.

Substituting this estimate for. & in Eq. (2-90a), we see
that the coupling term now adds to the first term on the left
hand side of this equation. Then, the stabilization introduced
by W appears as an enhanced inertia of the fluid, rather than as
a diminished pressure gradient. Note that compressibility
effects, as represented by terms involving ycP, were eliminated
from the mode equation by our ordering of the growth-rates, and
that the role of W here is only to add the parallel displacement
to the transverse motion of the fluid.  The slowing down of the
growth of the instability by this effective parallel inertia is
measured by the ratio of the coupling term to the (transverse)

inertial term in the ballooning equation:

K. w/B° (k2/8%)e (w2/K®)
T - T m n’o L . qu (2-102)
o u°|Va| < (BX/BS) b o kS REK® ’

shoﬁing that the fluid looks "heavier" by a factor 1 + O(qa).

" To conclude this discussion, we remind the reader that, at
the beginning of this section, we had stated that the term in
the energy functional that drives the kink mode is negligible in
the limit of high-toroidal number modes. That this is so, it

is apparent from our final equations, which contain, as source



of instabilities, only the pressure gradient-curvature term. We
can also verify our previous assertion by a direct evaluation of

the kink term. Using Eq. (2-79) for B,, we have

J . J . :
M (BxBp-E = gl B.y(BX) vs- 24 (2-103)

Since, by our ordering, vS %, remains of order unity and BX = B-
(¥, x v8)/]vs|% ~ 0(1/N%), the kink term is less than the others
by 1/N, and becomes vanishingly small as N tends to infinity.

In subsequent chapters, Egs. (2-90a) and (2-90b) will find
a number of applications, as the formulation of stability
criteria, the determination of the growth—rates'of unstable
modes, and the study of the propagation of stable disturbances,

under specific equilibrium conditions.

The Boundary Conditions

A thorough and clear discussion of the boundary conditiops
to be applied to the mode equations and of the asymptotic
behavior éf the eigensolutions is given in Ref. (17). In this
section we summarize the main results, omitting the details of
the'derivatidns and the delicate arguments that are involved.
Many of these results will be recovered later, when we will
solve the mode equations for specific equilibrium conditions,
and the general statements that follow will appear self-evident.

The most interesting case corresponds to the c?ndition m2 =
0. Performing an asymptotic analysis that makes use of two-
scales, Connor, Hastie and Taylor showed that, for iXI +;o the

_ solutions behave as
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: :
T o~ :2; - . (2-105)
where & is a variable defined as )
LS
' 3q, - . :
| = ST— dx s (2"'106)

depending both on the transformed variable x and the shear.
The exponent vy is given as the roots of a second degree
equation with coefficients specified in terms of field line

averages of the equilibrium quantities. The two values of y are

71’2 = E—- + 2-— r - L ’ (2"107)

where the quantity D is thé same which appears in the Mercier
stability criterion when this is expressed in the form 1/4 L >
0. '

hWe see that, for D > 1/4, the two roots are complex and the
mode equation admits two solutions that are oscillatory for
large y. To show that the system in this case is indeed
unstaﬂle and recover the Mercier criterion, Connor, Hastie and
Tayler invoke a general theorem due to Newcomb(39), which can be
stated concisely as follows. If a solution of the Euler
equation of a variational form &W vanishes at two points x4 and
Xoy then a function can always be constructed such that f(x1) =
f(XQ) = 0 ‘and make the potentizl energy variation sW negative.
Oscillatory solutions, therefore, imply necessafi;y‘fhe

existence of instabilities.
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Rewriting Eq. (2-105) as

T - ?}rr [cos (\’D - &- in &) i sin (\/D - }- sn )] (2-108)

we may see that, in the transformed space of .the variable, the
solutions oscillate infinitely rapidly as 1 tends to infinity
and are asymphotically singular. 1In the physical space,
however, they give rise to modes that are in general well.
behaved, except for a particular set of surfaces. When a
function with an asymptotic behavior like the one in Eq. (2-108)
is inserted in the ballooning infinite series, given by Eq.
(2-43), the exponential kernel ei(S—n)y for S # n guarantees the
convergence of the Fourier integrals. At the surfaces specified
by S=n(n=20,¢1, £t 2, ...), however, the singular character
of the solutions manifests as divergent integrals. Thus the
radial profile of the mode is dominated by isolated singﬁ-
larities localized around the rational surfaces, where they take
the form of increasingly fast oscillations modulated by an
unbounded growth of the mode amplitude. This structure is not
surprising, given the characteristics of the instabilities
covered by the Mercier criterion. As we have seen in another
section of this chapter, modes highly peaked around the rational
surfaces are associated with a broad distribution in the
poloidal angle, another typical feature of the so-called flutes.
From this discussion, it also becomes clear ihét, by carrying
out tﬁe asymptotic analysis (£ » =), we are,effecti;ely testing

the behavior of the system to shqrt wavelength oscillations (k;

- w),
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When D < 1/4, the exponents in Eq. (2-105) are real and
unequal. We wil find, in subsequent chapters, that one of the
soldtions deqays asymptotically and is acceptable, while the
other diverges asymptotically and must be rejected. The
physically acceptable 5Plution gives rise tc well behaved
ballooning modes in the physical space that are radially
extended and localized in the angular variable, distinguishing
them from the pure flutes.

In the unstable case (w2 < 0), the asymptotic behavior of
the solutions is dominantly exponential, and we retain only the
decaying one. Because of the fast decay of the eigensolution in
the transformed space of the variable, growing modes are more
localized in the poloidal angle than the ones that are
marginally stasble. Since the variable 2 is proportional to the
shear, we may see that the angular definition of the mode
vbecomes sharper with the increase of shear.

The case w2 > 0 gives again oscillating solutions at large
£t but with a uniform wayelength, and they are both acceptable.
Singularities appear in the physiéal space that are related to
the structure of the continuum, and will be discussed in detail

in Chapter V.

The Global Eigenvalue

In a previous section, we called attention to the fact that
the lowest order equations in an expansion in powers or 1/N
describe the mode structure along the lines of force, and that

'the oscillations on eaéh flux coordinate surface are decoupled.
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These equations, therefore, contain no information about the
‘radial structure of the mode. This simplifies considerably the
problem of the stability analysis, which is then reduced to the
solutipn of a single ordinary differential equation in the
poloidal variable, whose coefficient functions depend only
parametrically on the radial coordinate ¥. In more general
terms, by solving the system of two ordinary differential
equations, for any specified equilibrium profile, we obtain a
.igggg eigenvalue for each flux surface, wf(?). Cn physical
grounds, however, we expect that a global normal mode exists, so
that the instability grows at the same rate over the bulk of the

. unstable flux surfaces, m2 = constant. Then, the theory
developed until now, with all its advantages, is still
incomplete, in the sense that it does not determine the radial
structure of the mode and cannot provide the relation between
the local eigenvalue mf(w) and the global eigenvalue 92 for a
given value of N.

These two problems, which are intimately related, have
received two different approaches. The original one, which was
given by Taylor and coworkers, relies on a highér order
expansion in powers of 1/N of the minimizing equations'of the
energy functional, and is expounded in detail in Ref. (17). We
shall give here just a summary account.

% The eikonal of the perturbation'is representéd as o = N(p -
J{;z‘(v,x')dx'), where x  ,the "origin" of the quasi-mode, is a
© function of the flu;«coordinate Y. T§ obtain the explicit

dependence of Xo ON Y, and the equation governing the radial
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structure of the mode, two scales are introduced along the
direction normal to the flux surfaces, one of them given by the
scale of variation of the equilibrium quantities, and another,

faster, as x = N1/2 4

, in between the equilibrium and the
eikonal scales. The radial dépendence of the mode on the slow
scale is given by the parametric dependence on ¥ as obtained
from thg lowest order equations, but we introduce‘further a
"modulation", thgt describes the variation of the amplitude on
the intermediate scale x, and will complete the characterization
of the mode. That is, we write ¢ = A(x) T1(v¥, Xo? x)eia. With
this, two additional equations can be derived by an appropriate

expansion procedure in powers of N'1/2

, that will provide the
information missing in the lowest-order theory rggatgéng xo(w)
and A(x). o |

We have seen in the previous section, that, in the case of
growing modes, one of the two solutions of the mode equations is
écceptable and the other is not. The equation of order N“”2
that comes next in the hierarchy of the expansions, then shows
that, if the undesirable solution is indeed to be eliminated,
the origin of the quasi-mode is unambiguously determined.
Specifically, an inﬁegrability condition on T demands that, on

each magnetic surface,'xo has to be lbcated at an extrenum of

the local eigenvalue:

2

3 wy

3X° (v, XO) = 0 ' | ) '. | ' (2-109)
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The next order equation, ﬁf ordér N“1, under a similar
requirement of inteérability of the Solution, fixes the radial
function A(x), at the same time that gives the global eigenvalue
in terms of the local eigenvalue evaluated a£ the most unstable
surface. Under certain circumstances, that we shall specify
shortly, the equation for A(x) has the same form as the equation
for a quantum-mechanical harmonic oscillation, and the solution
which corresponds to the highest growth rate is a Gaussian
function centered about the flux coordinate Xy = N1/2 Y, where
3wz2/av = 0. The eigenvalue condition,‘in this case, shows that
the global eigenvalue w2 differs from the local one mlz(wo) at
the surfszce Yo by a factor inversely proportional to'N.

From this analysis, the fadial}éiruqture of the mode can be
pictured as fast oscillations, with a scéle of variétion of
order 1/N given by the separation of the mode rational surfaces,
modulated by a broad profile, with a width of order 1/yrﬁt

ke give now a derivation of the formula for the global
eigenvalue using the second approach that we mentioned. This
one haes in its favor a greater simplicity and permits us to find
the global eigenvalue with no further information then the one
contained in the lowest order theory. It is based on the
concept of the phase-integral, and is therefore, a natural
unfolding of the asymptotic theory of ballooning modes (large N)
and the-eikonal representation.

This method has been extensively used by the Pr;nceton
'gréﬁp in the investigatioq Qf‘the N-dependence of Séllooning

instabilities( 18,40, 41) 4 more geheral'formulation, that
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extends its use to nonéaxisymmetric systems, is given in Ref.
18. Here, rather than aiming at a‘figorOUS discussion, we shall
illustrate its use by‘deriving the "1/N correction formula" for
the growth-rate wz, under the same assumptions made by Conhor,
.Hastie and Taylor.(17)

The most general form of writing the eikonal, that

preserves the. property that Beve = 0, is

X ~ '
e =N [o - [ q¥x"d' +a(¥)] (2-110)
o]

~

The function e, that depends on the flux coordinate only
plays here a role anslogous to the "origin" of the quasi-mode,
in the formulation described previouslyﬂ Note that ;, as much
as the piece that gives the pitch of the mode, is multiplied by
N, and enters the lowest-order equations for the perturbations

through its gradient:

Qs

X

Q -~

Va = N[vyp - qt(v.x)vx - VY _f i (¥,x")dxy' + oy vyl, (2-111)
o

o

where ;v z d;/dv.

Treating the mode equations as an eigenvalue problem, we
obtain in general w2 = wz(v, ;W)' For a fixed value of wz, this
dispersion relation can be represgnted by a curve in the (v, ;w)
plane, that specifies the functional dependence of ;w on v.

Notice that, for configurations with up-down symmetry (id_est,

invariant under a transformation y + -x), these contours.of
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illustrate its use by deriving the "1/N correction formula" for
the growth-rate w2, under the same asgumptions made by Cognor,
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preserves the property that Beve = 0, is

X
G=N[¢-f

g, (¥, dc! + a(¥)] . (2-110)
o v

The function ;, that depends on the flux coordinate only
plays here a role analogous to the "origin" of the quasi-mode,
in the formulation described previously. Note that ;, as much
as the piece that gives the pitch of the mode, is multiplied by
N, anQ enters the lowest-order equations for the pérturbations

through its gradient:

X
ve = N[(ve =~ ql(v;x)vx - VY J; ;;5 (¥,x")dy ' + ;v vyl, (2-111)
where ;w E d;/dw.

Treating the mode equations as an eigenvalue problem, we
obtain in general w2 = we(y, ;w). For a fixed value of w2’ this
dispersion relation can be represented by a curve in the (v, Z¢>
- plane, that specifies the functional dependence of ;& on v.

. Notice that, for confiéurations withiup-dowd symmetry (id est,

- invariant under a transformation X 4'-x),'the5é contours of



are symmetric with respect to the axis L 0, or,
2 is an even function of aw. An example of

such pqssible contouré is given in Fig. 2.1. 1he curve
corresonds to w2 = 0, as it intercepts the axis ay = 0,
determines the two marginally stable surfaces Y, and ¥, while

the curve for w2 = w2.
min

the position of the most unstable surface, ?05

constant m2

in other words, o

degenerates into a point that locates

somewhere in

between ?1 and ?2.

The first step to construct «
2

[}
ey If, in general, we describe a curve in the "phase space"

~

v is to impose the condition

that the local eigenvalue w, is a constant, independent of ¥ and

~

a
(Y' a‘p) S
vy = v (x) : (2-112a)
a, = o, ST) ‘ (2-112b)
then the trajectories along which ”f remains constant are

defined by the equations(uz’ay):

da : awl
: s - 7Y : (2-113a)
2
w
L (2-113b)
aaw

since this makes - - .
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duf awf dy awf daw
3}"‘5'?‘6?*;:;3?' (2-114)

vanish. Themparameter v has no direct significance.

To make a specif;c use of these equations, let us expand
e in Taylér series about the point P in Figure 2.1, where vy =
YO, ;w = 0, Since it defines a local minimum of “f’ the first

order derivatives are zero:

2
3w£
— = 0 (2=-115a)
¥ p
awf
2a
v op
and, up to second order powers, the expansion is:
w? = Wl L (asz) (v - ¥ )% 4 ] (asz> 22 (2-116)
¢ ° %min Y Z7 2v2 - A~ o 3a 2 v -
P ]
P

2y

where (azwzz(avz)P and (azmzz/aaw p are positive quantities.

The trajectories of constant w, are giﬁen by:

d;v azwf
I = - (;;-2—-) (Y - 'o) ' i (2—1178)

P
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w

3
%{ - (_,.é) o (2-117b)

da

vop

Taking the derivative of the first equation with respect to

t, and using the second equation to eliminate dy/ds, we obtain:

where

2A

d aw 2/\

: - -V (2-118)
T

ve = (__zi) (.w_§> (2-119)

This equation is solved by

and t

The p

@, = C cos v(t - To) (2-120)

he solution for Y, obtained from Eq. (2-117b), is

22 .72
(2 wl/acw p ' ‘
Yy -y = C sinc v(x - ¢ ) (2-121)
© (azuz/awz) p

arameter Ty that defines some "starting point" on the

trajectory, can be arbitrarily chosen; to simplify matters, we

may take it to be zero. By ctanging the integration constant C,

we generate a family of contours in the (y, ;w) pleh, each of

them corresponding to s different value of 4

f. Substituting

PRaomimy o 8 SESOUSAB BHNFRCE T U RUCLEARSES

¢
i .. .
b

RSP )



b AY

Egs. (2-120) and (2-121) into the expansion for mf Eq. (2-116),

we can obtain an expression for C in terms of the local

eigenvalue:
2(w§ - ”mii)
C = 5% - (2-122)
(3"w" /3a_ )
v oop

Eliminating the auxiliary variable v from Eqs. (2-120) and

(2~-121), the equation for the trajectories reduces to the form:

a2 P
oLy 2
(et
- ER] 2w, = w_s2)
P P [ min -
Gv + E—-z-—?—- (y - ‘l’o) = 555 (2-123)
CI" (3 mz/aawz)
(-:é-) P
sa
vV op

which describes an ellipse in the (v, ;w) plane, as represented
in Fig. 2.1.

The next tésk is to find the value of ”f that makes it a
true eigenvalue of the global problem. In the high-N limit,
this condition can be approximated by the familiar

quantization-rule"™ of the phase-integral:

N a, dy = 2y (n + 1) ' (2-124)
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Figure 2.1: Contours of o constant in the

Phase Plane (v, Gw).
The outermost contour, corresponding to mme = 0, intercepts
the axis g, = 0 at the two marginally stable surfaces ¥, and ¥

]
The most unstable surface is Yoo The dashed-line contour is

similar to the ones reported in Ref. (41), while the elliptic

2

contour results from a Taylor expansion of w, in the vicinity

of Yoo
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where n = 0, 1, 2, is a non-negative integer, and the path of
integration is a closed contour in the (¥, ;w) plane. As it is
vwell known from the WKB theory(u3), this formula results from
the asymptotic matching of twc one-turning point solutions. For
an overlap region to exist, and make possible the matching, the
two turning points of ZW’ which define the critically stable
flux surfaces (for a given value of N) must be well separated.

Accordiﬁg to Ref. (41), the validity of the WKB approximation

requires the band of unstable surfaces aY

unst to be much grgater

than ~Yo/ . In addition, we should require the integer n to
be large, at least of the same order of N. There are many
cases, however, that the quantization formulas still gives good
accuracy for low numbers, as for a parabolic potential. We
assume, then, that this restriction can be relaxed and that Eq.
(2-124) remains valid for n = 0, which corresponds to the mode
of highest growth rate.

'In the approximation of elliptic contours, the phase

integral over a cycle can be evaluated to be:

vrsdx
VT =-y ‘

using Eqs. (2-117b), (2-120) and (2-122). The lowest eigenvalue
(nz0) is given by: '

.2 2 2.2 .
- = -t - ( ) ( ) T (2-126)
min 2N 3*2 ~o o
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This’is the "1/N-correction formula", originally presented in
Ref. (17). Note that the correction decreases the growth rate,
and that the most unstable modes occur for N.* =, Viewed in
another way, if a region in the plasma is found to be locally
unstable for some vaiue of N, then it remains unsﬂable for all
values of N greater than this. Conversely, there is a minimum
vglue Nnin of the toroidal number, below which the most unstable
flux surface in the configuration becomes stable, and no

instability is found over all the plasma volume. This lower

bound on N is determined, in general, by(u1)

min (2-127)

mf=0

where the integral represents the area enclosed by the outermost
contour in the plane (v, °¢)’ corresponding to “f‘= 0, and
covers, therefore, the domain of all surfaces vy that can become
Vunstable, as. N ranges from Nmin t0 =.

If, for 2ll values of mz comprised between o .2 and 0, the

[} min
trajectories of constant wf can be well approximated by
2

ellipses, then, putting «“ = 0 in Eq. (2-126), we obtain

‘ 32,2 2.2 - : -
1 “y )
mminl Y P aa* .
|
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- The boundaries of the instability region (the least

unstable flux surfaces) in this model, are given by:

. 2
2'“’minl
2 wl/aw )

P

In practice, the assumption of elliptic contours is not really

well verified. Numerical solutions for the dispersion relation

2
3

show considerable distortion of these trajectories, that become

w, = wf(w, ;w) sequences of equilibria generated numerically,
more pronounced as the plasma average beta increases. In Ref.
(41), where these studies are reported, for an equilibrium with

beta as high as 10%, the numerical evaluation of the integral

gives N ~ 18, while Eq. (2-128) gives Npsn = 26. This

min
discrepancy (~30%), however, will look more acceptable if we

[ 3 .

Not quite this one, in fact. The Princeton group uses a
somewhat different formulation, in which the "radial" coordinate
is the inverse rotational transform q, rather than v. The other
difference is the use of Hamada coordinates instead-of the
orthogonal flux coordinates that we have been using,



Yo

remember that this is a particularly unfavorable case for
comparison. Anyway, there is little gain in the use of the 1/N
formula in concrete computations of N
2 2 2 22, "2
(s wz/aw )p and (a mz/aaw)

numerically. The merit of the theory based on an expansion of

min' Since the coefficients

P have always to be determined

wf, as in Eq. (2-116), is to illustrate the use of the WKB
formalism by means of a simple example, and to help us to
understand the qualitative aspects of the dependency of the

ballooning instabilities on the toroidal mode number.
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Appendix 2A

Proof that —g VI v (vax B)J = 0
B L 4

Too prove this identity, we write the vector quantities

explicitly in flux coordinates:

- R —y
B = B e + B €4 _ (24A-1)
1 dp —>
P = e (2A-2)
v R, dy "¢
"
_ 1 09, — T S Qe
Ya = =~ P J(-E—- dyx ey T B 9 & * i % (24-3)
L] X ¢
Using the expressions (2-5) and (2-12) in Chapter II for hlp and
q,, We obtain for the triple product:
B

which is a flux quantity. Then, its gradient is normal to the

flux surface, and the projection on B is identically zero.
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Appendix 2B

Derivation of the Expression for the

Divergence of the Parallel Lisplacement

To lowest order, the terms related to fluid compression in

Eq. (2-87) combine to produce:

+ it.Va = V. [(Zzgg_ﬁ)(sx>] ‘T [(E—é?§)§]

+ 1 |val? ¥ | (2B-1)

Taking the scalar product of Eq. (2-75) with B, we obtain

an expression for B. 51:

2

B.B, = B.[ve x w(BX)] - i [ve]® B Y, (2B-2)

1
which can be used to eliminate Y. If we also expand the first
divergence on the right-hand side of Eq. (2B-1), that expression
simplifies to:

?
?

) * B. B '
vei+if.va = v.[(5255>63 + (BX) v.(lagg-§> - = (2B-3)
B
NQ‘W T

Va X E) _ va o+ (v x B)
—) = -

v e e x By ewyy T (2B-1)
B B® - g2 o .
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'and remembering that

B x vp :
v.x B = , . (2B-5)
( X ) N ' .__52._.. .

we obtain:

v ('Y'u'g%"‘ﬁ) = --é-n va [(E x v(P + 82)] . | | | (2B-6)

The other term that appears in Eq. (2-87) is

]

™

VP = (BX) (zggg_é), vP , , (2B-7)

neglecting higher order terms. If we substitute Eqs. (2B-3),
(2B-6) and (2B-7) into Eq. (2-87) in Chapter II, we arrive at

the following expression for B. By:

~

xR o (B x va) . vP t.B
(1 +.-E§) ) Ei = - (BX) : + yoP v.[(5E§->B -

- 5% Vo o [B x v(P + B9)] (2B-8)

The equation for the divergence of the parallel displacement,
Eq. (2-88), can then be immediately obtained from this result
and the definition of W, given by Eq. (2-89).
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Appendix 2C

Derivation of Eq. (2-93)
The identity: ’

BeB -8 = -B%v.% +2¢ .0 (2c-1)
¥ 2 K}

is frequently used in the methematics of MHD, and if we
reproduce here the derivation, it is only to facilitate the work
of the meticulous reader,

Expanding 51 as in Eq. (2-24), we have

B.B

- -+ -l ->
: B(B.nE, - B.(2-v)B - B® v. ¢, (2c-2)

Since E;' B = o, the first term on the right can be rewritten -
E4~ (B »V)E, or, remembering the expression for the curvature,

as
Bo(B-nE, = -%,. v+ 8%/2) © (2¢-3)
With this result and also

B.(f, B = f,.v (8%2) , (2C-4)

Eq. (2-93) can be immediately obtained.



Chapter III
THE EQUILIBRIUM SOLUTION

- This chapter is devoted to a derivation.of a solution of
tﬁe equilbirium equation and its subsequent use in the deter-
mination of the equi;ibrium quantities of interest for the
analysis of the mode equations.

Within the framework of MHD theory, the driving terms of
eqUilibrium,‘namely, the pressure wa) and the poloidai current
stream function T(¥) are arbitrarily specified as functions of
¥. The solution of the Grad-Shafranov equation then, under very
general conditions, is uniquely determined by the boundary
conditions applied to ¥, It is well.known, however, that,
except for very pariicular choices of the equilibrium pfofiles,
no closed form solutions can be obtained. The most extensively
used of these exact analytic solutions is the so~-called Solovev

(44) which assumes that the source functions dP/dy and

solution
T(dT/dW) are constant over the plasma volume. This equilibrium
model has been used by more than one author in the investigation
of the stability of small aspect ratio tokamaks. When the
source functions dP/dY and T(dT/d¥) are linear in ¥, the
boundary-value problem is still amenable to an analytic
treatment, and a solution can be obtained by an expansion
vprocedure about the corresponding cylindrical configura-
tions(HS). Derivation of the terms of thé expansion, however,
rapidly increase in complexity, severely restricting its

attractiveness for analysis in which high-order terms are
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required. Clearly, if one chooses for the gradients of the
pressure profile and poloidal curreﬁi stream function a
dependence on vy that includes powers higher than one, the
.magnetic equation becomes nén-linear, and a -solution unifofmaly
valid over the plasma cross-section is no longér availasble. 1In
this case, we have to content ourselves with an expansion that
gives for the magnetic surfaces a mathematical description
restricted to the vicinity of the magnetic axis.

The following method 1s due to Shafranov and Solovev(ué),
and permits us to reduce the partial differential equation to a
set of ordinary differentisl equations in the poloidal-like
variable, each of them corresponding to a different order in the
expansion,

' The toroidal ﬁiasma is assumed to habe~rotationa1 symmetry
around the major axis of the torus. The magnetic surfaces are
nested tori, with only one magnetic axis, located at distance R0
from the major axis. On the plasma cross section, the distance
from a point to the magnetic axis is denoted by r. The poloidalh
coordinate, indicated by the symbol ¢, is taken to be the angle
of rotation asbout the magnetic axis. The zero of ¢ lies on the
equatorial plane passing through the magnetic axis. In this
coordinate system, ilustrated in Fig. 3.1, the distance of a

point to the major axis of the torus is given by

R = R + r coS @ . | . o (3-1)
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Figure 3.1: . Coordinate System for an Axisymmetric Toroid.
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The equilibrium equation can be written as:

2 ‘ 2
a”y 1 coSse, Y 1 . 3y 1 3%y
aré r ﬁ’ r rR FY) r2 362
2 dP 1 d 2 .
- FMonrrst | (3-2)

The left hand side of this equation, which represents the
¥
explicit form of the Grad-Shafranov operator a ¢ in the
coordinate system, as discussed previously, is related to the

toroidal current density JT by

ay = R JT (3-3)

Yoo W S (3-ta)
r 5 R, ¥ (3-4b)
*
' BD v
P(¥) = —>= p(v) _ (3-be)
R |
2(v) = By v 2w ' (3-4d)

where the normalization flux is defined as:

v

(R3/3.,) /8 (3-5)
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Jyo 18 the toroidal current at the axis, and B, is the toroidal
magnetic field along the magnetic axis., Wwith this, the equili-

brium equation can be conveniently re-written in dimensionless

form: ‘ '

e ) o 2

2%y 1 EY) y 1 3%y

ax2 * X(7+X ¢c0s8) (ax + sing ae) + ;? aaz -

2
B R :

~ _ oo 2 dp 1 4 .2 -
= -—;—;— [(1 + x cose) a—‘I’ + 2" 'a'i) -1 (3 6)

With regard to the source functions dp/d¢ and (1/2)(d/dw)f2, we
assume only that they can be expanded as Taylor series in powers

of ¥ about the magnetic axis, which is defined by ¥=0. Thus we

have:
- g% = Py + PyV o+ p2¢2 + eeee ' (3-7)
1 d 2 _ 2 -
- = & f = fo + f1¢ + f2 VE + eeen (3-8)

where the coefficients Pgr Pq +ee fo’ f1, ... remain arbitrary.

Note that the toroidal current at the axis is

Bo
JTo = F; (p° + fo) - (3-9)
and the normalization flux is then
2 , . :
* B°R0, . .

v o= =2 (pg + f,) o - (3-10)
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We shall find it useful to define the local poloidal beta

as the ratio

2
] 2R (dP/dY)
Bp = - ._jE.F___ ) ) (3_11)

which, at the magnetic axis, can be expressed as:
Bp = B——:*T~ | (3*12)

and we will verify shortly that it corresponds to the familiar
idea of poloidal beta as the ratio of the plasma energy density
to the poloidal field energy density.

We now proceed to derive a solution to Eq. (3-2).
Following the method of Solovev and Shafranov, we represent the
magnetic surfaces as a series of powers of the distance to the
magnetic axis: ~
y 5

2, w3(e)x3 + wu(e) X o+ ws(e) X" 4+ eeee, (3-12)

v = wz(e) X

where the coefficients Yoo w3, ++s. are dimensionless functions
depending only on the poloidal variable, _

 To simplify the expansion procedure, we first multiply Eq.
(3-2) by 1 + x cose, and, upon substitution of the expansions

given by Egs. (3-7), (3-8) and (3-12), we obtain to lowest order

in x:

o on,

,*2f*v”¢2 = & ., :f".,~' ‘L_ ‘ ." : (3'13)



with primes denoting derivatives with respect to €. The general

solution of this second order differential equation is

wz(e) = 1 + 1 cos2e, - (3-14)

where A is &an. arbitrary integration constant. Then, very close

to the origin, the flux surfaces are described by

R 1/2 '
2 (3-15)

V/1 + ) €OSZ2g¢g v

r(y,e) =

which represents, for |a|] < 1,. an ellipse centered at the

magnetic axis.
The usual definition of the macroscopic poloidal bteta is

- <P> = P(¥,)
g = 2 (3-16)

P | <B. >
p

where P(Yo) is the pressure at any flux surface Yo <P> means

the surface average of the plasma pressure distribution over the

cross-sectional area delimited by wo'

<P> 3 J/; ?° (
= 3-17)
s J/, dS . '

In the Appendix 34 we derived an

and <5§> is similarly defined.

integral equlibrium relation that can be used to evaluate this
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latter quantity. ©On a small area about the magnetic axis, both
the toroidal current density and the distance to the major axis

of the torus are approximately constant, and Eq. (34-5)

furnishes .
<B> ITo (s <y>) ‘ -  (3 18)
p° " Ry e T Y T i}

In this limit, the flux surfaces are represented by Eq. (3-15),

and the area element is

R2
- 9] de )
as = 2¢° 1 + A cos2e a¥ (3-19)

s0 that the above average can be calculated to be

2 |

The pressure distributioh can be approximated by a linear

relation:

P = P, + (%%)0 Y - (3-21)

where PO is the value at the magnetic axis. Performing the area

average, we obtain

-

<P>

"
0
+

, |
= L (3-22)



and, upon substitution of the expressions for the averages, the

quantity defined by Eq. (3-16) becomes:

_ , (ep/an), (¥.,/2)  Po_, (3-23)
B z - - s 2 —1 -
(JTO/?O)/dH; po * i

P

which is the same as the "local poloidal beta" previously
introduced.
The limiting value of the rotational transform as we

approach the magnetic axis can be evaluated as

qo = (a;) (3-24)

The toroidal field in this limit is constant and equal to

encircling the axis is

so that the element of toroidal flux across a small strip

de¢ = B.. dS = B°R§ /‘ de dy (3-25)
- T - 2v¥ 1T + LA CcOSZe ’

Performing the integration along the poloidal contour, we

obtain for q.:

Vv
R.B 2B
@ = - ! = (—2 ! (3-262)
2v 1222 Ro 70 1-22 Potfy 1-1
or . | |
q, = A € S 115



110

Having established the meaning of the parameter Bp, we

return now to the derivation of higher order terms of the

expansion of v. To first order in x, we have:

2
RSB
. _ 0 0
wg + 9w3 + wg cOSH + wé sine +‘2¢2cosa = Y (3po+fo)cose
= 4(1 + sp) cos6 : (3-27)

Substituting the solution for y,(e) as given by Eq. (3-14), we

obtain the differential equation for ¢3:

vg + 9w3 = 2(f + Zsp 4+ 1) cose _ . (3-28)

and the general solution is

¢3(e) = %— (1 + 25p+1)cose + w3 cos3g. - (3-29)

The term in cos3e, depending on the freé integration
constant u3,.introduces a triangular deformation in the shape of
the flux surfaces. The effect of the term proportional to cose
is to displace the geometric center of the flux surfaces inwards
with respect to the magnetic axis. This displacement, known in
the literature as the "Shafranov shift", haS important impli-
cations on the stability of both interchange and ballooning

modes. We note that, if the free shape factor a2 is set equai to



zero, the shift of the flux surfaces is not accompanied by any
distortion in the lowest order circular shape.
The balance betwéen second order terms in x in the expanded

equilibrium equation gives: .

wﬁ + 16 vy + (¢§ + 6¢3)cose + vé sing =

BoRg 3
2 —p [Wz(p1 + f1) + 5 P, (1 + cos2g) (3-30)
v

ke introduce another parameter by

Boﬁg ( . Py + £, o o315
a F =5 (py ¢ S -
th 1 1 po + o

and, upon substitution of the known solutions for wz(e)‘and

¢3(e), we obtain:

vH + 16wu = %— [uap + 8a - (2+1)]

+ [%— 8p+ 3u3 - g— (A+1)+lor]cos26 (3-32)

The general solution of this equation is:

8 g » '
_ a 1 .3 1 A
#4(9) = FE + T - 3—2' (A+1) + [E'E + —ﬁ - Ta (a+1) + §—]C052e

+ uy cosle ’ : (3-33)

where the quadrangularity My is another arbitrary constant.
Equating third order powers of x in the equilibrium

equation, we obtain:

Loy DY PISOUIESAS EMOET T 0 WUCLEARES



wg + 25 g + (v} + 12 yyldcose + y)) sine =

B _R2 :
oo
= _— [(p1+f1) vg * (3p1+f1) ¥5C0Se

v

*

+ Py cosBe] (3-34)

and, proceeding in a-similar way to the previous steps, we find

the solution to be:

ws(e) = %ﬁ [2c¢ + 2h(r+2) =~ %—]Bp + (2a¢ + %3)(1+1) - %— M3 cos#

+ %3 [Bp(- %- + 2h}) +'a(%— + Uu3) + %E(A+1) - %— gy + uuu Jcos3e

+ u5v00556 . 4 (3-35)

The constant h is

o
1}
|>

(3-36)

K"
(o]

and Hg is a pentagonality free shape factor.

The Equilibrium Quantities in the Neighborhood of the Axis

The equilibrium solution derived in the previous section
contain all information that is requifed to calculate the
equlibrium fields and the coefficient functions entéring the
mode equation, to the order necessary for the determination of
the stability limits in the vicinity of the axis. The
coordinate variable, adopting this representation, are the

normalized radial distance x and the'polar angle ¢. For our
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purposes however, it is convenient to express'the equilibr;um
quantities in terms of the normalized flux ¢ rather than x. The
calculation will be facilitated if we start by inverting the
‘series given by Eq. (3-12), obtaining for x the explicit

representation(u’):

X = 2,080 + 200007 + 200003 + 2,(e05" + ..., (3-37)

3

where p = w1/2. Substituting the above series in Eq. (3-12) and

equating powers of p, the coefficients Z 22, ...y Can be

1?
determiped as combinations of the angular functions Vo w3, Yy
and *5' We present here the results for the simplest equili-
brium, that will be the object of a detailed analysis, in which
the shape factors a, W3s my and ug are set equal to zero; This
choice, in particular, corresponds to flux surfaces that tend to

circles in the vicinity of the axis and effects of toundary

conditions are ignored. Then we have:

Z? = 1 (3-38a)
Z = - (g. + ! ) cose (3-38b)
2 I~ 'Ffp T 27 C » . -
; v
23 = %n(gi + 59 - gg + gb) + %ﬁ (55 + %— Bp + %%)cosZe
(3-38¢)
. o 3 5 1 8
ZH = %ﬁ [ﬂp + TEMBP + = - 8— (1N8p+§) + 5 th;cose

- l%? (ap +’g§ By + %%)»cos3e o UL (3-384)



The poloidal current stream function, defined by Eq. (3-4d), can
be obtained by integrating the expansion of f2, as given by Eq.

L4

(3-8). The result is

- 2r2 . -2

R°Br = RGBS - Bgw (2f ¢ + £, %) (3-39)
where the integration constant was chosen as to reproduce the
magnetic field at the axis. This expression can also be written

as

RZB$ 2 B 2 1 hg ]
= = 1-5 0 -8 "5 e D), (3-40)
ROBO qQ qo

upon convenient substitution of parameters, and furnishes:

KBy

1 Boy 2 1 Bo 2 he 4
=1 - (1 - )< - [(1 - ) + Qe + )le
KoE, 297 2! > ol + =2

(3-41)

Expressing R as a power series in p, by means of Egqs. (3-1)

and (3-37), we obtain for the toroidal field:

BT' = 1 e n2 [1 (éB + 9)(1 26) ( P 1)1
'E: = - p COSE + 3 p + CO0S + = -

£ ra
O N

+ p3{ - 5}2 [uap (Ssp +.17) (3cose + cos38) + 173 co§3e



. B
+ (511-645)cos] + 12 (1 - EE) cosg (3-42)
Y%

To derive a representation for the poloidal field, we take the

gradient of r = r(y, e):

vr o= (35) gy o+ (2E) ¢e (3-43)
CE Y v
which gives:
vy = W [er - (88)‘, eeJ (3-4 )
Then
RB. = |Vv¥| = 1 e Lony? (3-45)
p - = (3?73?7; + ;2 ¥, >~
or, in terms of normalized quantities,
RB 2
P__ - o 1+ L (35 (3-46)
(KB /q,) (ax730) V/ ;2 38"

Introducing the expansion for x, Eq. (3-37), we obtain:

q.B B 3
.%—2 = P + 02(22 - %—) cosé - ;EB [(16 cos26 + 12) 8§ +

' y
p
+ (8 cos2e «+ N)Bp - 40 cos28 - U8a - 4T] + 57110
(312 cos3¢ + 648 cose)sg + (132 cos3¢g + 156 cose)ai

+ [90 cos3e + (2048 h - 1280 o -'330)cose]ap



- ¢1664 o« + 3387) cose - 813 cos3e ' (3-47)
The total magnetic field is ‘ |
‘ o[22
B = By + Bp (3-48)

and can be evaluated by use of Eqs. (3-42) and (3-47).
We next find the expression for the Jacobian in the

coordinate system'(w, 8, ¢):

1 ar
J = TV‘P ” (ve X mT = rR (ﬁ)e ? . | (3"”9)

using Eq. (3-44) for vy,
In terms of previously defined quantities, this can be

rewritten as:

2 J. _ X 3X .
J = 573;; = (1 + x cose) 5= (33)6 , (3-50)

where J is a normalized Jacobian, such that the volume element

is dV = 3 Rg pdpded¢. Introducing the expanded solution, we
have
J = 1 - P (3 g - 2 ) cosé + Ef [12 g_(8_-1)(1+cos26)

I ®p” B 32 P "p

3
- (3 + 16¢ + cos2g)] - T?%EB eg (25205p - 2940)(cos3e + 3cose)
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+ [210 cos3e + (5120h - 10880a - 810)0036]8p

-~ (45c0s36 - 3520c cosé +.1095 cose)] } o ‘(3-51)

The degree of twist of the field lines is measured by the local
.quantity

3¢
Q, = (3g) (3-52)
L ® along a field line

and can be obtained from the equation of the field lines:

a3 x B = 0 T | | (3-53)

d = B. e’ + B e’ =+ By e o (3-51)

Then, Eq. (3-53) resolves in two independent equations, the

first one giving

ql = ;{’ B'E ' (3"55)
eand the second

dr _ (3r) - rBr : . 6

g ° (53 = g : (3-56)

. »

f,juhich corresponds to the statemeﬂt that field lines lie on f1lux

surfaces.' Since By, = \/Bi + 82 , this latter relation gives



B = P_ = 1 (3-57)

the second equality coming from Eq. (3-45) for the poloidal
field. It follows that

Q = r (%) (3-58)
) B'l'a\ve .
or
q B
. Tx e -
& ° B » (39)9 (3-59)

The series expansion about the axis can be immediately obtained

as

) =1 - P~ (1146 B_)cose + o 48 (38 +5)(1+c0s26)=18a +

a g p 32 p°p

+ 29 + 31 cos26 - ] (1 - ;E) + °3 2520 83(cos3e+3cose)
. T22ss :

o

+ 3780 Bg(cos3e+3¢ose) + Bp[(5120h - 10880c¢ + 19350)cose

+ 6930 cos3e]

. 6547 cos3e + (22761 - 118U40q)cose + Zgg(ésg - Bp - 22)cose }
- t - ' -QO

(3-60)



The average value of q, over the poloidal angle is the

reciprocal of the rotational transform:

d = %; qn(p,e)de ’ . (3-61)
and is given by:

. 8 .
q _ 2r1 2 I _
q—-——o = 1 + 9 [3‘2 (128p + 208 (1 T)] (3-62)

b~ 16c + 29) - L

9
Another important equilibrium quantity is the shear of the

magnetic field lines, which is a measure of the variation of the

pitch of the field lines with the flux surfaces. We define the

shear as
s = & E o Gee
and, to lowest order in p, it is
s = s, 02 | ‘ (3-64)
where
So =i Bt B -fg-a+2 (- ;3)(1 - ) (3-65)

This definition provides a relation between the shear and the

parameter a, and, in subsequent analysis, we shall frequently

discard o in favor of the more interesting parameter Sq



The Expressions for the Curvature

Before deriving explicit representations for the normal and
geodesic curvatures of the field lines, we shall give an alter-
native form of the equilibrium equation, in which r appears as

the unknown function and Y as the coordinate variable. 1In other
' %

(r,e)
operates on ¥, by another operator, that we shall denote by

words, we shall replace the elliptical operation & which

Sz(v,e)’ which acts upon r, in th;s way interchanging the former
role of ¥ and r.

This transformation can be achieved by noting first that

the general expression for the divergence of a vector function

(wg,ve), in our coordinate system is

v v, aV

_ 1 3 r 0 . 1 8
veV = =~ o7 (rVr) + g~ €0Se - g~ sine + -~

36
and then substituting for V the vector (1/H2)vw, whose
components can be obtained from Eq. (3-44). To convert the

- partial derivatives that appear in the divergence from the (r,e)
representation to the (v,s) one, we observe that the gradient of

a general scalar function u(y,s) can be written as:

vuz (A vy + (&) ve = (2 wr s+ (3D) e (3-66)
3 6 36‘, ] -} 0 aer

Taking the dot products with vr and ve, and using again Eq.

(3-48) for vy, we obtain the desired connections: ,



u - 1 au _

e € U]
(ar/2e),
au au ¥ au :
(350, = ), - e, 9, : - (3-68

This procedure gives for the right hand side of the

equilibrium equation:

@ 2 1
r(y,e) = R wva( vy)
/. ? l-?-? Y
I G A o 1, + &5 L ! AlAS
- r ar/av), ;w Rz(ar/aw)e‘e C gw‘ R2r (ar/aw)e )
2 , ‘(ar/ae) | '
K™ 2 1 ¥ 1 1 1 ar .
- ¥ 38 [Rzr (ar/av)ejw M (ar73¥7, [cose + = (ES)Y sine]
: o o (3-69)

which can be trivially manipulated to be expressed in terms of
the variables x and p that we have been using throughout. Note
that the "inversion" of the Grad-Shafranov operator permits us
to obtain directly a local solution of thé form of Eq. (3-37).
The expansion of the equilibrium equation in powers of p then
provides, for every order n, an ordinary differential gquatioh
in the poloidal variable, which is solved by the cofresponding
angular function Zn(a) (n = 1,2,...). This method was, in fact,
used in Ref. (48) to discus$ analytically the evolutior. of the
.equilibriumvstates in a tokamak heated through flux.conser—‘

vation. 1Its advantagé with }especbﬂtd the method that we
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adopted here is that it provides directly a representation of x
in terms of p, avoiding the need of inverting the series. The
price to be paid is that the aigebraic manipulations required to
arrive at thé final set of.ordinary differential equations are
much more involved.

With the choice that we have made to work with the
coordinates p and ¢, however, the "inverted" form of the
equilibrium equation can be used for the derivation of the
expansions for the curvatures. The normal curvature was found

in Chapter 11 to be:

v 52
m (P + z—)x . ' (3-70)

1 1
3 =

. IDIQ,

in orthogonal flux coordinates. Eliminating dP/d¥ by means of

the equilibrium equation, we have

11 1 1 d 2p2 1 .3 2 ‘
B? E¢ R2 2R2 ay T 2 oY X

which can be recast as

R o 2 |
= =2 hGroe « Lk el B @b (3-72)
B R™ 2R X X

To translate this expression into the coordinate system

(vy,8) we note first that the gradient of a scalar function

~uly,x) can be written as: .



1>

- (U au e (du au -7
vu = ( w)x Y + (ax)v VX = (”)e VY + (ae), ve . (3-73)

Taking next the dot product with vY, given by Eq. (3=-14),

we obtain the relation between partial derivatives.

(1/r2)(ar/ae)w(ar/aw)a 1y
X ] 1+(1/r )(ar/ae)w ¥

P
(-t X+
=l
A g

|

”~~
o
I } o
~

With this transformation rule, and the use of Egs. (3-1), (3-42)
and (3-47), after a tedious calculation, we obtain the expansion

in powers of p for the normal curvature:

- 1 ’ 1
R kx_ = - cosé + p i3 [2(cose-1)8p + 9 %0520 + 7] - U3

n
° as
2

- o 5%2 [36(cos3e -,cose)aﬁ + H4(17cos3p + 15cose)ep +

+ 185co0s3g + 3%1cosg] - 12 (gp - %—) COSg +
Q9 .

+ g1y  (26l4cosle - 2Hcos2e “.E“O?BP + (372cosle + 4llcos2e

+ 144)35 + [834coslg + (256h - 3524 + 1568)cos2¢ - 256h + 352¢

* 6§H]ep + 1521coslde + (1-496a + U4017)cos2e - 272a + 2670
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15 [(-384cos20 + gso)ag + (768c0s26 + 2112)8, - 1440c0s20
e -

- 5376a - 2401 + 213t (- 1) : (3-75)
o

The geodesic curvature, in orthogonal curvilinear

coordinates, was found in Chapter II to be

2

1 1 2 B
© T e [ (%=)] (3-76)
S B° B J; x 2 Y

o

where J° is the Jacobian in the orthogonal system. Since

1 au 1 U
(=) (=) (3-77)
o X ¥ 36 ¥
where J is the Jacobian in the system (v,s,¢), we have
5 _
- 1 1 3 B . _
kg = 5 N [33 (2—)] (3-78)
B Bp ¥ :

Introducing the expansions already derived for the quantities

entering the above expression, we obtain:

_ _®
R .« = sin © 1% (28

o %s + 9) sin2e «

P

2 ' V‘ ) ) e . o, ’ -
- " gl [(36;1q3e_+ ;osiﬁe{ag + (68sin3e f'52§in9)§é +
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1

]
=% (EE - %-) Siﬂﬁ]
qO

+ 185 sin3e + 181 sine -

3 :
- Egﬁﬁ (264sindg + 31231n29)33 + (372sindy + 51§sin29)3§

+ [834sinle + (256h - 3524 + 1362)sin29]8p + (-496a + 2811)sin2e

+ 15 (o384 g§ + 1920 g, - 1248) sin2g (3-79)
%
~ This completes the characterization of the field structure.
Before leaving this chapter, we rewrite the general mode
equations in dimensionless form in the coordinate system (p,8),

-making them ready for future work:

2 ‘ o
2 (J d drT - NE ,
r (:—) MT - 33 (M 33) - 2ep NT = 2q ;———é (3-802)
J . +hop
2| 5 <2 (.1 1 = N T
r J B (— + YE 4+ 2q == ] =
[ o v P E@ o .2 1+hp2
B, 4=
- g_e. (}_ 0 (ai‘é) , (3-80b)
J B? |

where we have replaced the function W, appearing in the original

set, by

(3-81)

m
L
e
OqON
=



1£0

and 12, that we shall call the growth-rate squared parameter, is

defined as

T = - -—-———T (3"82)

where vAo is the Alfvén speed evaluated at the magnetic axis.

The coefficient functions M and N, respectively, are:

~

R B /q _
Moo= 02 (3) (~9F§-9> (1 + %) | (3-83a)
2 7 080’ 9% 2 Brp
N = -9 (T) (—FE—_—) (1 + hp )(Roxn—Rors 5 1) (3-83b)
» (e}

- where I is the shear-related quantity:

R%2 , X | |
= & J’ q, (¥,x) dx (3-84)

Note that we have already replaced the pressure gradient by

the expansion:

om0 he?) (3-85)

o)

' ~sincé highér—order terms'ﬁiii'nof be needed ényway.

FreGUISAS ENERCETICNS E NUCLEARES
1. E. N,

[NSTITA O i

e i a3 o VA U
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Appendix 3A

An Equlibrium Integral Relation

Developing the divergence of the Grad-Shafranov operator in
Eq. (2-11), and recailing that the toroidal current density is

given by Eq. (2-12), the equilibrium equation can be written as

Y J
v . (12 vY) - 12 1vw|2 = 'F‘I . (3a-1)
R R
Integrating this relation over the volume comprised by a

"magnetic surface ¥ all the way around the torus, we obtain

vy J
,/(!? ve di - 12 |vy|? Qv = //('R'I av, (34-2)
R : )

A v RV v

where di = Rd¢ di é; is the normal surface element on the
boundary, di being'the element of arc along the poloidal
contour. |

Since the poloidal magnetic field is Bp = |v¥}/R, we may

rewrite Eq. (3A-2) as

2% ¥ B dt - J(BZ dvV = JT Yy dV (3A-3)
) P v’ o 7 K -

.

Observing that the volume elementt is dV = Rd¢dS, where dS

represents the cross sectional element of area between two
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neighboring magnetic surfaces, and that the toroidal current

flowing inside the volume delimited by Yo is

I = B d¢ = fJT s , ‘ (3A-4)

P S

we finally obtain

_1_/2 i
J/r g g - v as = & B2 (34-5)

S v
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Chapter'IV

THE SPECTRUM OF UNSTABLE MGCDES

The "Distilled" Equation

In Chapter 1I, we have seen that the poloidal dependence of
the coefficient functions of the mode equations includes both
periodic terms, arising from the periodicity of the equilibrium
quantities, and secular, non periodic terms as well, introduced
by the magnetic shear. In generzl, this mixed behavior will be
reflected in the form of the eigensolutions, &s rapid
oscillations superimpbsed on a sléwer, secular decay. At
marginal stability,. in particular, the eigensolutions vénish |
asymptotically with somé power of 1/33, énd the secular deczy
can be quite slow. As we approach the magnetic axis and the
shear decreases, the numerical solution of the mode equations
becomes increasingly difficult; requiring a large domain of
‘integration to tzke into account the proper behavior of the
eigensolution at "infinity"., If we point out this difficulty,
it is just to mention, that, by contrast, it can be turned into
an advantagé; when the problem is envisaged from'an analytical
point of view, | |

The facﬁ that the independent variable appears under two
guises, the first as the argument of periodic functions with the
period of the equilibrium, and the second, consistently as a
-secﬁlar term proportioﬁal to the sheér, permits us lb‘introduce'

a formalism that decoup1e$ the short-scale, rapidly oScillating
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part of the solution from the long scale, slowly varying part.
This method, for example, has been used in the asymptotic
analysis of the mode equations for general equilibria(17). The
same technique can be used in a perturbative.analysis of the
mode equations to obtain analytically a solution in the vicinity
- of the magnetic axis in the form of a power scries that is
uniformly valid over the infinite range of the poloidal-like
variatble.

Since the secular terms in the coefficient functions always

appear through the combination se, it is natural to recognize

this as the "long" variable for the problem, and we introduce
L = se° o : _ " (4-1)

while keeping the same old notation (¢) for the "short"
variable. The origin of the secular term is the shear-related

quantity z, here reproduced:

R%Re X

_ 2
I = fE—E (& J’ q, (¥ ) ax], - (4-2)

and, as a first step in the perturbative treatment of the modé
equation, we obtain an expansion of I in powers of p using the
e}pressions derived in Chapter III. In doing so, we keep in
mind that the variable ¢ itself is assumed to be of "order
. ’unify"; although ;, sbécified‘by Eq. (3-64), is of.pfder.pz.
| Here lies préciéeiy the meri£ of the.multiple-scaling,.that

makes possible to treat the limits s + 0, 6 + » simultaneously.
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Switching from x to ¢ coordinate, with the help of the

general transformation relation given by Eq. (3-74), we have

ReB2 g [(1/r2)(ar/ae3 (ar/a¥), ]

I = 'E'E [(%? J( ql(v,e)de)e - " 5 qll
1+ (1/r )(ar/ae)e

(4-3)

where Q,, now, is the same as in Eq. (3-60). The expanSions of
all quantities appearing in this expression are already known,

and can be substituted to give:

I = 4+ p (sp + g—) (2 CcoSp - Sing) + .e.. (4-14)

Higher order terms, that are needed to obtain the solution
to lowest order, are given in the Appendix U4A.

The strategy of solution of the mode equations can now be
stated in more precise terms. With the introduction of two
distinct scale-lengths, the differential operator d/de is split.

in two pieces:

-
S : (4-4)

,ﬂ’

oy
[« ]
o>

d_ .
de ~

the first applying only to the periodic components of the
coefficient functions and the solution, and the second to the
secular par;. All functions entering the couple of’mode.
equations, in the representation of Eqs. (3-80a) and (3-80b),

are then expanded in pdwers of p:



M

N =
T =
etc.

given in the Appendix 4E. The parameter T
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Mo(z,e) + pM1(z;e) + p2h2(1,9> + ... (4-5a)

2

pN1(£,B) + pzNz(l,B) + p N3(z,e) + p“Nu(z,e) + «.. (4-5Db)

2

To(z,e) + pT1(L,6) + p Ta(z,e) + p3T (2,0) + p4T4(£,6)+...

3
(4-5¢)

The explicit form of the coefficient functions M and N is

2 is also expanded in

a similar way. Collecting powers of p of the expanded

equations, we generate a sequence of partial differential

equations in the variables ¢ and ¢. The solution of each of

these equations in the e-variable, in general, would invclve

secular terms in 6, which are in conflict with the requirement

that dependencies on the fast scale are periocaic. Taking

advantage of the flexibility afforded by an extra variable, we

demand at every step of the calculation that the coefficients of

secular terms vanish. This procedure, whichg in general,

introduces restrictions on the values of the equilibrium

parameters, will lead also to a condition on the t-dependence of

the solution, ultimately an ordinary differential equation in

the ﬁstretched" variable & only. Together with appropriate

boundary conditions, this equation is an eigenvalue problem,

which can be solved to furnish the growth rates and. the critical

parameters of the equilibrium for marginal stability.
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For clarity of exposition, let us consider first this

latter case, which corresponds to r2 = 0. As we have seen in
Chapter 1I, in this limit the pair of mode equations decouple,

and the analysis can be restricted to
3 2 3_ aT 2 3T " -
(55 *+ 509" §7) INGF + se® F1 + 28 N1 =0 (4-6)

The expansion of this equation in powers of p gives to

lowest oraer:

aT
3 oy _ .
55 Yo 33 ) = 0 (4-7)
where
Moo= 1+ 22 . (4-8)

Thus, in order to avoid secularities in @, Tq has to be =
function only of the long variable, Ty = To(z). To first order

in p, we find:

3 T4
ﬁ (MO 5-6—-) + 2Bp N.lTo = 0 (4-9)

where N1 is the function

Ny = cose + i sine , (4-10)

which introduces the lowest order contribution of the

.

curvatures. The dependencies on ¢ are solved by
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. cosh + 14 sine '

T, = 2Bp ( : = ) Ty + Ky(2) (4-11)
+ &

where K, comes from the second integration of Eq. (4-9) and

depends only on 1.

The next order gives:

3 . 3T1 ‘ 8’1‘2 :
s‘e' (P’t.‘ -a—e-— + M 'a""e""') + ZBP (N1T1 + N2T°) = 0 (u-12)

and the average of the left hand side of this equation is

, 1 _ 1
EBp 5= (N1T1 + NETO)de = 28p [(-—2 + Bp) - (1 + Bp>]‘l‘° ’
qQ

(4-13)

which is identically zero only for q, = 1. Thus the pertur-
bative treatment that we are giving to the ballooning equation
is strictly éompatible oniy with a definite-value of the
rotational transform at the axis. Although this represents a
restriction, it corresponds, in fact, to the most interesting
case for analytical investigation, since it separates the
analysis of the ballooning mﬁdes from that of the flute modes.
kith this choice for Qg s the first integral of Eq. (4-12)

gives
M L = .K (i)ﬁ;-;E‘(7B + lé)z’f'.; ( er;édic térms in 9)
‘ = B2 p T2 o peric
' ‘ (4-14)
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If T, is indeed to be periodic, the integration constant has to

be chosen as : ' v '

B
- 15
Kpp(2) = B (T8, + 520 1,  (4-15)
A further integration then yields:

= -—-—2-—§ [23p + 3 - (103p + 9)12]T0 cos2p +

v =Bt 8 w9~ (M8« 3):PIT  sin2e

‘ 28 X
+ ;—EE (cosg + & Sing) K1(1) + Kz(z) (8-16)
+5 :

where K2 is a2 new undetermined function of .

The third order equation is

a7 aT aT eM., 3T |
9 3 2 ) 1 1 0
7w Moge *Mgm traa) S G ¢t

32T1 dM aT4 C :
+ 230 MO m + S. I 5-3- + 28p(N1T2 + N2T1 + NBTO) =0 ’
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using again qd = 1. Periodicity is automatically satisfied by
this equation, without bringing abouf any additional constraint.
'The first integral introduces a function K31(2) which has to be
chosen in such a way as to eliminate secular}ties in ¢, and 1is
given in the Appendix 4cC. Thé solution for T3, considerably
complicated and not particularly illuminating, can also be found -
in the Appendix 4cC.

-Finally, the fourth order equation closes the cycle. The

average over one period of ¢ is

aT

s . 2T 12 1 1 1
T (MO 5-1-—-) + s 5T (Z P'A.‘ Te de ) + [H (N1T3 +
(o] SO .
+ NoT, + N3T1)de + ;1_,; §Nu‘ro de] = 0 _ (4-18)

The functions K,, K2 and K3 introduced in.the previoué steps as
integration constants do not contribute to the above aQerages,
that are listed in the Appendix 4D, and we are left with a
second order ordinary differential equation only for To in the

variable :
dr ’
& [®) 721 (75:2 - B, = 0 (4-19)
. +

where A and B are functions of the equilibrium given by

A = U4g - g— 32 8 4 (%—) | , \, (4-20a)
P .
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o
1

24 (1) 4 28
8586, (=—) + (4-20b)
%T 2 sp 85 . , :

The parameter g is the finite quantity

2

S 2
g = P~ = 1im (6420 , | (4-21)
. SQ' -~ . .

y+0 s
where G is the dimensionless pressure gradient parameter:
G = -8 (——-3) Iy , (4-22)

o To

and the functions_s1 and 62 are:

1 - 3 3
P I T M I (4-23a)
P p o
1 - 3 1 1 1 1
62 ('B-"') = 1+ i - 3 + o -3 (4-23b)
P P BP BP

Stability Limits

We shall refer to Eq. (u-19) as a "diétilled" equation
since it is an equivalent version of the ballooning equation at
the magnetic axis obtainéd by a process that can be compared to
a filtering of the net coupling betwéen the mode and the
.equilibrium. It was presented simultaneously at the Sherwood
"Conference of 1979 by the M.I. T. group(ug) and L. Lortz and J.j

Nﬂhrenberg(so). The researchers of M.I.T., to reduce the lzabor

R TE—

{"'\ L‘T'TL‘ T SeaAg F NE RCE" e \IU:-’»;:AR.._ES,
e £, N, o

e e
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of computation, had copsidered the particular limit sp + «, that
gives for the function A and B the form of Eqs. (4-26) to
follow, but included the growth rate term, extending its use to
the study of unstable equilibria, while Lortz and Nihrenberg
obtained the equation for marginally stable equilibria for all
values of B_. The work of both groups appeared subsequently in
purrent journals(51’52).

The factor 1+12 in Eq. (4-19) arises from the transverse
wavenumber of the perturbations and can be understood as
follows. Consider, for simplicity, an equilibrium configuration

in which the flux surfaces are nearly concentric circles, and

the eikonal of the mode can be approximated by
S = 1% - q(rle) (4-24)

where we assume q to be a function of the .radius in order to
retain shear effects. Then, the perpendicular displacement

vector is

N = s - r &7 - & (e so e \ ~ (4-25)
and kiz " [(q2/r2)(1+§292)]; for small inverse aspect ratio.

The first term on the left hand side of Eq. (4-19) describes the
effect of the bending of the field lines in a sheared magnetic
configuration caused by the finite longitudinal wavelength of
the perturbations, which is represented by the operator b/az.

The second term on the left hand side contains the net product
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of the averages of the coupling between the mode and the

curvature. This term, which drives the instability, exhibits
two remarkable features:

1) The functions A and E are specified‘by two equilibrium
quantities, namely, g and sp, or, alternatively, by the dimen-
sionless pressure gradient parameter G and the shear ;. Noter
that the parameter h, which is proportional to d2P/dw2 and
affects individually the several terms in the coefficients
functions, has nonetheless disappeared in the final equation.
This does not mean, however, that second order derivatives of
the equilibrium profiles (the coefficients Py and f1 in Eq.
(3-7) and (3-8)) do not play any role in this derivation; they

are built in the shear. In the limit g_ + =, the functions A

P
and B depend only on the single parameter g:

A= oug - 3 g | (4-262)

B g- g (4-26b)

2) The functions A and B depend both linearly and

' quadratically on g. The linear part of A results from the first
order effects of the pressure gradient on the equilibrium, thét
produce shifts of the flux surfaces with respect to the magnetic
axis without changing the circular shape. The quadratic parts
of A and B are determined by cdistortions of the flux surfaces,
that, for the particular equilibrium that we are cohsidering,

include poloidal harmonics up to the third order.
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The solution of Eq. (4-19) can be immediately found to be:

To(2) = —— : 4-27)
(1+22) -

where the exponent y and the values of the equilibrium function

A and'B at marginal stability satisfy the algebraic equations:

v = o4 D12 \f148B 1 = Vv & (4-28)

Taking the square, the second equality gives:
2 .
(A -B)°-= A (4-29G)

and, substituting A and B by Eqs. (4-26a) and (4-26b), we

cbtain:
ag3 + bgf + cg+ d = O (4-30)
where
a(g.) = 9(20 - 36 .23 .1 )2 (4-312)
P T 5. 82 8o e
p P p
. 36 _ 25 . 1 1 s
b(ﬂp) 384(20 . ;-2 + ;—3) (2 . . . (4-31b)
' P P P p
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|

256(70 - 82 . L) (4-31c)

Bp  Bp

c(Bp)

|

-4096 | (4-31d)

.d(Bp)

This third degree equation in g, in generai, may admit two,
oné, or no acceptable roots, depending on the value of sp. To
be specific, let us consider first the limit Bp >> 1, in which

case the eigenvalue condition reduces to:

o
=

2 24

3 g+ 5 E -~

&” - 7

N
un
Vo
n
o

(4-32)

|
|

U
N

2

and can be solved exactly. The roots and corresponding values

of y afe:

gy = %B‘S -‘ QGE) - 0;301 i . 7%5- « 0.515 (4-33a)
€11 * g— = 1.6 SR £ g— = 0.8 (4-33b)
g1 = 4z (5 +V15) « 2.366  yy;p = - =2 « -0.516 ,

The third one gives a divergent behavior of the solution at
large ¢, and therefore must be rejected. This shows that we
.have two poinpslof marginal stabilityfip the_parameier space (g,

ap) for large values of Bp}
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For finite values of Bp, other possibilities'arise. In
Fig. 4.1, we represented pictorially the limits of marginal

stability for the full range of the parameter g _, where we can

p

recognize three distinct regions. For Bp < 0.0380, the config-
uration is stable for all values of g, or equivalently, of the

shear. In the interval 0.0380 < B8_ < 2.328, there is only one

threshold of instability, and the zncrease of shear is always
stabilizing. For Bp > 2.328, an upper branch appears,
delimiting a "band" of instability, whose boundaries, asymp-
totically, are given by Eqs. (H4-33a) and (4-33b). In phis case,
the increase of shear can be stabilizing or de-stabilizing,
depending on whether the pressure gradient is small and we are
in the "first" regime of stability, or whether it is-large, and
we are in the "second" stable regime, fhe values of Bp that
separate the three regions in this diagram correspond to the
positive roots of a(ep) = 0. Note that, since b(ap) vanishes at
the same time as a(ap), the separation between the regions is
very sharp.

To conclude this discussion, we examine the form of the
asymptotic solutioﬁs of Eq. (4-19), which establishes the

connection between ballooning and interchange modes. For large

values of &, we have

3 2 :
5% (2 To) - Br, = 0 (4-34)
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Figure 4.1: Instability Boundaries in the (Bp,g) Plane.

Logarithmic Scales are Used.
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_ _ ¥ » .
which is satisfied by 1 = 1799, with y defined by the first of

the equaiities in Eq. (4-28). We recall from Chapter II that
oscillatory solutions at infinity, corresponding here to complex
~values of the exponent y, mean that the system is unstable fo
localized interchanges. For positive values of both g and Bp,
however, the discriminant 1 + 4B in Eq. (4-28) is =zlways
positive, and this situation never arises. This, of course,
stems from the fact that we are taking g = 1 at the axis. On
the other hand, if we allow the shear (or g) to be negative, as
we have in configurations of the type of the stellarator, this
constraint is no longer sufficient to guarantee stability, and

flute modes may still be present for low values of Bp(52).

Inclusion of the Growth~-Rate Term

& correct treatment of the problem for unstable regimes
should include the cobupling between the two differentisal
equations that in general describe the modes. 1In Chapter II,
using very general considerations, we showed that this coupling,
arising from the curvature, has a stabilizing effect. 1In this
section, extending the method of multiple scales to the full set
of mode equations in order to include finite growth-rates, we
show that they can be combined to produce a single "distilled"
equation, still of second order in the long variable. The
stabilizing effect of the coupling then appears as an enhanced
inertia of the fluid, slowing down the evolution of, the
instability.



146

We refer again to Egqs. (3-802) and (3-80b), introducing now

the expansions:

+ p IS + p° 1< «+ rs + 5 r2 + (4-35)
1 2 p 3 p L‘ o..o

5= 5 (0,8) +p 5.06,8) + p2 5.00,8) + p3 2.(0,2) + (4-36)

=" %n ’ .p 1 ' P ) ) [ —3 ’ o

Remembering that the function N is of order p, a quick
consideration of Eq. (3-80b) shows that the proper balance of
2 2

powers requires that ro =Ty = 0 and By = 0, at least. Then,

the lowest order meaningful equation is:

2

= 1 3 & ‘ -
r N1 To = Ea; - £ . (4-37)
. ae .

where N1, we recall, is given by Eq. (4-10). The solution of

this equation that satisfies periodicity in e is:

s, = =29, T3 N, T (1) + C,(0) T (1), (4-38)

where C1(z) is an as undetermined function of &. Introducing
this expression in the companion mode equation, we obtain to

second order:

DT1 4T~ ’

2 ? c
FZ MOTO - [ 53(M1 T +'M° 5?-).+ Zﬁp(N1T1 + NZTO)]-z
z - 2.r§ Tg Nf,ro - q, C1(1) N1 T, . - (4-39)
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Taking the average over one cycle of ¢, as before, we find:

15 (14202 (1e?) = 28,0 -1 (4-40)
%
which can be satisfied only if qi = 1, rg = 0. Then 5, is a

function only of &, and will not affect T the same way that

0’
the undetermined functions K's disappeared in the final step of
averaging the fourth order equation for marginal stability.

An argument on the same lines shows that rg = 0, and E, =

t2(4) can be ignored. The non-vanishing growth-rate appears
only at fourth-order, associated with |

sB(z,e) = - 29, rﬁ (cose + & sine) To(z) + C3(1)T°(1). (4-41)

With this, following the same steps as in the previous case
of marginal stability, we arrive at the new version of the

"distilled" equation:

~ dY
2 2 . d 2 o A
5 (148 )To = g1 [(1+27) a-‘j-] + (;:;‘—2 - B)To (4-42)
where
2p2. 2
~ @ R q 2
2 = 12 (14292) = - —22 B (142¢2) (4-43)
’ VAO (G/2)

rememnbering the definition of growth-rate sduared parameter (Eq.

(3-82)) .
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Thus, as we have anticipated, the effect of the coupling
 between the two mode equations, represented by the term 2q§ in
the factor that multiplies the growth rate aPove, can be
assimilated to an added inertia to the fluid.

Before going to the discussion of the equation we Jjust
derived, two remarks are in order. First, to simplify the
exposition, we started the derivation with the assumption that
the correct expansion of £ is a given by Eq. (4-36), implying
that & is, at least, of the same order of r. There is no reason
a priori to be so, and, at first glance, an expansion including
inverse powers of p would be a valid possibility as well. As a
- matter of fact, the solution that we.found is unique, other
alternatives being 'in conflict with the constraint of perio-
dicity that the solutions must satis{y. Seéond, the ordering
for the growth rate implies that the pressure (rather than the
pressure gradient) and the adiabaticity index Yo dovnot enter
the final equation. By inspecting Eq. (3-80b), we see that the
first term on the left hand side is four orders of magnitude
higher than the other terms, and therefore gives no contribution
to the leading order solution. To first pick uplthe effects of
the finite cémpressibility of the fluid on the mode, we would
have to reach two orders higher in the expansion of the
equations. This precise case was discussed in Chapter I1I, where
wee showed that the relative stabilization of barely unstable
equilibria is predominantly due to the tangential motion of the
fflhid,'thap acts to éffec;ively redu?e the rate of growth of thé

normal displacement. Stabilization.effects resulting from
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~compression and expansion of the fluid are dominant only in
frankly unstable regimes. These are the rigorous terms by which
the "similarity"” frequeﬁtly pointed out between a "low beta"
plasma and an incompressible fluid(32) should te understood.

The contribution of the parallel velocity to the plasma
motion is absprbed in the factor 1 + 2q§ = 3 that multiplies the
growth rate squared parameter. 1In this situation, the coupling
between the mode equation introduces no change in the dispersion
equation, and there is only a mere renormazlization of para-
meters. It is possible, however, to incorporate heuristically
the effects of the fluid compressibility still in a fourth order
perturbation equation by treating formally the quantit& 1/ch +
1/B2 in Eq. (3-80b) as of order 1/pu. This procedure gives
again an equaticn of the form of Eq. (4;42), but with ;2

replaced by

02
2 ~2 €4,

e = L1« im-sed
14(V,5/v5)52 12

(4-44)

Growth Rates for Slightly Unstable Equilibria

The distilled equation for growing modes, Eq. (4-%2), is
much nastier than its counterpart for marginal stability. Wwhile
the latter one can be easily solved, and permité a complete
analytical picture of the critical conditions of equilibriuﬁ,.
'thg.former can be solved only numerically, or in approximate
waysvfor particular limiﬁing'éases.i.This éqéation apbears also

in the separation of the Laplace equation in spheroidal’
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coordinates, and defines the so-called radial oblate spheroidal
functions, that do not have a simplé representation in terms of
the more well-known functions(53). Thus an analytical
disﬁersion relation, which relates the growth of the normal
modes to the equilibrium conditions, specified by the functions
A and B, cannot be obtained, in full generality, from the
differential equation. In the next section, however, we will
‘show how a fitting to the numerically obtained dispersion
relation still provides an efficient and compact analytic
representation. In this section, we examine the solution for
weakly unstable equilibria, for which an analytidal approach is
possible. As an interesting and useful application, we shall
show how the interchange modes, unde} proper conditions,
degenerate into the ballooning instabilities. This derivation

is due to T.M. Antonsen, Jr.(su)

, following a procedure used by
Mikhailovsky(SS) in the énalysis of a similar equation.

We assume that ;2 << 1, and split the domain of the
variable i into two regions: In the first, covering the range
"¢ $ 1, which we shall call the "inner region", the

differential equation can be approximated by
aT
taee®) 501 . (;5—2 BT, = 0 (4-45)
i

In the domain |&| >> 1, called the "outer region“, the

equation takes the asymptotic form ‘ .
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' aT ~
? 2 0 - 2,2
57 (2 -a—r-) - BTO = ) G To (L-46)

Let us consider the inner regioh first., Introducing the‘

transformation

-y/2
1, = (1 +49) (4-47)
and subsequently
12 = -z, | (4-48)

the relevant equation can be converted to:

2
21-2) 25+ (1 - (%——--\/K+1)z] ¥l - VE-BF=o0
ez

az
(4-49)
which can be recognized as the standard hypergeometric
differential equation. The solution is
F = 4 F, (a1; byi 43 z) _ (4-50)

where 1 F2 denotes the hypergeometric function with arguments

aqy by, ¢q. These are given by:

a, + by = 21- -Va (4-502)

a1b1 = &- (A -B - Vfg; : : .?. . (4-50b)
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. 1
01 = 2— ’ N (4~-50c)

The two first equations above can be solved to give

explicit definitions of a and b:

8 = F G- Vaew (4-51a)

by = i (- - Ja+ v, ~ (4-51b)
where

v = a1 - b1 = B + %—

The equation for the outer region can be promptly

identified with Bessel equation, whose acceptablé solution is

o= \| & xv(iz) | o (4-52)

where K is a modified Bessel function.
The matching of the two solutions will determine the
eigenvalue condition. W¥e first stretch the inner solution to

infinity, that then takes the asymptotic form(56)£

. .- VK' r{e,) r(bl'a1)£-2a+ r(e,) r(a,;-b,) ,-2b
o " r(b,) r(c1-a1) r{a;) r(c1-b1)

}F(C1) r(b1-81) ‘i;1/2_“ ;1j .r161) r(a1-b1) l_1/2+v»'
(bl rle,-2,) _ o F(ag) rle -b,)

" (4-53)



where the I's represeﬁt gamma-functions, Next, we extend the

outer solution to 2 + =« (57):

N FRE Y7 SR ¢ 73 S A € TV DAt
o '2-  5in TCI-v) - TCT+v)

(4-54)

Matching of both solutions is accomplished by equating the

coefficients of equal powers:

S =-v=1/2

r 1 7 n/2 _- r(e) r(b-2a)

() = V2 sTnaws ¢ TOB) T(e-a) - (4352
2 =v=1/2 ,

T 1 " n/2 _ r(e) r(a=b) _
(5_) TCi+v) 2 Ssin vwvs ~ T(a) r(e-b) (4-55b)

or, eliminating the common factor:

. 2
= - . -5
2 | r(a;) 1(e =B ) 12(-v)

where the recurrence relation for gamma-functions, r(l+v) = v
r(v), was used,

This is the desired dispersion relation for ;2 << 1. Given
the general behavior of the gamma-functions,_this expression
vanishes only when the denominator is singular, whigh happens

for values of argument that are negative integers .or zero:
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a; = -n (4-57a)
ey - by = -n, (4-57b)

Of the two conditions, the first is the interesting one, giving:

\’A = v+%—-+2n = B+1}— + %—+2n (n=z0,1,2,...)
| | (4-58)

we reproduce, in this way, a generalized version of the
criterium of marginal stability previously derived.

The above dispersion relation applies to even modes., A
similar analysis can be carried out for odd modes. In this

case, starting with

-v/2

T, = (1#12) L F (4-59)

for the inner solution, we arrive, by performing exactly the

same operations, at the dispersion relation:

St 2v r(b,) r(e,~a,)- 2
" s 222 LL) (4-60)
r(az) r(c2—b2) r (-v)
where
a, = 3 G- -\aew ‘ (4-61a)
b2 =

- (3— - \/ A+ v) - N (4-61b)
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o3 | '
Cy, = 5 . (4-61c)

The corresponding criterium for marginal stability is:

\/ A= \[B+ - = %- + 2n (n=0,1,2,...) (4-62)

.

In Fig. (4.2) we illustrate a graphical analysis of
stability. 1In the vertical axis, we plot A and in the
horizontal, v = B+(1/4). The conditioons for excitation of
even and odd modes of different order, given by Egs. (4-58) and
(4~62), are represented in this diasgram by parallel straight
lines that intercept thé axis v = 0 at 1/2, 3/2, 5/2, ....

-Sequences of equilibria, obtained by varying g with fixed Bp,
are described by curves parameterized by g. The trajectory

represented in Fig. 4.2 corresponds to the limit g8_ + =, that

1%
gives for the functions A and B the form of Eq. (4-265, and
~intercepts the line n = 0 at gy = 0.3 and 811 = 1.6. We may
expect that, for more general conditions, the trajectories will
. intercept more than one line, and other modes, with smaller
growth rates,‘will be excited as well.

The equations for small growth rates.can be further
explored to shed some light on the connections between localized
interchanges and ballooning modes. 1In the pre?ious secéion we

pointed out; partially as a motivation for the analysis that we

will undertake now, that our equilibrium does admit., interchange
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Figure U4.2: Graphical Determination of the Instability
Boundaries for Equilibrium Configurations
Characterized by Circular Flux Surfaces in the

Vicinity of the Axis and Bp T =,
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- modes if we permit s to be negative. 1In general, these modes

correspond to imaginary v, or real

o = |B| - i (4-63)

To describe graphically the transition from the interchange
modes to ballooning modes, we may refer to the diagram
previously used, plotting values of ¢ on the continuation of the
abscissa axis to the left of the origin, as in Fig. 4.3. Then,
points on the half plane on the left of the vertical axis v=0
are always unstable according to the Mercier criterium, while
points on the right-half plane can be either ballooning
unstable, if they lie above the line A - 1/2 = v, or stable,
if they lie below. Let us consider a point very close to the
threshold for the n=0 ballooning mode, on the left hénd side of
the boundary between the two domains, as the point P. We show
in the Appendix 4A, that the expression derived for the growth

rates in this case can be further simplified, and gives:

~ 2i¢ .
r - e-io -2iy_o ,
(r) = (m) e Ye | ('4—69)

where ¢, defined as
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e = A - 12 , ‘ . (4-65)

is a small quantity, and Te is the Euler-Mascheroni constant, Te

- 015772 e s » Putting

e-ic _ e-ie ’ (4-66)

with ¢ defined in the interval [0, Zn], the dispersion relation

becomes

~ 2ie

() = enler2ree) | (4-67)

Taking the logarithm of this expression, we obtain

~

in () = - (AEE) Ly (4-68)

where m = 0,1,2,.... Then there is an infinite sequence of
unstable modes whose growth rates accumulate at ; = 0. The

most unstable mode corresponds tom = 0. Since 0 < & < 2r, -the
growth rates for a;l other modes vanish as o tends to zero and
we approach the vertical axis in the diagram. The behavior of
the most unstable mode depends on the sign of ¢.. If ¢ < 0, & =+
2r as ¢ » 0, the growth rate for the mode m = 0 also tends to
zero, and we reach the region in tPg diagram that lies below the
-line ¢ = v, which is absolutely stable. On the other hénd, if €

> 0, as we cross the vertical axis, we reach the domain unstable
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- to ballooning modes. For o << e, the angle ¢ can be

approximated by
¢ « 22 o (4-69)

and the growth-rate, in this limit, becomes:

~

T = ue ‘Ye-(1/€) )

for the only mode m = 0 that survives as a ballooning

instability.

An Approximate Dispersion Relation

If the distilled equation ineluding finite growth-rate is
hardly accessible from an analytical point of view, the
numerical solution does not offer special difficulty. We have
solved Eq. (4-42) numerically by the shooting method for
arbitrary values of the equilibrium functions A and B. In
particular, specializing these functions to the forms given by

Eqs. (4-26a) and (4-26b), which correspond to the limit g

'FO,

P
we have obtained numerically a table relating the eigenvalue r

to the equilibrium parameter g. In Fig. 4.4 we display
graphically the results of our computations.

This curve shows that, as we reduce the value of g below
1.6 and cross the second threshold of marginal stability, the

.

increase of the growth-rate is much sharper than when we cross
. : )

the first unstable limit, by increasing g above 0.3. This is
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because there is a difference in the asymptotic form of the
eigensolution at the vicinity of both marginal points, and here
a consideration of a quadratic form can be helpful to understand
" their relative effects on the growth-rates.

We multiply the "distilled" equation by To? and integrating

over p, we obtain:

+® FRY
~ ’ : dr
2 [ aaudn 2= - [ aaa® 120

+o _
N AT [“'1(3/2’ - 3-8l qryl 2 (4-71)

omitting the factors in the curvature term arising from finite
Bp' This equation, in the first place, clearly shows the
stabilizing effects of the quadratic terms in g, which imply

that the growth rate r2

cannot increase indefinitely with g, and
will eventually fall back to zero at a second point of marginal
stability.

At the first threshold of instability, the eigensolution
decays very slowly. In fact, the exponent 11 (Egq. (4-33a)) iS
barely above 1/2, which is the limiting value it could take for
the'integral on the left hand side to converge. On the other
hand, the exponent Y11 characterizing the eigenfunction at the
second marginal point (Eq. (4-33b)) is comfortably azbove 1/2.
Then we may argue, based on the balance of the terms in the

quadratic form, that the growth rate must be depressed around

the first marginal point g1 with respect td the second, 811°
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This suggests that a rational approximation to the
dispersion relation in the interval 1 < g < Bl could have the

form

- p
2« (1 - & (%~ -y, | (4-72)

where p > q in order to reproduce adequately the different

behavior at the two zeros. As a matter of fact, the expression

PN 2 ' ' :
A O (4-732)

fits the curve rz(g) obtained by numerical integration of Eq.

(4-42) within errors of less than 5% relative to the maxiwum

value of r2

. Remembering Eqs. (4-43) and (4-21), which define
2 |

and g, it can also be rewritten as:

2 2 ~ -~
vV, G 2
o1 Ao ] 5 ] 5
-uw = g (—EZ—F;) (E§ - g (Ez - 32) (u-73b)

1]
-t
»

where we have used q,

Effécts of Ellipticity

| As we observed in the previous sections, our analysis of
stability applies to those equilibria that are specified only by
the profiles of the pressure and the poloidal current stream

functiop, corresponding to flux surfaces that tend to circles as
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we approach the magnetic a#is. The free integratioﬁ constanté
of the equilibrium solution, that represent the effects of the
boundary corditions of the equilibrium on thﬁ magnetic axis,
were chosen to be zero. This particularization, obviously, was
dictated by the complexity of our equations, that even in the
simplest case that we considered, is almost prohibitive. The
inclusion of the ellipticity parameter can be accomplished, in
practice, only at the expense of another important equilibrium

parameter, 8 by teking the limit sp + =, Not only that, but

p?
in order to reduce the integrzls to tractsble forms, we have to
assume that the equilibrium functions are expandable in the
smallness of the ellipticity parametgr A

The equilibrium solution that was adopted is given in Ref.
(58). The derivation follows the same steps as before, and we
arrive at an eigenvalue equation that has exadtly the same

structure of Eq. (4-42). The equilibrium functions A and B are

modified to

>
n

heg - g— g2 + 2 (%l g2 - 7g) (4-T74a)

o
n

3‘ g2 - - (7¢° - 8) (4-74b)
The eigenvalue condition, Eq. (4-29), gives the stability limits
S gy = 0,301 + 0.583 4 .0 . gyp o= 1.6+ 3.463 %, (4-75)

and the corresponding values of the exhonents characterizing the

eigensolutions, cbtained from Eq. (4-28), are:
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S ¥y = 0.516 + 0.019 » vyip = 0.8 + 0.017 2 (4-76)

Tﬁese expressions are correct to linear terms on a». Notice that
positive values of A (i.e., vertically elong;ted magnetic
surfaces) as is the usual case, shift both marginal points
towards the right, showing a tendency to make the first

stability region wider and the second one narrower.

Reconstruction of the Mode in the Physical Space

In the transformed space of the poloidal variable, to first
order in the expansion parameter, the eigensolution at marginal

stability is:

T = To [1 + p (C059+£2Sin6)] ) (u_77)
S T+2

where T, = 1/(1+£2)Y.

To return to the physical space, we use the ballooning
infinite series of Fourier transforms. Writing 2 = sy, and
performing the integrals in Eq. (2-43), we obtain for the lowest

order solution:

*We are omitting the integration function K,(&) that appears in
Eq. (4-11) for t,(2). 'By carrying out the expansion of the mode
equation to the lifth order, it is possible to show that, in
order to satisfy the requirement of periodicity of the solution,
K, must be a multiple of ?_, that is, K,(2) = c7_(2), where ¢ is
aA arbitrary constant. without loss of'generaliey, we may take
¢ = 0, since this amounts only to a renormalization of the
solution.
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" -1/2 - :
S-n, Y S-n i(S-n)e

Topeay 510 C ZE: =1 Kew172 U=1de ; (4-78)

Nz~ s s :
omitting normalization factors, where KT_1/2 is a modified
Bessel function of the second kind. In the limit of weak shear,
(s » 0), using well known asymptotic expressions for these
functions, we obtain at the rational surfaces the represen-

tation:

’ ‘ A1"'Y ~
T (e) = 1 + MVF; s e'(1/5)

o 7 COS8 4+ ... (4-79)
real 2'r(y-1/2)

where I' is a2 gamma function. Under the same conditions, the

representation of the first order solution is:

T1 (e) = (lzlﬁg) coS6 + 2 J:- S e'(1/s) cos26. (4-80)
real Y 2Yr(y-1/2)

1/s

Neglecting terms of order e~ , the combination of Egs.

(4-79) and (4-80) gives the transformation of Eq. (4-77):
T.oqy (8) = 1+ p bcose ‘ (4-81)

where we introduced a ballooning coefficient b defined by

b = 1=.1/2 - o (4-82)
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At the first threshold of instability b. = 0.032 and at the

I
second, bII « 0.375. Because of the faster secular-decay of the
éigensolution at the second threshold, the mode balloons out in
the physical space more strongly than at the'first threshold.
This suggests that, for stable regimes operating close to the
second threshold' of instability, the level of the fluctuations
is higher than for equilibria in the vicinity of the first
threshold. Wwe will see in the next chapter that this is indeed

true,
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Appendix 4A

Expansion of £ in powers of »

I = Lo+ p(Bp + g—) (2 cosg —»sine) -

n

& [(usg-zosp+1)(z cos26-5in26) - (1se§+5zsp-zuso+us)z

(1 - Bp)l] ol (12083-4668°42108 _+U5) (sin3e
I 3072 p p p

.o'w
O Mt

2 cos3e) + sine[21632-53488§+(67845°+4098h-6118)Bp
3 2
582430 + 48011 - 2 cose[72ap+5005p+(1285°+20118h+3358)8p

[448 sing (=108° + g_ + 2) +

23685° + 4091] + p p

&g

64 3 cosg (26a§ - 55p + 50)]} (4A-1)
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Appendix 4B

Expansions of the Coefficient Functions

in the Vicinity of the Axis

writing

M = Mo + P M1

N o= Nyo o+ N,p2 4 N303 « Nyo®,

we have
2 o |
ho = 1 + I (45-1)
Ny, = - [1-12 + &—(ap + %—)(1—712)30053 —'Z(gp + g—)g sing
(4B=-2)
N2 z ¢0S8Sg + & sine . ' (4B-3)
N = i— -1 -8 =~ ) (g, - 3—)(c032e + 2 siﬁze) (4B-4)
‘2 T T2 p T ‘Fp T Z
qo :

_ 1 ,.2 . 11 ©q 2 2
M2 = - 2—(8p + = Bp+1)% sin2e + =% [(208p+1966p+13)z

2

+ 783p + 51)Jc052§ + T%g[(1483§+u3635+133-16050)12
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2 | ) ]
(528p + 1483p +.237 + 3250)] (45-5)
N3 = 5%2 (603§ - 8“sp - G)(cos3e + g sin3p) +

h(cosg + g sing) + 5%2 [(1235 - 7&03p - 133 + 6Us )y sing +

(u203§ - 68Kg  + HOT + HUBs ) cose] (4B-6)
N = - o (1653-2432+23 -1) (cosldg + g sinllg)
y 256 p PP

1 1 3 2 39 _
11 [112(sp - 2---)5o + 12Bp - 546sp + 256(h + 8-)ap

1 . -

268k + 18911 sin2e - ypp [-96(s + 3)s_ + 1248 4 11oa§ +

19 1, 2
5168, - 96h - 15]cos2o - s (g2 8 + %3) 2ng | + 582

38, - & | (4B-T7)
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Appendix 4C

Solution of Eq. (4.17)

The first integral of Eq. (4-17) is made periodic in e by
taking

dK 4

K.. (8) = 25 [(1+22) .1+ 2B (7 12y (uc-1)
= 23 + gt Mg+ g IRy mTIRy -

31

The solution of Egq. (4-17) is

8
_ 2 4 2
T, = --—-----E—----§ [(16128+22368 +1499)2 (18328453528  +

768 (1+2°)°

+ 2794)2% + 14082 + 60Hg_ + 31517, cos3e +

sp ' 2 4. 2
+ 3 [(u28p"+3968 +331)2 - (2408s +U4936s +
> P P P P
768 (1+4°)

+ 2826)1° f,7usg§ + 28608, + 1451]2 1, sin3e -

- -—-—2——§ [(203 + 922 - (us + 3)1K, cos2e

2(1+1 )

- ""‘B-‘z (g, + 3)% - (8, + 9)IK, 4 sin2e +

4(1+g
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. 8 ’ .
~ [(363p+168usp 271 - 108850 + 8688p 10128
256 (1+2°)
. B o,
+ 433 - 1344s 1 T_ cose - P [(1728°+20608 +331 -
o] o] 2.2 p p
256 (1+2°)

- 2 2 .
- (Ousd)z + (1004sp + 13888p + 1035 - 96050)]£ To sine

s
—_ - 3 - 2 _07ed \
+ Y 16(3p 5 )L cose [(1usp+15)z + 303p 9]51ne}, !
2Bp »
+ ;::2 (K, + hy ) (cose + sine) + K3(£) | (4c-2)

with primes denoting derivatives with respect to z. K3(z) is an

undetermined function of .
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Appendix 4D

Integrals for Eq. (4-18)

8T 8
1 1 _
5= M, 55— de = gE (15 + 1usp)£T° (4D-1)
1 . . ] '
57 (N1T3+N2T2+N3T1)de = 1% 50(15+146p)£T° + 2BphT°

‘ 1 2 2 5
+ 23771153 Bp[(9650—128p 3566p 67)s° + (2245o 605p 2128p+5)TO]

(4D~-2)

1 . 19 31 2 3 e -
5T Nu de = - 50(3” ap+ TEZ - 2h5p + Ssp + Bp -z (LL=-3)

w'w
i
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Appendix 4E

Approximate'Expression For Small Growth Rates

of Ballooning and Interchange Modes

.

Introducing the notation ¢ = A - 1/2, Eq. (4-56) can be

written as

rl-(Ce+v) /2] 172 + (e=v)/2]1 12(v)
Fl=(e-v)/2) TL1/2 + (e+v)/2] r2(-v)

T
(-2'—) (4E-1)

Remembering the reflection and duplication formulae for gamma

functions:

-z I(-2z) I'(z) = = sin n z ‘ i (4E=-2)
r(2z) = ;}?; 222 V2 ry 1z e 1y, (4E-3)

this equation can be put in the form:

% - et (3inve @ sinl(5/2)(e=v)] (e=9)T(c=v)

v sinf(v/2)(e+v)] (e+v)T(exv) (HE—H)

Using the Euler product representation for gamma functions

in the limit of small arguments:

Y2 : . |
r(z) « &5 (HE-5)
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where Ye is the Euler number,'ye = 0.57722 ..., the dispersison

relation for weakly unstable ballooning modes finally simplifies

to:

(f )2v = (=) e 2YeY | * (4E-6)
I € +.v ’ :

+ -

which gives the growth rates for points slightly above the line
€ = v and close to the vertical axis in Fig. 4.3.
If v is imaginary, corresponding to interchange modes, the

appropriate extension of Eq. (4E-6) is

T 2ic -
r _ e - io -2iy_o
=) = GEE e e (4E-7)

which is the same as Eq. (4-64).
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Chapter V
THE CCNTINUCUS SPECTRUM

It is well known that, when a normal m&de analysis in time
is applied to the equations governing the oscillations of a
nonhomogeneous plasma, in general singular solutions are found
that are associated with a continuous frequency séectrum. The
existence of these singularities ﬁad been recognized since early
investigations on astrophysical plasmas, and were the cause of
some bewilderment. The story is told by Barston(Sg) in a
comprehensive paper on the subject published in 1964, where the
problem was reexamined and put under proper perspective. In his
own words, "it is necessary to realize that behind the normal
mode equations, there lies a set of partial differential
equations in both space and time variables...one must not let a
preoccupation with the normal modes obscure this fact”. Normal
modes, then, are to be viewed as components of Fourier trans-
forms, from which well-behaved, time-deprendent solutions can be
constructed by suitable integral superposition. The existence
of singularities -~ and the consequent lack of convergence of
the energy integrals -~ should not be a reason to abandon the
concept. It is sufficient to require that such singular normal
modes be integrable, in order to ensure the existence of the
inverse Fourier transform'and physically acceptable solutioné in
time. In fact, a mathematical entity‘with these character-
1stics is described by distributions, rather than gy functions
in the usual sense, andAis commonplace in mdre than one |

opooTi LG AS FNERLT L, 1L ARES
. LOF B. N
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field of physics, Physically; the occurrence of singularities
means that, in an nonhomogeneous medium, no steady-state waves
'can be found on sone partigular surfaces that resonate with the
frequency of the mode. On tﬁe other hand, they lead to the

non-exponential growth or decay of convective perturbations(éo).

The Plane Stratified Medium

3

To put these ideas on a concrete basis, let us examine a
simple one-dimensional situatioﬁ that exemplifies the effect of
inhomogeneities on Alfvén waves. In the previous chapter, we
have seen'that, by use of the ballooning'transformation, and
subsequently, by the introduction of a two-scale analysis, we
were able to reduce the equations that describe the oscillations
- in the vicinity of the axis of a torcidzl configuration to &
one~-dimensional equation that contains all relevant information
about the (local) structure of the modes. We will find, not
Surprisingly, that this equationvbears strong resemblance with
the equation that describes analogous oscillations in an
infinite plésma 5lab that simulates the eqﬁilibfium conditions
around the axis (specifically, weak shear). If, in this latter

case, we represent the equation governing the modes as
Of'l‘ = wlr ) (5-1)

where‘éfis a second-order idfferential operator in the
spatial-like variable and y is the amplitude of the .
perturbations, then the averaged equation for toroidal geometry

¢can be written as
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der + Vr = 92T ' (5=-2)

where Jf is the same differential operator, and V is a function
of the long variable that embodies all the relevant effects
induced by the curvatures of the confining magnetic field. Here
92 is the eigenyalue, that in the limit of incompressibility,
reduces to w? (Eq. (4-43)), except for normalization factors.
¥e will prove that the properties of the continuum spectrum are
determined by the asymptotic limit of this equation, where V
vanishes, and therefore all conclusions obtained from the study
of Eq. (5-1) can be immediately applied té the tofoidal case.
Cﬁnsider a collisionless plasma, déscribed‘by the ideal MHL
equations in a slab geometry. We assume that the fluid is
incompressible and that in equilibrium there is no flow
velocity. For sihplicity, we assume also that the density is
uniform. The field lines of the static magnetic field are
contained in the planes x = constant. To introduce the effects
of inhomogeneities, we allow this magnetic field to vary in the
"direction orthogonal to the planes where the field lines lie.
Thus: | '

,BP(X) = Boy(x) &, + B, (x) % (5~3)

o

-’ and we have a plane stratified medium (Fig. 5.1).
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BO(O)IA

Boz (X)

Boy (x)

‘Figure 5.1: . The Plane Statified Nedium



182

We consider then the small oscillations on such a configu-
ration. Linearizing the equations of motion, and using the
incompressibility condition, we are led to the following

equation for the velocity of the displacement(61):

- 2 '
23 = (Byem2 V- el (P o+ 3] (5-4)

p
M st

where P + (52/2) is the instantaneous total pressure. To
eliminated the second term on the right hand side, we take the
x-derivative of the divergence and subtract the result from the
Laplacian of the x-component of this same equation. The final

equation, satisfied by Vs the velocity component along the

direction in which‘the magnetic field varies, 15(62):
N A R - 0 (5-5)
st2  Pp O X = -

The boundary condition to be applied is that v_ » 0 as |x]|

X
+ «, We next Fourier-analyse this equation, taking vy Vix)

e-iot+ilkyy+k 4y 2nd find that the equation satisfied by V(x) is
4 1w? - w200) §¥1 - kP? - WE) V(x) = 0 (5-6)

". " ',‘.' :.' .- ...." | ‘. .. ) (5-7) |
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X |
wix) = - (Bg. b1 = vE(x) KZ cos? o (5-8)

VA(x) is the local Alfvén speed and ¢ is the angle between the
direction of the magnetic field and the wave vector. The

boundary conditions are V(x) + 0 as |[X| + =.

As observed by Uberoi(61), this equation has exactly the

same form of the equation studied by Barston(sg), and the

boundary coniditions are also identical. The theorems
established by Barston which are 5f interest for us can be
summarized as follows:

1) If wi(x) is an everywhere non-constant, continuous
function, the spectrum is real and purely continuous and

2

consists of those values of w that satiéfy for some x the

equation w2 = ”i(X)‘ - More generally, the continuous spectrum is

given by the singularities of Eq. (5-6), that occur at the

values of x such that

|Vy(x) cos o] = | E— | . (5-9)

that is, at the positions for which the phase veiocity is equal
to the magnitude of the local Alfvén velocity component along

the field line.

2) If mi(x) is constant in some interval, mi(x) = C2, then

$C lie in the discrete spectrum.

3) If w belongs to the continuum and wi(;) is aﬁalytical,

then in the neighborhood of xg where wi(xs) = wz, the solution

of the differential Eq. (5-6) 1is singular and tékes'the'fofm:
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T(x) = Ay E(x) + B,[E(x) an|x=x ] + (x=x)L(x)] for x < xg
| (5-10a)
T(x) = A‘;E(x) + Bz[E(x) zn[x-xsl + (x~xs)D(x)] for x > xg

(5-10Db)

where E(x) and L(x) are regular, and Ay, By, &,, B, are
constants. The requirement that the solutic: must be an
integrable function across the singularity i: satisfied by the
matching of the coefficients B1 and 82: 51 z 52, while the
coefficient; A1 and A2 remain arbitrary. Then, in addition to &
logarithmic singularity, every eigenfunction may exhibit =z step

- discontinuity at the point x It is precisely the fact that

s
the coefficients A1 and A2 are iﬁdependent gcross a singularity
that precludes any functional»dependence of ¢« on k, and w is
free to range over the conﬁinuous spectrum. The relation
between the constants A1 and A2 is deperminef by the boundary
conditions, that can always be satisfied for zny value of w.

To see how these general results apply for a specific form
of the function “i(X)' we consider a configurztion of particular
interest, in which the z-component of the equilibrium magnetic

field is constant, and the y-component varies linearly with the

ccordinéte x. Then:

B,s B o Ui e
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By(x) = B° (x/Ls)

(5-12)

where LS is a length scale that measures the change in direction

of the field as we proceed across the field lines. A field like

this is produced by a uniform current density along the

z-direction:'

B
J = °
z ~ I

This gives for the function mi the quadratic

the transversal coordinate:

2 k2 2

wa(x) = ..A_".I?_Z (e )
S

where

n
° |0wM

Introducing in Eq. (5-6) the transformation

u = k (x + -EK-E) ’
y

and defining the normalized frequency

- kL

w (—y—) v
y Ao

n

where k 2

y

(5-13)

dependence on

(5-14)

(5-15)

. (5-16)

kS + ki_ y we obtain the following equation:
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$ tW2-uvd gy - @2 o= 0 (5-17)

(63), this equation admits no
2

As pointed out by Y.Y. Lau
unstable eigenmode solution. Since the function 4~ 1is monotonic
and non-constant over.all its interval of definition, by
Barston's theorems, no discrete eigenvalues exist. The (stable)
spectrum is purely continuous and covers the infinite range 0 <
52 < =. The "diSpersionvrelation", in this case, is given by

the parsbolic curve:
52 = u° - (5-18)

that specifies the location of the layer in the plasma slab tnat
reSonates with the frequency w. At these points, the solution
is singular, but is still integrable ~- as we mentioned before,
it has to be interpreted not as a function in the usual sense,
but as a distribution. This fact permits us to introduce the

Fourier transform:

+= : :
T(1) = v(u) eVt qu | (5-19)

-

that converts the differential equation Eq. (5-17) to:

G700+ F1 v 2a+adr = 0 L (5-20)
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" an equation identical to the "distilled" equation of the
previous chapter if we take g = 0. In the case of a toroidal
configuration, we had first to introduce averages to Y"clean-out”
the equation from the periodicities coming from the geometry,
and, in this sensé, the "distillation” process can be described
figuratively as a process of reduction to a planar geometry.
The residue left from the averages of the coupling between the
mode and the curvatures are isolated in an effective "gravity"
(the terms depending on.g) that is absent in the present model.
The introduction of the Fourier transform here is equivalent to
the use there of the ballooning transformation,'since this one
is no more than a supeﬁposition of Fourier transforms.

The anélogy between both cases is made possible}by.the
choice of a quadratic dependence of the.square of the local
Alfvén frequency wy on the transverse coordinate x. Npte that,
in the toroidal case, the shear is the only quantity in the
equation that describes the structure of the mode along the
field line that retains the information about the transverse
inhomogeneities of the equilibrium field. 1In the planar model
that we are considering now, the inhomogeneity comes from the
rotation of the field lines across the surfaces where the
magnetic field lies. If we measure the angular shift of the

field from the z-axis by the q-like quantity:

mgn = gd ot (52
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then the non-uniformity of the medium could as well be

N

characterized by a shear parameter s:

_ d(!‘n 11 ") _ X _ _
S = myg— = E; . (5 22)

As we have seen in Chapter III, the quantity I, that
contains the effects of shear, in an expansion around the
"magnetic axis to the order required to arrive at the "distilled"
equation depends only linearly on the long variable &. In the
shear-Alfvén term of the ballooning equation, this quantity
enters to the second power. This fact, plus the fact that the
differential equation governing the mode is of the second order,
decides the form of wg(x) that reproduces the "distilled”
equation. Ultimately, the analogy rests on the assumption of =a
uniform current directed élong the applied magnetic field in a
plasma slab. |

Equation (5-17) provides us an opportunity to look closely
into the nature of the singularities. We assume that the
regular piece of the solution in the vicinity of the point u =

~
w can be expanded in power series as

C

Viw = (u - )@ 11+ Co(u - o) + Cou - w2+ 1. (5-23)

Then, by substitution in the equation, and identifying terms of

~

equal powers, we obtain for non-vanishing w the indicial

equation for the exponent:
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s = 0 ' | (5-24)
.and C1 = 0, 62 = - 1/2. By the third of Barston's theorems in
page {¥3 | the singular part of the solution can then be
represented as:

VW = an qu-8] [1 - (1/2)(u - )2 + ...1 (5-25)

Fourier transforms of a function like this, understood in a

generalized sense, exist, and it can be shown to be(su):
eiml i
i vz v e | (5-26)
L R ) :

omitting & normelization constant. Then, it becomes apparent
that the effect of the Fourier transformation is to map the
singularities of Eq. (5-17) into the points & = * = of Eq.
(5-20). 1In fact, =a theorem in the theory of generalized
functions(ﬁs) states that for large &, the expansion of T(2) is
giveh precisely by the above expression.

This correspondence between the asymptotic behavior of the
solutions of the transformed equation, Eq. 5-20, and the
singularities of the eigenmodes can also be seen in another,

perhaps more direct way. If, in Eq. (5-20), we introduce the

transformation

et ’ N (5-27)
\/1+L o
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we obtzin for F(p) the equation:

a%F - 1 |
e+ - —11F=0 . (5-28)
de (1+22)

The solutions of this equation can be conveniently represented

as eti[az+¢(z)]

, where ¢(2) is a function that, for large 2,
gives a contribution to the phase that varies slower than &2 and
vanishes asymptotically. Note that the only singularities of
Eq. (5-20) are located at infinity, and its solution is every-
_where smooth and continuous. Going back to the space of the

physical coordinate u, by taking the inverse transform of T(1),

we have:

o+ ~

i(x0~-u)e .
V(u) = .1?'1? / - Ve“"’(“ de (5-29)
\:1 + 9.2 . '

This Fourier integral is a well-behaved function, except at
the points u = i;. When this happens, because ¢(2) + 0 as 2 =+
«, the integral diverges logarithmically.

The conclusion is that the dispersion relation for the
continuum is determined by the asymptotic solution of the
transformed equation. This applies equally well to the tofoidal
case, where the periodicities of the equilibrium involve
necessarily the preliminary step of the ballooning trans-

formation, that is a row of Fourier transforms. To investigate .

the asymptotic behavior of the ballooning equations, because of
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- the mixture of periodicities with the secularity associated to

the shear, we have next to introduce a variatle such as

aqz
L o= X v dx (5-30)

distinct from the variable x that is associated with the short
scale variations of the solution. 1In general, the method of
averages, that we illustrated in Chapter IV, will provide two
coupled equations in the long variable, that describe the MHLD
spectrum of low frequency, long wavelength modes, both its
unstable and stable sides. This lattest one may comprise
discrete eigenfrquencies, that can be found only by a global
treatment of the equations. The continuum, however, can be
obtained in its entirety from the asymptotic solutions. From
the previous anélysis, it is clear that such solutions are of

the form

- tiqe :
() -~ — . (5-31)

Lo+

where g is a function of the frequency and of the equilibrium
quantities, that appear as averages over one cycle of the
equilibrium. The local dispersion relation is then given by the
values of u that make the phase of the Fourier integrals in the
infinite series representatlon to vanish, corresponding to
*points in the domain of the phy51c31 space where the mode
'Jexhibits 1solated logarithmic 51ngu1ar1t1es. Namely, th1s 1ocal

~dispersion relatlon is

P
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‘ﬂz(w) = | ‘ (n=0, %1, #2, ...) (5-32)
g;(aqzlaw) dy :

where S = Ni.
But before pursuing this theme of the continuous spectrum,
let us reconsider the plasma slab model to amplify it and

-

include some other interesting possibilities.

The Effect of Non-Uniform Gravity

The favorite artifice to simulate the effect of curvature
of the field lines in a rectilinear model, like the slab that we
are considering, is to introduce a gravitational force directed
perpendicularly to the magnetic field tﬁat acts upon the heavy
plasma. From a particle point of view, this énalogy makes
sense, because the particles that constitute the plasma, as they
travel along a curved line, experience a centrifugal accele-
ration everywhere normal to the direction of the line and .
inversely proportibnal to the radius of curvature. From a fluid
point of view, the effect of curvature finds its correspondent
in the Raleigh-Taylor instability, where the gravity can
de-stabilize the equilibrium of a heavy fluid supported by a
less dense fluid. This is well known, and we shall not dwell on
it.

'In the previous section we showed how a plasma slab,
carrying a uniform current, can simulate the shear in configu-
rations with a rotational transform. We now propose to expand

the model, by adding an artificial gravity; to simuiate the
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effects of curvature. Moreover, to reproduce the conditions
prevailing in toroidal configurations, where the field lines see
a varying curvature, that alternates from unfavorabie to
favérable with respect to the plasma pressu;e gradient, we allow
for a non-uniform, periodically varying gravity. Also, we
describe this gravity by two mutually perpendicular components,
that model the normal and geodesic components of the curvature.
A mode like this , in fact, was the basis of early investiga-
tions by B. Coppi on the ballooning instabilities(8’9’66).

We shall continue to assume a linear shear, generated by a
uniform current distribution'diregted along the z-axis. The
equilibrium field is then the'same as specified by Eqé. (5—115
and (5-12), and varies slowly in the'x-direction, with a scale
length Ls' The magnetic pressure associated with this field is
balanced by a density gradient with a profile characterized by a
scale length-rp. | | |

"Flux surfacesﬁ are then represented by the planes.perpen-‘

dicular to the x~axis, where the field lines lie on. These are

described by the straight lines

x = constant o o (5-33)

y - %5 = constant (5-34)
s : ‘

The effect of the normal curvature'on the perturbed quanﬁities
 .is simulated by a gravity g,(z), that points. in the direction

transverse to the "flux planes" and varies with the
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z-coo?dinate.* Similarly, thé geodesic curvature is represented
by a grayitational force that, while'beihg coﬁtained within the
A"flux surfaces", is also perpendicular to the field lines. In
particular, at the plane x = 0, where the f{eld lines are
parsllel to the z-axis, the only component of this force is
gy(z), that is directed along the y-axis.

. To .keep a close analogy with the ballooning modes that we

have been studying, we consider a mode of the form

+ 4 : + iN[y - (x/L_)z] - iwt , '
E(x) = E(X) e 5 : (5-35)

where N is a large number (N >> 1), and such that all fast
variations across the field lines is contained in the phase
factor. The amplitude E(i) contains the much slower variation
of the mode along the field lines, with a typical scale length
of the same order of the period of the curvature, or, in our
present terms, of tﬁe gravity.

In fact, we are interested in solutions that are periodic
in z with the same périod of the gravity, say, Lg. A quasi-
mode, like the one of Eq. (5-35), involves obviously the same
difficulties with respect to the question of periodicity that we
found in the toroidal case, which, iikewisg, can be solved by
recourse to the ballooning transformation. It is then under-
stood that what we really mean is a superposition of

quasi-modes:

*It would be more appropriate to introduce a coordinate ¢
following the magnetic field line, and describe the variation of
g in terms of this coordinate, rather than z. For simplicity,
and with no loss of generality, we choose to describe the mode
structure zlong the z-axis.
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- iN[y-(xz/L )] X" . -i[N(x/L_)In L
[4 = e 5 ji: T(x,y,z+n Lg)e . S & (5-36)

Nxeme

and that we are considering only the quasi-mode corresponding to
n=0, from which the overall, periodic mode can be constructed a

posteriori. As we discussed in Chapter II, z here does not

represent actually the coordinate of the physical space, but its
(Fourier) conjugate. However, because of the invariancé of the
periodic quantities under the ballooning transformation, it is
still appropriate to keep the same notation and to think in
terms of the coordinate space and field lines.

The equation describing the structure of the mode along the
field‘line can be derived as in Chapter II. Cf the original set
of'hHD eduations, the equation of motion is modified ;o include

the gravitational force on the perturbed density:

-9 wzf:yvfi‘+31x§+3x§1+p1§ (5-37)

Gravity, however, is not included in the static equi-

librium, that is satisfied, in the slab geometry, by

g2
VP +g) = 0 | (5-38)

To eliminate the high-frequency modes, we assume, as

.before, that thé perturbed pressure is given by
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Py o= -B B, S (5-39)
meaning tﬁat the total pressure (the sum of the fluid and
magnetic pressures) remains constanﬁ in the perturbed state as
well. To further decouple the analysis of the shear-Alfvén
waves and instabilities of the analysis of slow sound waves, we
consider only incompressible oscillations (v - ? = 0).. Using the

continuity equation,
py + Velp  E) = O (5-40)

this 1ast'a$sumptidn permits us to evaluate the perturbed

density as
. .’ . -
oy = = Eeve, . (5-41)

For simplicity, we refer to the field lines lying on the
y-z plane, that are parallel to the z-axis. To lowest order in
an expansion in powers of the small parameter 1/N, the mode

equation along these lines is:

2 2 2
,m,gé (1 + EQ)T + %E[(1 + Eé) %%J - %g %; le,(2) +
° s S °©

. ﬁ; g, ()] 1 = 0 o '- _t1 - (f; L (5-42)
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"which is to be solved under the boundary condition that t(z) + 0
as |z]| + =.
We specify now the gravity functions. For the "normal"

gravity, we choose

g,(z) = g (h + cos ky z) (5-43)

where €n is a constant, k_ = (2n/L8) and h is a constant, such

g
that €n h represents the average value of the curvature around
the torus. For tpe geodesic component, in order to simulate

properly the equilibrium conditions in a toroidal confinement,
we choose a form that averages out to zero over a cycle of the

equilibrium, and is shifted in phase by n/2 with respect to the

normal gravity:

gy(2) = .g, sin kg2 (5-u4)
With this, we expect that the sheared Alfvén waves and
gravitational instabilities in a plasma slab represent a model
of the corresponding waves and pressure gradient-curvature
driven instabilities to be found in toroidal geometry. In fact,

if in Eq. (5-42) we introduce the replacements:

~ qg

z
kgz - 0, L—— - 598, dz =« Roqode, LS -> (r/.Ro)(dq7al")’

4P , dP 2 21 .
g - - k. » o (5-45)
ax ar n o € o%0 : -
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we obtain the following equation:

c2

r2(1+s 62)T - g 292) dr

gg [(1+s g5 + G(h + cose + se sinelT (5-46)
which is a more general version of Eq. (2-60) in Chapter II, and
describes the modes in a toroidal configuration characterized by

(1)

circular concentric flux surfaces The dimensionless:

parameters r2

and G were defined by Egs. (3-82) and (4-22).

The general outline of Eq. (5-42) is familiar, from what we
have seen iﬁ Chapter IV, It is a Hill's equation, one involving
periodic coefficieqt functions, and 'can be solved by a pertur-
bative technique that requires the introduction of two scale
lengths. To take care of the periodicities in the short scale
Lg, we define érvariable n:

n = k_z (5*47)

and treat separately the secular behavior of the solution by

means of a "long" variable, defined as:
= [ o (5-48)
s

"In terms of these two independent variables, Eq. (5-42) .

becomes:
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ré 2 2y 2°rT 12 2y 2T 1 2, 2°7
T (1""!: )T = (1-}-!, ) w + G [(1_"1 ) —-] + (1+£ )
- P . 3112 kg[‘s R on EEES . 229n
+ k'-vl-:z g-I [(141,2) g—%] + Gp[h + COSn + & Sinn]'l‘ (5__”9)
g S
where
, . o2 |
’g = - 2 (5-50)
k™B :
g ©
g
and Gp = - %5 5 - (5-51)
k™B
g ©

We adopt as expansion parameter the quantity (kgLS)"1 that
measures the ratio of the connection length to the shear length
scale, and is much less than one for a configuration with weak

shear. The solution ‘is then expanded as:

1 1
T =17(2,n) + ?,(2,n) + T, (2,n) + ... (5-52)
on TN T kglg T (kL2 2

"and is required to be periodic in the variable n with period 2=.

We assume that the parameters entering Eq. (5-49) can be ordered

as Gp ~ h ~ (kgLs)'1, Pg ~ (kgLs)-z, and write, formally,
-1
Gp z V[E.G1 (kgLS) (5-53a)
h = (hy/y 2) (kL) -  (5-53b)
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2= 5 (kL™ | (5-53c)
where G1, h1, rg are numbers of order unity.and the factor Vr;
was introduced in the definitions for convenience.

The solution follows exactly the same steps as in the
previous chapter, but since £/n = (kgLs)°1 is now a first order
quantity in tﬁe expansion parameter, we need to carry out the
expansions only to the second order to obtain the eigenvalue
equation. The lowest order equation, (1+12) (azro/ana) = 0 just
tells us that T, is a function of ¢. The first order equation

is then simply:

2
(1+22) ;:zl + G1\€2 [cos n + & sin nl7, = O (5-514)

and is solved by

6,V 2 |
T, = -?:;2 [ cos n + & sin n]To (5-~55)

The next order equation, after being avefaged out over its

periodicities on n, alréady gives an equation for Yof

2

dr
k0w = H10a®) 22 - 1 (5-56)
where

The structure of this equation differs from the‘structure

of the "distilled" equation for toroidal geometry in that the



201

specifically ballooning term, of the .form A/(1+12), is missing.
The asymptotic solutions of Eq. (5-56) are of the form 1/127,

where the exponent y is given by:

v = o & p- \// 1 = 4 G (h+G,) (5-58)

and instabilities, of the flute type, appear when the
discriminant becomes negative. Explicitly, the stability

criterion is:

Gf + hy G, - 1/ <O. (5-59)

Now, in a tords, the depth of the magnetic well is measured

by the parameter:

h = g. ( 1) (5-60)
S _

N~
1

Recalling the definitions of G, and h; given by Eq. (5-53)
and substituting Lg and dp/dx according to the prescription of

Eq. (5-45), Eq. (5-59) can be recast as:

@ o+ 5 a-dd <0 | (5-61)

q
.0 rBo

' ~where primes denote dériyat;ves‘with respect. to r, ‘and we have .

2

' dropped terms of order g°. 'In this. expression, we recognize

imnmediately the Mercier criterion under the more familiar form
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that was given to it by Shafranov and Yurchenko(®7). 1If the
stabilization by the magnetic well vanishes, so that h1 = 0, we
retéin higher order effects of the pressure,gradient, and the
criterion becomes G1 < 1/2, or, introducing the substitutions

that are appropriate to establish the analogy with a torus,

< f23 (5-62)

The reason why the model fails to simulate the true
ballooning instabilities can be found_in the orderings specified
by Eq. (5-53). We recall that, in the derivation of the
"distilled" equation for the toroidal equilibrium, we had to
assume that the pressure gradient and the shear are related by
; ~ 62, as indeed is the correct dependence among théée equi-
librium quantities in an expansion about the magnetic axis.
Here, however, we have assumed a linear relation of the form ; -~
G, that leads prematurely to an eigenvalue equation for the
modes, and, therefore, contains only the dominant interchanges.
We stress that, if q, = 1 and the stabilizing effects of the
magnetic well are suppressed, this is the only consistent
ordering, and the stability criterion is given by Eq. (5-62).

For a nonvanishing magnetic well, however, it is still
possible to manufacture an equation to describe the ballooning
instabilities and save the model configuration of circular
concentric flux surfaces, if we give the appropriate treatment
to Eq. (5-46). For this, we reintrSduce the original Qfderings

emong the small parameters, putting, as we did in Chapter IV,
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~ 02 -

S = q—g- . | : (5-63a)
and '

2 = o2 g (5-63b)

where g and rﬁ are numbers of order unity. To allow for a full

range of possibilities, we write the equilibrium parameter h as

h = h G+h G3 (5-61)

b
since we now have resources to include higher order effects of
the pressuré gradient in the final equation., This is, in fact,
the simplest devicé to arrive at an eigenvalue equatibn with the
desired structure.*

We introduce two variables ¢ and z=;e assumed to be
independent, and expand the function T in powers af G. Going
over the steps that by now should be well known, we find that To
depends only on the stretched variable and that T, is again

given by:

T, = = (cos g + 1 sin g) ' | (5-65)

‘A similar treatment was given by H.R. Strauss, who considered a
linear dependence of h on G in his investigations of the effects
of fi?g§§ resistivity on the growth rates of ballooning

modes . ' -
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" To second order, however, we find an equation as

(1422) (azwz/aez) + (cose + 1 sine)r, + h_ 1 =0 (5-66)

and the requirement that T, must be a periodic function of 8

gives a constraint on the equilibrium parameter ha:

h, = - 5 (5-67)

The solution.of Eq. (5-66) is then

T, = To [(1'22) cos26 + % sin26] o ' (5-68)
2 F 5.2 ) T A
(1+2°) ‘
To the next order, we obtain
(142%) o®13 (142%) ot 2) 1 2 [(1422) 213
+ 262 tgg V't T6ss T OE 3% + 3 - T
T
+ (cosg + 2 sine)T2 - > =0 | : (5-69)

where we have already substituted ha by (-1/2). This automa-
tically guarantees the periodicity of T3, which is

. 1 = %_ ;::E cose + [(2_ TE) zsine - (TB 2—)COSBJT ’ (5-70)
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- omitting terms that involves derivatives of To and terms in
c0s36 and sin36, that will average out to zero in the final
equation. This one, obtained by taking the averages over one

period of the equilibrium of the fourth-order expanded equation,

is:
9 [(14002) 20y, (A Bt = 2 (1+29) (5-71)
a—i + a—i— + -1-::? - TO = r +2 TO -
where
A = lYg - %— g2 (5-72a)
B = 16 h, g2 | (5-72b)

and we have defined the dimensionless growth-rate parameter as

ro= ru‘gz : | (5-73)

Then, at least formally, we were able to reproduce the
structure of the mode equation that we laborously derived for
toroidal geometry taking into account all the intricacies of the
equilibrium. Clearly, the "ballooning term" A/(1+12) appears as
a result of the linear dependence of the equilibrium parameter h
on the pressure gradient. The "interchange term" -B, in this
formulation, appears as a result of higher order effects of the
equilibriﬁm on the mode, as it is indeed necessary if the
specifically ballooning characteristics of the instability are

not to be masked. If, however, we re-establish the predominance

of this term, by orde?ing a posteriori
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by ~ ¢ (&5 -1 R (5-74)

with G <K r/RO, we again make the interchanges overwhelm the
ballooning instabilities. It is not difficult to show that, in
this case, the stability criterion, once more, takes the precise

form of -Eq. (5-61).

The Continuum in the Vicinity of the Axis

After this digression, we return to the theme of the
continuum. To illustrate the ideas developed in thé previous
séctions, we consider in some detail the spectrum of the Alfvén
waves and slow compressional acoustic waves as described by the
second order differential "distilled" equation derived in
Chapter IV. As we have seen, the spectrum is given by solving
the local dispersion relation at the singular points in the
domain of the physical poloidal ﬁariable, wﬁich'are associatéd
with the oscillating asymptotic behavior of the eigenfunctions
in the conjugate space of the variable. 1In the limit of large

values of g, the solution of Eq. (4-42) is:

eiinse

T(G) = ' (5"'75)

2,2

1 + 5“9

where 02 is given by Eq. (U4-44), and we have replaced ¢ by sé,.
The representation of the eigenmode in the physical space

involves a summation of the Fourier integrals
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o+ 20 -~

-1(S-n % as)e
f' € - de = & Kk (|32 4] (5-76)
e \/1 + 3292 s 5

where Ko is a modified Bessel function, which exhibits a typical
logarithmic singularity at the points where the argument

~ vanishes. The local dispersion relation is then

2
02 s (S - n) (n=0, ..+..1, 12' -on) (5-77)
s
or, substituting 02 as given by Eq. (4-44),
2
N 2q 2
2 (1 + Sy = - (=t (5-78)
Ao” "8’ s T s
Introducing the notation
ay  w2(R q)?
weg = -——';g——- ’ (5-79)
s o .
and recalling that
2 “'Z(ROQQ)2
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we can recast the last expression as

2 2
- Y v
2 Ao~ 2, "2 Ao 2 _ '
Ao w22 . el G R SCUR (5-80)
S 3

a quadratic equation with two real, positive roots, given by

2 2 2
a2 v v 2 4y l
2 Y 2 A 2 2 2
wg = %. 142q2 + —22(5-m)° ¢ [1+2q§ + —=2(5-1)°1 - —52(S-n)
v v v J
S . S . S
(5-81)

We refer to the larger root, corresponding to the positive
sign, as the'Alfvén branch of the spectrum, and to the smaller

root, obtained by taking the negative sign, as the slow magneto-

acoustic branch. The gap between the two branches is Aﬁi =
2
1+2q0.

Precisely on the magnetic axis, where the shear vanishes,
the frequencies of the slow sound waves degenerate at Bi = 0 and
the spectrum reduces to the Alfvén branch, with a characteristic

parabolic-like dispersion relation,
52 = (s - m? (5-82)

where GA is the frequency normalized to the Alfvén speed:

2 e
62 [N} (Roqo) . .
—_— | . (5-83)
vAo
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In general, the behavior of the Alfvén branch is dominated
by the factor (S—n)z. For example, in the vicinities of the
mode rational surfaces, where this factor is small, the roots of

the quadratic equation can be conveniently expressed as:

~ V2
m§ - _ég (5-n)? , (5-84)
v
s
2 2
wl ;22 (1 + 2¢2) + (5-5-2-—) (S=n)? (5-85)
Ao G + 1

It is interesting to note that in the limit Yo * < which
makes the ratio of the velocities VAg/Vi to approach unity, the

frequencies of the slow sound waves and the Alfvén waves are

respectively:
w? = (s-m? (5-86)
. v2
Wl = Sy G 202 , (5-87)
Ao

showing that, at the rational surfaces, the modes assume charac-
teristics similar to the incompressible ones. Far from the mode
rational surfaces (S-n >> 1), the Alfvén branch is again

parabolic: : .
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P
- Vv
wi = 202 (%) + (s-m)2 (5-88)
Vio '

while the slow magnetoacoustic branch approéches a constant

value:

E>

nn

= 1 ’ (5-89)

that can be identified as an accumulation point of the stable
spectrum, at which all surfaces in the plasma resonate.

These features can be found in Figs. 5.2a aﬁd 5.2b, where
we plotted the two branches of the spectrum for specific values
of the equilibrium parameters. We chose Qg = 1, and the local"
beta, defined as 8 = 2P/EZ was taken to be 0.1, So that the
ratio of the characteristic speeds is VAi/Vi = 13, assuming vy, z
3/5. The value of Sg» in the plots, is arbitrary, and the
values of n run from 0 to 5. By varying the value of g, each of
the lines in this figure would generate a band, which would
represent the contribution to the Qontinuum of all resonating
surfaces covered by the respective range of values of B. An
'example of a graph of this type can be found in Ref. 77. In our
case, the artifice by which we incorpbrated the compressibility
effects in the "distilled" equation, by treating the quantity

2
Va

o/v§ formally as of order p-u, makes us to be sure that we

cannot extend the analysis too far from the axis. At any rate,
four.aim here was'only to illustrzte the general ideas about the
continuum sﬁectrum using the'simple‘analyticéi model afforded by

the "distilled" equation.
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Fine Scale Effects

A question of interest is to know if more detailed
descriptions of the plésma, e.g., the kinetic equations, would
lead to a stable spectrum with a discrete structure. This is
tantamount to.asking the question if, by inclusion of effects
that lie outside the frame of the ideal MHD, as those arising
from the finite gyroradius of the individual particles that
constitute the plasma and the existence of trapped particles,
the singularities of the (stable) eigenmodes would be
eliminated.

The definitive answer to this question, of course, can be
provided only by a full kinetic treatment of the problem, which
is not the épproach that we are adopting in this thesis.
However, without abandoning the context of MHD, it is still
possible to assess thé consequences of the fine scale effects on
the mode structure by a slight mOdifiEation of our equations.
By fine scale effectS, we mean effects that are seen by the
waves with a wavelength comparable to the ion gyroradius.

(69), in his paper on the stability of Alfveén

Indeed, Timofeev
waves in an inhomogeneous plasma slab, pointed out that if the
spatial structure of the perturbations in the ideal fluid is

described by the normai mode equation:

[ ol ]
-
n
o

(5-90)



Figure 5.2a: The Continuous Spectrum of Alfvén waves in the

Vicinity of the Magnetic Axis for 8 = 0.1, qq * 1.

Figure 5.2b: The Continuous Spectrum of Slow Sound kWaves in the

Vicinity of the Magnetic Axis for 8 = 0.1, q, = 1.
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where L is a second-order differential operator, then to take
into account the effects of the finite Larmor radius, we have to

replace Eq. (5-90) by:

=

(5-91)

e
n
e
(1] i >4
%]
<
+
>
-l
n
(]

S~

Here, x represents the direction along which the plasma is
non-homogeneous and the factor e¢ is proportional to the square

of the gyroradius of the ions of the bulk plasma:

. * :
o = - of (5-92)

Following this prescription, we re-examine the problenm of
the normal modes in the plane stratified medium, by considering

the equation:

‘ y )
2 a3V d 2 2 dav 2, 2 2 _
ws a m + I3 [(w€ - wA(x))a-i] - klu® - wA(X)] V=20 - (5-93)

instead of Eq. (5-6). 1In the case of a uniform current
distribution directed along the z-axis, using the same
transformation and defining the dimansionless frequency the same

way as before, this equation becomes:

~ 4 ~ ~ |
12 w2 1—% + g-a [(wz - Uz) g-%] - (w2 - 02) V=20 (5-94)

du .

'Thezcoefficient given by Timofeev, actually is a = [(7/4) -
i‘lf , where § is a correction that depends on the effective
col }sion frequency of trapped electrons. We are neglecting
this further effect.
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where

22 = ok? %— pf ke

(5-95)

1 4

Rosenbluth and Rutherford(7o), investigating the excitation
of Alfven waves by high-energy ions in tokamaks, had also found
that the correction to the ideal operator is a fourth-order
derivative term, with exactly this same proportionality factor.

ke now introduce the Fourier transform of the perturbation,

defined by Eq. (5-19), and we obtain the equation:

N RCIPIT R L5 02 [(1 4 22 - aZMyr - o (5-96)

that can be further converted to

Lg + I ;2 (1 - L&_z) - .___1._..2] F = 0 (5-97)
dg : ' 141 (1+22)

using again the transformation of the dependent variable defined

in Eq. (5-27). For small values of &, the solution in general

exhibits oscillations. In the asymptotic limit £2 2> 1, this
equation can be approximated by
d4°F ~2 2 2
2t (1 -2%%)F = 0o , (5-98)
L

the familia; equation for a quantum-mechanical harmonic

.oscillator. In this region of valués_of 1, the oscillations

' still remzin for 1922 < 1, while qu 2212 > % it vanishes

S o s em——
INSTITU o1 VNS AB EMRRGE L 3L NUCLEARES
- [ N

o -~y
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exponentially. Then it appears that, by inclusion of the fine
scale effects, the function F(%) becomes square integrable, and
the solution is regularized around the point where we had, in
the previous ideal case, a2 logarithmic singularity. This,
otherwise, can be seen directly from Eq. (5-94), where the
points u = % ; are now ordinary points of the differential
equation. In the neighborhood of these points, over a range
that depends on the size of the coefficient multiplying the
highest-order derivative term, a "boundary layer" develops,
where the solution increases sharply, but remains always
bounded.

The analytical treatment of the exact equation is
difficult. If, however, we assume that Eq. (5-98) is a
reasonably good global approximation of Eq. (5-97), then the
eigenvalues, corresponding to stable, well-behaved normal modes,

can be estimated as

o = 2 (14 z)  (n=0, 1, 2, ...) (5-99)

~

This approximation holds better for large values of w, in
which case the term 1/(1+22)2 in Eq. (5-97) is negligible also
in the range of small values of &, But regardless the question
of accuracy of this result, the important fact is that the
continuum, by virtue of the non-vanishing gyroradius of the ion§
has apparently been split into infinitely many discrete eigen-

values, separated by .
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ba ~ 22~ T oy k. 4 - (5-100)

These conclusions, however, have to be seen with caution.
Pursuing the analogy that we found between the plasma slab and
the vicinities of the magnetic axis of a toroidal confinement,
we may reinterpret ¢ in Egs. (5-20) ahd‘(5—97), as the
"stretched" variable of a "distilled" equation, and kg as
physically meaning k,, the transverse wave-number of the mode.
Now, the validity of MHD theory is restricted to the description
Qf phenomena for which k, Py << 1. We may expect that the
quasi-fluid model discussed in this section permits us to extend
this range to roughly k¢pi ~ 1, and this gives the limit of
validity of Eqs. (5-97) and (5-98) as 1222 ~ 1. It turns out,
however, that it ig exactly in this range of values of & that
the solutions change from oscillating to an evanescent behavior.
Then, it is not clear if the model really supports the inclusion
of fine-~-scale effects to the extent that is requi;ed to decide
if the basic properties of the continuous medium are modified or
not. A similar*doubt was raised in Ref. 71, where the consi-
deration of a quadratic form of the mode equations indicated
that the inclusion of the finite Larmor }adius term does not
seem to provide the asymptotic behavior tha£ is needed to
regularize the eigenmodes. With the matter as yet undecided, we
may only say that the tendencies predicted by this model point
in the direction that kinetic effects in the range k, Py > 1,
that cannot be simulated properly by fluid-like equations,
ultimately will lead to well-behaved stable normal m§des,

associated with a discrete structure of the Spectrum.



The Tinme-Lependent Equation

ke now return to the realm of pure MHLD to study the

tenporal evolution of disturbances of the Alfvén-type(72). The

substitution m2

- -(az/atz) transforms Eq. (4-42) into a
second-order partial Aifferential equation both in time and in
the space-like variable, of the hyperbolic type, that can be
solved for suitable initial conditions. However, even without
solving the initial value problem, a great deal of information
about the transient behavior of the disturbances can be obtained
from the normal mode equation. For this, it is convenient to

use the transformation defined by Eq. (5-27), that converts Eq.

(4-42) into

2 - |
317 F() = [V() + 11 F o © (5-101)
where
) B A - 1 ~ | -
V() = _ - ———— (5-102)
1+ (1 + %) ‘

Equation (5-101) has the same form of an equation
describing the steady-state motidn of a quantum ﬁechanical
wave-particle in a potential field V(p). Concepts as scattering
and transmission of incident waves can then be used to gain some
insight into the characteristiés of propagation of wave-packets
constructed by superposition of single-frequency modes. The
- shape of the equivalent potential V(z)_i; depermine@ by the

‘curvature functions A énd'B,'which depend, or their tu?n; on the
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equilibrium through the independent parameters g.and B To

p*
simplify the analysis, we may consider the limit Bp + o, which
reduces the dependencé to a single parameter without modifying
the structure of the potential. . |
Perhaps the most convenient way to visualize the changing

effects of the equilibrium on this potential as g is varied is
by means of a turning point analysis. If we write 32 = -;2,

2 > 0 for stable modes, these are determined as the roots
of the equation V(zT) = 32 . Explicitly, we have:

with @

L% = B - 29 o \/B 54(A~1)9 (5_103)

20

The number of turning points seen by thé incident wave on
the potential barrier depends both on the frequency ahd on the
specific equilibrium conditions, and, as it is apparent from the
above expression, ma& be four, two or zero. For this
discussion, it is convenient to introduce the normalized squared

frequencies:

“s 52 - - .
w1 H ETK:TT : ) (5—10“)
;g = B-A+1 (5-105)

which are plotted, as a function of g, in Fig. 5.3. For most of
the first stable region, 6? is negative, and the two terms of

V(L) add together to produce a potential with the shape of a
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hill. The frequency 62 is precisely the height of this hill,

 and separates the higher frequencies, which are little disturbed
by the barrier, from the lower ones, that undergo a substantial
amount of scattering. Note that for all this region, the value
of the Gg is below unity, so that the behavior of propagating
wavepackets will be controlled mostly by the time-harmoniec
components that do not see the barrier. Also, increase of g has
the effect of reducing the height of the hill, as we approach
the first threshold of instability. Wwhen we reach, however, the
value g = 0.279, the squared frequency 8? changes sign, so that
the second term in Eq. (5-102) subtracts from the first; with a
slight increase in g (precisely ét E = 0.284), the competition
between the two terms, because of their different dependence on
£, has the net effect of producing two potential hills, around a
local minimum at 2 = 0, This gives rise to the possibility of
four turning points, as for the modes with (squared) frequencies
that lie below the top of the twin hiils. This condition is

2 %. In the first stable regime, the range of

stated as v < &
values of g for which this profile of the potential occurs is
quite narrow, since at g = 0.301, we reach already marginal
stability. |

In this description of the equilibrium conditions by means
of an equivalent potential, unstable eigenmodes can be viewed as
"bound" states. Note that in the intérval 0.29 < g < 1.84,
where Gg is negative, the shape of V(&) is dominated by a "well"

around & = 0 surrounded by two shallow hills. The difference
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Figure 5.3: Sketch of the Several Frequency Domains for
Equilibria Characterized by Circular Flux Surfaces

in the Vicinity of the Axis and 8, = =.
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between the above boundaries and the actual critical values of g
for marginal stability (gI = 0.301, g1y = 1.6) can be explained
by the minimum depth of the "well" required for the existence of
"bound" states. In the vicinity of the second threshold of
instability, therefore, this form of the potential (two local
maxima ar&und a shallow "well") still persist for a relative
wide range of values of g. Only at g = 2.086, whére the two

2 2

curves 61 and 32

simple hill., Further increase of g has the effect of increasing

intercept, the potential resumes the form of a

more and more the peak of the potential, that is given again by
Gg. Generally speaking, as we increase g above .2, we may
expect that the harmonics of wave packets that see two turning
points will become increasingly important, and a larger fraction
of the spectfal components will experience reflection from the
barrier.

These trends of the equivalent potential with the equili-
brium parameter g can be visualized in Fig. 5.4, where we
plotted V(1) for g = 0 (first stable region), g = 1
(corresponding to instability), g = 1.6 (second threshold of
marginal stability) and g = 3 (second stable region).

In the asymptotic limit of large &, the solution of Eq.

(5-101), in the geometrical optics approximation is

- ] -
F(1) ~ exp (#in / 1 - ML) 4y (5-106)
\/ “2
Q . o

and therefore the group velocity of a wave'packet with a narrow

distribution of frequencies about 3 is
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V. 2 e | (5-107)

For large values of &, under any equilibrium condition,
V(r) vanishes, and the velocity of propagation is uniform and
equal to unity. As far as the potential V(z) is not seen, no
distortion of the original waveform occurs. In the first stable
regiﬁe, as we have shown, except for conditions approaching
instability, the potential barrier takes the shape of a quite
shallow hill, and fairly localized around & = 0. Then, for most
of the time, the wavelets follow the asymptotic pattern. Only
as the disturbances come close to the origin at 2 ~ 1, and start
to "climb" the potential hill, new effects appear. The Qelocity
of propagation is augmented, and the initial shape starts to
distort because of the increasing importance of the low
frequency components that are reflected back. But since these

are restricted to 92

< 1, tbe barrier is not able to force the
wave packet to recede entirely. Kather, the collision is
followed by a partial transmission in addition tq the scattering
backwards. On the other hand, deep into the second‘stable
region (i.e., for g > 2), the effects of V(1) are felt on a
wider range of i, and the top of the hill overlooks a41arger
fraction of wavelets. Since the curvature function B is now
large, the phase velocity of the modes becomes a strong function
.of frequengy and position.' Then, diSpersive;effecté start to
appear mucﬁ eariiér, aﬁd we‘may antiéipaté a'pronouncéd accele-
ration and distortion of the disturbances as they initiate the

travelling towards the origin. In this case of a "hard"

potential, the collision effectively detains the incoming pulse;
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Figure 5.4; Shape of the Equivalent Potential V(&) for
Different Equilibria.
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transniission across the'barrier will still occur, but the main
effect will be reflection. But perhaps the most interesting
situation arises from those equilibria in the neighborhood of
the instability, where the potential, as seen by the approéching
pulse, first increases, and then deeps into a "valley". As we
have seen, this configuration is found in the stable ranges 0.29
5 g < 0.30 and 1.6 < g S 2. Then, acceleration is followed by
retardation, and, for 1.6 < g N 1.8, where V(g) indeed becomes
negative tetween the hills, the velocity of propagation becomes
even less than in the asymptotic range of 2. This effect can be
interpreted as the "trapping" of the wavelets with sufficiently
low frequencies to see the four tﬁrning points, making the pulse
temporarily captive into the poténtihl “"valley" between the
hills. | |

In this discussion, we restricted our attention to the
stable configurations, but it is not difficult to see what
happens in the case of unstable equilibria. The pulse that we
have been following starts its motion in the asymptotic region,
reaches the negative "well", is slowed down and begins to
increase exponentially without limit, developing into an
instability around the origin.. _

It is interesting to note that the WKB condition for the
points of marginal stability, obtained as an integral of the
eikonal in Eq. (5-106) between turning pointé:

S

B ©L . o '+l : B . o L - o
O V2 ar - jf a<1 - B+ SL o (ne 1w (5-108)
j 'lT 1+z_
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where z% = (A-1-B)/B for 9 = 0, gives:

L]

\/A—1 - \/; = %- + 2n (n=0, 1, 2, ...) (5-109)

a result that has the same form of the correct eigenvalue
‘condition (Eq. (4-58)).

In fact, growth of the approaching disturbance occurs also
in the stable regimes, but not exponentially. .We did not
mention this important effect up to now, that we wish to examine
using directly the time-dependent soiution. An analytical
solution of the partial differential equation for given
appropriate initial conditions, in full generality, is difficult
because of the intractable form of its dépendence on the spatisal
variable, ultimately because of the "equivalent potential".
However, for the effect that we have in mind, this is not really
necessary. We may consider only the asymptotic limit, that
makes V(&) to vanish, and eliminates the curvature as one of the
two sources of inhomogeneities of the medium, the other one,
that we retain, beihg the shear. This brings us back zgain to
the same equation that applies to the plane stratified medium.

In the limit of large &, the solutions of the reduced
equation, Eq. (5-101), are simply plane waves, of the form
. e¥1®2 55 indicated by Eq. (5-106). By an integral super-
ﬁosition, they can be made to reproduce any initial waveform and
velocity. Wwe choose, for simplicity, to describe:éhe motion of

2 pulse initially located at Lo 221, sufficiently narrow. to be
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approximated by an impulsive function G(z_zo), and with zero
initial velocity. 1In this case, it is not difficult to see that
the appropriate Green's function for the Fourier-transformed

*

problem (in time) is

F(r) = etifiE=t,l ) . (5-110)

Recalling the relation between F and T (Eq. (5-27), and
applying the initial conditions, the Fourier integral of Eg.

(5-110) over @ gives finally the time-dependent solution:

1 1+£§
ro(z,t) = 5 ;“2 [6(t - 2 + zo) + 8 (t + ¢ - zo)] (5-111)
+4

where t, hére, is a normalized time; measured in units of ;
Vyo/Boag (1+202) . |

Some of the features of this solution we found already by
means of the normal mode analysis, namely, the conservation of
the shape of the original pulse, and the uniform velocity of
propagation. As it occurs typically for hyperbolic equations,
the initial pulse splits in two half-pulses, travelling in

"opposite directions, one towards the increasing values of &, and

the other towards the origin. This lattest one amplifies in

time, by a factor \/(1+z§)/(1+£2) , while the amplitude of the
half moving the other way is decreased by the same factor. This
time~-dependent solution was first obtained by Y,Y.'Lao(63), who

also pointed out the similarity between the:transient growth of
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stable perturbations in a current carrying plasma.and in a
hydrﬁdynamic shear flow(73).

The explanation usually given to the transient amplifi—
cation of a convective disturbance is that the shear acts to
produce a temporary focusing on the constituent wavelets. This
geometric effect of the field lines can be easily visualized by
referring once more to the plane stratified medium. It is
sufficient, for the purpose of physical interpretation, to

consider the ordinary Alfvén waves. These can be obtained by

taking the x-component of the curl of Eq. (5-4):

2 .
2 B .
3 2 o)
[ - v20 (2em 1V, = 0 (5-112)
at - 70 ‘
-—;; . .
where we wroteU = v x V for the vorticity, and can be
considered formally to be a particular subset of solutions of
the more general equation, Eq. (5-5) (replacing Vv Vo byqyx).
For simplicity, we assume that the scale of variation of the
mode in the z-direction is much larger than along the other
coordinates, to eliminate dependences on z. This reduces the

equation to:.

2 . ‘ ‘
[ 3 - v3(x) b2(x) 2 117 (x,y,t) = O (5-113)
it A y 3y° ' 3

where b (x) = By /B is the cosine of the angle between the
N :magnetiﬂ field and the y-axis and is a function of x only. -In'.

general the solutions are of the form
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W3x = qj; (x,y t.by(x) VA(x)t) ) (5-114)

so that, on a given "flux surface" x=constant, the modes
propagate along the y~direction at the local speed by(x) VA(x).
The nonuniform transversal distribution of velocities tends to
produce a temporary alignment in the x-direction of magnetic
ripples traveling along adjacent field lines, leading to a
transient amplification of the fluctuation. At subsequent
times, because the ripples again interfere incoherently, the
amplitude eventually decays (Fig. 5.5). From an analytical
point of view, the 1/% behavior of the amplitude at large
distances is clearly related to the logarithmic singulari;ies of
the shear-Alfvéen continuum, and this is another way of saying
that émplification and damping are consequences of tﬁe non-
uniformity of the medium, in this case represented by the shear.
As the pulse aéproaches the origin, in addition to
dispersive effects introduced by the equivalent potential, as
distortion of shape and change in velocity, we expect that the

amplification rate is no longer uniform and departs from the

simple asymptotic formula \/(1+z§)/(1+22). It is useful, for
this discussion, to consider an "energy" conservation relation
that can be obtained from the time-dependent equation. If we

multiply the reduced equation

2 2
sz - L.g + V(L) F (5-115)

at it
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Figure 5.5: Interpretation of the Transient Growth of Stable
' Perturbations as a FocuSing Effect on lagnetic

Fluctuations Caused by Shear.
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by (3F/3t) and integrate over &, after a partial integration, we

get:

a 2 2 ‘
& [ i s svwrfia = oo (5-116)

Let us consider first a toroidal equilibrium with
vanishingly small pressure gradient (g ~ 0), which is equivalent
to the plasma slab with no gravity. 1In this case, we still have
a potential V() = 1/(1+£2), that is due entirely to the shear,
with the shape of a fairly low hill around the origin. At
remote regions, this potential is not seen, and the solutions of
Eq. (5-115) are of the form [(1/2)s(2-2%t)]; in terms of F,
rather than of To? the amplitude is conserved, since the trans-
formation defined by Eq. (5-27) eliminates the shear
amplification factor 1/ 1+22. As the pulse approaching the
origin starts to "climb"™ the hill, the velocity is increased,
and, based on the balance of terms of the above constant of
motion, we may argue that the amplitude F is decreased with
respect to its asymﬁtotic value. The totél (normalized) time
taken by the perturbation to travel from L to ¢ ~ 0 will be
less than £, As we introduce a small amount of pressure
gradient into the configuration, the potential is just depressed
by the curvature term -A/(1+£2)2, since the small contribution
from the B-term, that depends only quadratically on g, is not
.sﬁffiqient<to chéngg significéntly ifs‘shape, Thenithe |

‘ approaching pulSe experiencés essentially the same effécts, but
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to a lesser degree than in the pressureless case, so that, in
relative terms, there is an enhancement of the fluctuations and
a delay in the travelling time. We expect that further
increases of g, that brings the equilibrium closer to the first
threshold of instability, will reinforce more and more these
trends, until we reach g ~ 0.28 where A = 1, and the piece of
the potential coming from the shear is cancelled out. Around
this value of g, the pulse reaches the vicinities 6f the origin
with about the same size it had in the asymptotic region,
spending a migration time approximately equal to 2ot The
potential barrier, by then, is almost transparent, and produced
only by the B-curvature term. In the narrow range that is still
left in the first stable region, the potential starts to gain
the characteristics of a negative well. ‘For 2 < 1, V(&) changes
sign and concomitant to a significant retardation, the amplifi-
cation rate, inside the potential "valley", becomes larger than
unity. Finally, in ‘the unstable range 0.3 < g ( 1.6, V(&) plays
the role of an external source that feeds energy into the mode;
increase of F, according to Eq. (5-116), is balanced by further
increase of F, and the amplitude grows exponentially, evolving

" into an instability.

Sizeable amplificétion aad slowing down can be expected to
occur in the stable regimes operating close to the second
threshold of instability, in particular in the range 1.6 < g <
1.84, where a negative well between two surrounding shallow
hills is still found. At values of g larger than 2, the

equivalent potential is a simple hill, but with ad important
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contribution of the term E/(1+12). From there on, increase of
the pfessure gradient quickly reduces the level of fluctuations,
as this means furtheristabilization of the configuration.

In Fig. (5.6), we display the evolutiom of a pulse,

obtained by numerical integration of Eq. (5-115), for a few

equilibria. To show the transient amplification produced by the

shear, we plotted To instead of F. The initial shape, in all

cases, 1s a Gaussian

2
2 e~L(2-2)/0] (5-117)

with width o = 2 centered at L, = 15, and the initial velocity
was taken to be zero. Note that the initial pulse is subse-
quently divided into two half pulées with unity amplitude each,
traveling in opposite directions. For compérison, wé selected
three equilibria, corresponding to g = 0 (equivalent to the
plasma slab with no'gravity), g = 0.25 (first stable regime),
and g = 3.00 (secoﬁd stable regime). After the discussion in
this section, the interpretation of the evenﬁs ;epresented in
this figure should be clear. 1In the third case, the pictufe at
t = 15 catches the moment when the pulse, stopped by the
potential, is inverted, and then, for larger times, reflected
back. In the other two cases, with a less hard potential, we
may see that the "break" of the inciding pulse is followed by
its splitting into smaller pulses that spread, wave-like, in
both directions. - y

e
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| In Fig. 5.7 we plotted the total amplification, defined as
the ratio of the maximum amplitude that is reached by the
inciding pulse to the initial amplitude, and in Fig. 5.8, the
-time T at which the maximum amplitude was recorded, that ié
essentially the time spent by the pulse to travel from Ly = 15
to the origin. Note that the asymptotic formula predicts a
total amplification of approximately 15, to occur at time T ~
15. In fact, as we have discussed before, this happens only for
equilibria close to the conditions of instability, when the
contributions coming from the two terms entering the function
V(2) tend to cancel one another.

The injitial position was chosen to be zo = 15 not only
because it ngi in.the asymptotic region of the potential,
without being too large to overloaé the numerical computations
with uninteresting events, but also because it repregents
typically the MHD limit of validity of the mode equation. We

recall that this limit is given by kioi < 1, where

-]
K = N v(e - fq d6) o Se Kk (5-116)
. ) 0

is the tranSverse component of the displacement vector. Since
the poloidal wavenumber is something like ka « - N(qO/r), this

condition implies a maximum value for the variabie £ = se,

Ty
o]
N

max ~ ¥Nq. . (5-119)
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Figure 5.7¢ Maximum Amplification of a Pulse Initially Located

at L, = 15 as a Function of the Equilibrium

Parameter g.
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For example, in a plasma column with ion temperature T, - 5
keV, toroidal magnetic field B¢ ~ 70 kG, the ion gyroradius is
Py =~ 0.07 cm. At a'distance r = 5m from the magnetic axis, we
find that, for modes with toroidal number N .= 5, the above
relation determines a paximum range for the extended poloidal

variable

max

The maximum amplification of the perturbations, of course,
depends both on the equilibrium conditions and on.thé initial
distribution, as it appears in the t-space. By choosing the
upper MHD limit for zo, we may have a glimpse at its qrdgr of
magnitude, and, as the present study indicates, it seems to
remain at modest levels, except for those equilibria operating
on the border of instability. Mkore precise information about
the initial conditions to be applied to the wave equation would
require an investigation about the possible source of the
excitations, and this is a question we shall not address in this
thesis. We may conject, however, that if any sourceS of energy
are present, as 3.5 MeV g-particles in D-T fusion reactors, or
neutral energetic beams, as those}injected'in current-day
hydrogen experiments, the rate of amplification of the shear-
Alfveén perturbations that will be excited and the instability
boundaries will be altered. In connection with this problem, we
"observeuthgt preliminary ;tUd;esvof(the resonant interéction of .

“fusion-born.a-partiéles with the modes we conSidered here, as
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the one reported in Ref. (71) suggest that, for large %, the

' amplification is not significantly enhanced. We may expect,
however, that for small values of £, in particular for
equilibria in the neighborhood of instability, this conclusion
does not hold. This would make the range of physical parameters
that characterize the unstable configurations expand, shifting
the boundaries for the transition of shear-Alfvén waves to
ballooning modes.

Finally, as a caveat, we remind the reader that the results
in this section are restricted to a very particular class of
equilibria not only by the geometry of the flux surfaces, but
also by the high poloidal beta limit considered, that permitted
us to conduct the discussion in terms of a single equilibrium
parameter. In practice, high-beta tokamaks are achieved by a
process that involves flux-conservation, and under this
constraint, the value of poloidal beta is never very high(7u).
It would not be difficult to extend the analysis to low and

moderate values of 8 by including the correcting functions 81

p’
and L2 in the expression of the effective potential (see Egs.

(4-23)), but we. shall leave this task to others.
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Appendix 5A

Note on the Numerical Solution of the Wave Equation

For partial differential equations of the hypertolic type,
the recommended method of numefical s0lution is the method of

characteristics(75).

In very loose terms, the characteristie
curves (or simply characteristics) associated with a partial
differential equation can be thought of as a set of natural
coordinate. When, by an appropriate change of variables, the
differential equation is re-expressed in terms of the charac-
teristic coordinates, the form that results — called "canonical
form" — in many cases of practical interest is simpler than the
original one. The transformation is not always convenient or
desirable for numerical applications, as in the case of elliptie
equations, where twq intersecting families of characteristic
curves can be found, but they are not real, and in the case of
parabolic equations, where they are real, but degenerate into =
single family. For hyperbolic equations, however, the two-
families are both real and distinct, and provide a natural grid,
over which the solution can be determined, given suitable
initial conditions, by a step-by-step numerical procedure. Tﬁe
advantage of the use of characteristic coordinates, in this
case, is not restricted to the simplicity of the form that the
equation may take, and of the numeriqal schemes of integration.
For one thing, the method is free of restrictive cdhditions to

ensure stability and convergence. And, since discontinuities
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may propagate alonpg characteristiecs, it becomes obligatory when
the initial conditions are specified by discontinuous functions,

a situation that cannot be handled by other methods, as finite

differences.
We want to solve numerically by the method of chacteristics

the partial differential equation:

given the values of F, FL and Ft at the time t = 0.* Or, more
generally, we want to use the prescribed values of these
quantities to determine the second order derivatives uniquely,
in such a way that the differential équation is always
satisfied.

Assuming thét the derivatives of Fl'and Ft exist, we may

write:

a(F,)

1

d(Ft) Fog d2 + Feg dt . (54-3)

*The‘theory of hyperbolic equations demands that the curve in
the (t,2) plane over which the "initial" values are specified
does not coincide with a characteristic line, otherwise the
solution does not exist generally, or may exist if certain (76)‘
speciai conditions are satisfied, but then it is not unique .
The axis t=0 is not a characteristic line, and we may be sure
that the solution exists and is unique. ' : :
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These two equations, together'with Eq. (5A-1), constitute a set

of algebraic equations for the quantities F th, Ftt’ which

Le?
admit a unique solution, unless the determinant of the system,

given by
ds dt o
o ~de dt (5A-4)
1 o] -1

vanishes. This condition turns out to be

(dt)? - (d)? = o or %% = %1
and defines thé characteristic curves for the differential
equation that are then the straight lines g * t = constant (Fig..
5.9). But we_want to proceed exactly along these lines, to
follow the evolution of the initial perturbation. Then, in
order to make possible the solution of the system of equations,
we have to impose the condition that the other determinants also

vanish. This means, for example, that

ds dt d(FL)

"
o

o 1'd£ “'; d(fﬁ)i (54-5)

1 o - =VF



/ (n-Lm) () (nehm) S .
N i * m =]

m=0
v !
- AL ' >

Figure 5.9: Characteristic lines in the (t, ) Plane.
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which provides the compatibility condition:

~VF dg + d(F) ¢ d(F,) =0 (54-6)

o

This equation (the equation along the characteristics),

complemented by the differential relation:

dfF - FL de ~ Ft dt = O ' (5A-T7)

can now be used to determine numerically the solution of the
original problem over the characteristic grid.

Along the family t - & = constant, Eq. (54-6) becomes
-VF di + d(Ft) - d(Fz) = 0 . (5A-8)

Replacing the differentials by finite differences between two
grid points, labeled (n, m+1) and (n-1, m) in Fig. 5.9, this

equation can be approximated by
- - [V(n) F(n,m+1) + V(n=1)F(n-1,m)]h + [F (n,m+1) - F (n=1,m)]

- (F,(n,m+1) - F (n-1,m)] = 0 (54-9)

where h = a2 is the distance separating two consecutive points
along the line t = 0 over which the initial conditions are
defined.
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Similarly, the equation along the characteristies t + & =

constant is:
-VF di - d(Ft) - d(Fz )= O . (54-10)

and the discrete version, between two adjacent grid points

(n,m+1) and’n-1,m) is:

+ %- [V(n) F(n,m+1) + V(n-1)F(n+1,m)]h - [Ft(n,m+1) - Ft(n+1,m)]

- (F,(nym+1) - F (n+1,m)] = O (54-11)

Finally, Eq. (54-7) can be used on either of the two character-
istic lines across the point (n,m+1) to furnish the missing
relation among unknown quantities. Choosing the characteristie

with positive siope, we have:
F(n,m+1) - F(n-1,m) - - [F,(n,m+1) + F, (n-1,m)]h

. - &= [F (n,m+1) + Fe(n-1,m)I0 = 0 (54-12)

We have now three algebraic equations for the function F and its
derivatives Ft and F, at the grid point (n,m+1), id est, at the
time t = (m+1)h, that can be solved if the values at the nearest
neighboring grid points corresponding to time t = mh are known.

Explicitly, the solution is given by:
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, 1
1-(h</4)V(n)

F(n,m+10§= F(n-1,m) + %— [F,(n+1,m) + Ft(n+1,m)

2
+ F (n-1,m) + Feln-1,m)] + %- V(n+1) F(n+i,m) . (5A-13a)

Fz(n,m+T) =

NI-!

[Fz(n-1,m) + Fz(n+1,m) - Ft(n—1,m) + Ft(n+1,m)] +
+ = [V(n+1) F(nel,m) - V(n-1) F(n-1,m)] . (5A-13b)
Ft(n,m+1) = - [Ft(n-1,m) + Ft(ﬁ+1,m) + 3 Fz(n-1,m) +

+ Fz(n+1,m)] + %— [(V(n-1)F(n-1,m) ~ V(n+1)F(n+1,m)] +

: |
+ F (n+1,m) + F_ (n+1,m) + F (n=-1,m) + F _(n-1,m)
1-(hS/8)V(n) - % LR 2 L

+ g— [V(n+1)F(n+1,m) + V(n)F(n-1,m)]  (5A-130)

and is cdrrect to order h2 (75).

After the values of F have been recurrently computed, the
function T, can be evaluated at each grid point by means of the

relatiop

 (n,m) = —{0am) I T SR TS

V1 + n°h°

that follows from the transformation introduced by Eq. (5-27).
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For the initial value ole, we choose a form that gives for

Y, @ Gaussian pulse:

26-[(2-10)2/6 1 . 2

F (t=0) = ¥ T1+3 (5A-15)

centered at ¢ = ¢ and with width ~o. The spatial derivative at

the axis t = 0 is then given by

F (t=0) = [ =% 20a-20) ] F(t=0) (54-16)

In all solutions reported previously, the initial time

derivative was taken to be zero:
Ft(t=C) = 0 , (5A-17)

but this restriction could be ezsily lifted up.

This is a typical initial value problem, for which boundary
conditions do not intervene. Of course, in numerical computa-
tions, the infinite domain of definition of the spatial variable
is just a finite interval, large enough to cover the potential
function in all its extension, up to the regions where it decéys
asymptotically and becomes negligible. This makes it possible
to watch the evolution of initially localized disturbances
during all stages of the interesting events since it starts its
migration from remote regions towards the origin. &n general,

as we proceed in time with the numerical solution of a wave
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. equation, the finite domain over which the solution is spatially
defined shrinks. This is, obviously; a consequence of the fact
that the characteristic lines are the "carriers" for the propa-
gation of the disturbances. Thus the charaéteristics across the
extremes of the interval on the axis tz0 in Fig. 5.9, over whizh
the initial values are actually specified, limit the extension
of the intervals of definition at subseqﬁent times. After a
time At has elapsed, the initial interval aL is reduced to aL -
24t ., Care has to be taken to guarantee that, for the maximum
time the solution is to be determined, this range is still large
enough. Cn the other hand, since the initial pulse is highly
localized; it is not desirable to overload the computations with
an extended range that, for most of the Qime, remains idle.

For all cases studied numerically, it was found that the
requirements of economy, good definition of the solution and
accuracy of the computations can be comfortably,weil accomodated

ﬁith a choice of numerical parameters typically as

AL ~ 100, equally divided at each side of the origin;

2

h -~ 5x107°, which gives .2000 initial grid points;

at

max ~ 30, corresponding to .600 time steps.

~ For an initial narrow pulse located at i1 = @15, and the
equivalent potential V(1) of Eq. (5-102), everything of interest
happens within the above time limit and is contained inside the

available space.
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Chapter VI
CONCLUSIONS

Since the year of 1977, that marks the beginning of the
period of intense research on ballooning modes, a great deal of
progress has been reached. Numerical work showed that, for
local values of the inverse rotational transform larger than
unity, the unstable region does not extend to the axis, and the
first stable region merges with the second. As illustrated in
Fig. 6.1, this corresponds to & stable area in the parameter
space with low values of shear and both low and high pressure
gradients. At the present moment, work is in progress at M.I.T.

and Princeton(78:79,80)

~to verify if, by generating flux
conserving sequences of equilibria, profiles can be pfoduced
that would take advantage of the available "window" to achieve
high values of beta.

Although béllooning modes are the most fearea of’the MHLC
instabilities, they havé been elusive to experimental obser-
vation. S.C. Prager et al. (81), from the University of
Wisconsin, reported the Stable confinement of a plasma with
values of beta higher than 8§ percent, against prédictions based
on the ideal MHD theory that the threshold for béllooning would
be reached. -Similarly, the experiments in theAISX-B Tokamak, at
the gak Ridge National Laboratory, failed to detect signs of MHD
activity, challenging also the predictions of the.flpid theory.
In a tglk given at MIT in Septenber, 1980, D.J. Sigmar inter-

preted this negative result as a consequence of the strohg‘
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anisotropic effects in the buik plasma caused by the powerful
neutral beam that is used to heat the plasma. 1In éddition, the
large gyroradius of the ionized particle woqld have acted as a
further stabilizing effect.

To our knowledge, the only reported experimental evidence
of ballooning modes comes from Columbia University(sz).
Curiously enough, the data obtained there from Torus Il indicate
not only MHD instabilities with characteristics of a ballooning
mode, but also that they appear when the plasma is cooled and
beta is decreased. If we realize that in Torus II the plasma is
initially formed with an average beta as high as 10 perceni, we
may be inclined to accept the interpretation of the Columbia
group, that the device was operating in the second stable
region, and upon cooling, crossed the theoretically prediéted
second stability boundary into the unstable region.

Many concrete’situations of practical interest, as the one
of the ISX experiment, can be analyzed only with the apparatus
'of the kinetic theory. The ideal MHD theory, however, does not
lose its interest and usefulness. In the first place, it
provides a simple framework that, as the history of ballooning
modes shows, has permitted the community of physicists to attack
and solve a large number of crucial theoretical problems. In
the second place, from a strictly practical point of view, the
ideal fiuid théory gives a low bound for stability thresholds,

that remains a useful reference and basis for design.
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>0

Figure 6.1: Equilibrium Profiles in the First Stable Region
(Dashed Line) and Partially in the Second Stable
Region (Solid Lire).
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