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On the Diffusion of Neutrons in Moderating and
Multiplying Media with a Periodic Neutron Source

By Gerhard Jacob*

1. INTRODUCTION

Recently, Gallone, Orsoni and Salvetti in a series
of articles'? used symbolic calculation methods to
study the diffusion and multiplication of neutrons.
In particular, they studied the space and time dis-
tribution of thermal neutrons in multiplying media
with several types of fast neutron source as, for
instance, an instantaneous source and a constant
source acting for a finite time. In this paper, we con-
sider the case of a point source of fast neutrons with
strength varying periodically in time (using Fourier
analysis), and explicit calculations are carried out for
triangular, half-wave sinusoidal, and rectangular fast
neutron bursts in spherical, cylindrical and parallele-
pipedal, multiplying or moderating media.

Initially, we recall the general method developed
by the authors quoted above. They consider a homo-
geneous multiplying medium where both fission and
external source neutrons are monoenergetic. Reso-
nance capture only is taken into account, diffusion
and age theory approximations are used and the usual
energy-independent boundary conditions (vanishing
of neutron density at the extrapolated boundary) are
supposed valid. The slowing down time is not taken
into account (moderation is considered instantaneous),
the mean free path of the emergent source neutrons is
- neglected and fission neutrons are all considered as
" instantaneous.

Under these assumptions, the age-diffusion equation
for the neutron density in a multiplying medium,
with an external fast neutron source S(r, ¢), assuming

p(r, 0) =0, may be written?:
L2Vp(r, £) + (ke exp[V?] — Lp(r, 9
op(r, ¢
Pl explroVSyle, ) =4 28D, q

where L is the diffusion length of thermal neutrons in
the medium, p(r, #) the thermal neutron density, &
the infinite multiplication factor, /; the mean life of
thermal neutrons in the pure moderator, p the reso-
nance escape probability and 7 and 7, are the ages to
thermal of fission and external source neutrons respec-
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tively. The resolvent operator exp[aV?] is defined as
follows: Let f(r) be a function which may be expanded
in a series of the complete orthonormal set of elgen-
functions of the equatlon

V24, (1) + 0,28,1)
relative to the boundary condition
(6] =0,

o being the extrapolated boundary of the medium.
Then

explaV?]f ) = exp[aw]{zansﬁp (r)}

= i a, exp[—- aa),ﬁ]qS,, (l‘)

n=0-.

Now, to solve (1) for a medium bounded by o, the
neutron density and the external source are expanded
in a series of the above ¢,(r): ,‘ .

ple )= alibu(m) )

St =" b.0g0) o ®

where a,(¢) and b, () are the Fourier transforms

B v) exp[ivt] dv. - (8)-

ﬂ

:Jm v) explivt] dv, | (4)
o]

The solution of ) is hen

ot Z' [ B,(v) exp[—Tq, 2, (x) explivt] ;.

) iw o O(w,) 4 vy Co
6)
where o
Do,) = 1 +,2L% — ky, exp{—Ta33]. ()
Thus, knowing the external source Sy(r, t), it is p—os‘—

sible to determine the expansion coefficients &,(f), -
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then B,(v) and afterwards the thermal neutron den-
sity p(r, 8).

For the sake of completeness, we list below the nor-
malized eigenfunctions and eigenvalues for the three
more common geometries:

{a) Sphere of radius R and geometrical center at the
origin of the coordinate system:

e (2 R_ksinwnr, _nr
duld) = (2nR)H 20, T2

(b) Circular cylinder of radius R and height 2H and
geometrical center at the origin of the coordinate sys-
tem:

¢mn (l‘, Z) = [R'jl(wnR)]-l(nH)—*]O(wnr) COS W2,

w,=RY ™, @, =2H)7@m41),

2 __ 2 2
W™ == Wy +wn ’

where J;(x) is the Bessel function of first kind and
order ¢ and 7, is the nth root of Jy(x) =0.

{¢) Rectangular parallelepiped with dimensions 2a,
2b, 2¢, and geometrical center at the origin of the
coordinate system:

Dmn (%, ¥, 2) = (abc) ¥ cos wx cos w,, ¥ COS W,2,
w= 2+ 1)(2a) ', w,=(2m+ 1)(2b)'x,

W, = (2% + 1) (20) VI”' c‘)lmn2 = w12 + wmz + wnz'

2. POINT SOURCE WITH STRENGTH
OSCILLATING IN TIME

We are interested in solving (6) for an external
point source of strength S, oscillating in time with
frequency w and starting at t=0, i.e.,

© Sy(r, ) = Syd(x) expliwt] H(t) 8)

where 8(r) is the three-dimensional delta (Dirac)
function and H (#) is the unit step (Heaviside) function
as defined in Ref. 5. This case is a simple one and is
useful to exemplify the method of calculation that will
be followed in the more realistic cases considered later.
Substituting (8) in (3), it follows, by the usual method
of determination of coefficients and by the definition
of the 4(r):

ba(t) = Soa(0) expliewt] H ()

(we recall that ¢,(r) is a real function in the usual
cases). Therefore, taking the inverse transform of (5)
with the result obtained for 4,(¢) we have

B, (¥) = (27) 1544, (0) j N expli(w —v)t'] dt'.

0
Substituting in (6):

plE 1) = (2m) PS> $u(0)u(r) expl—ry]
n=0_0

© [ expliv] [® o
xj W{WJO expli(w —7)¢') dt') d.

Changing the order of integration and recalling the
definition of the unit step function, we have

o«

P, 1) =$Ss > (09 (r) exp{—7ow,?] explico)

. <[ exp[ i+ 25 ']H(y) ?

0

where y=t—1¢'. Thus, integrating:

_ & exp [ — Townzj
plr, &) =pLS, 'Z) 95" (O)¢" @) W(j

X {exp[z’wt] — exp[ —q#‘-)t] } ©)
0

Equation (9) constitutes the complete solution of our

problem.

In the limiting case of infinite period (w = 0), which
is equivalent to considering a source of constant
strength acting during an infinite time, our expression
(9) agrees with the result quoted in Ref. 4 for Af— 0
and ¢ <At

Now, if the medium is critical, we have ®(wy) =0
and ®(w,) > 0 for # = 0 (w, being the lowest non-zero
eigenvalue) so that all terms of our solution (9) except
the first decrease exponentially in time. Thus, after a
time large enough for the higher harmonics to die out,
only the first harmonic remains; and p(r, ¢) is given
by:

P(r, ) = (i) 7P Seo(0)o(r) €xp[—Toe0y?]
X {expliwt] — 1} fort>0. (10)

Of course, only the real parts or the coefficients of the
imaginary parts of expressions (8), (9) and (10) have
physical meaning.

3. POINT SOURCE OF ARBITRARY
TIME PERIODICAL SHAPE

Now, we are interested in solving (6) in the case of
an external point source, which is periodical in time
and starts at £=0.

Quite generally, we shall consider a source of the
form

Solt, ) =S/ H(?) 1)

where f(¢) is any periodic function of time which can be
expanded in a Fourier series. Specifically, we want to
take the case of a periodic source with period 7', which
is “on” during a time a7 (0<a<1) and is “off”
during the remainder of the period (1 —a)T. Thus

w .
f(t) = $co + Z lc,, cos mat +d,, sin maot].  (12)
n=1
In the usual way, it can be shown that, for those
cases which are more important in practice (because
of their easier experimental realization), the coeffi-
cients have the following values:

(@) Triangular bursts (as shown in Fig. la for

a=14)
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Co=a
C = (mPr%a) ~1[2 cos mar — cos 2mam — 1] (13) £  Tionplerburts
d,, = (m¥n2a) 12 sin masww — sin 2maz). g

(2 Half-wave sinusoidal bursts (as shown in Fig.
1b for a=14)

co=4an?
== 2a[7(1 — 4m%®)~'[cos 2maz - 1] (14)
d,, =2a[n(1 — 4mPa?)] 2 sin 2ma.

(¢} Rectangular bursts (as shown in Fig. lc for
a=14)
cy=2a
Cp = (mm)~1sin 2man ' (15)
d,, = (ma)[1— cos 2man]

Now, substituting the expression (11) for the source
Sofr, 7) in (3) we have, by the usual method:

bu(t) = SoH (£)f(t)ba(0)
and thus, reversing the Fourier transform (5),
Bulo) = (2m) Sgul0) | 16) expl—int] .
0
Substituting the expression (12) for f(f) we have:
Co »

Boo) = (27) ~lso¢"(0>{§j: exp{—int] d¥

+ z <cm5 cos mwt’ exp{— ivt’] dt’
m=1 0 ' .
—f—de- sin mawt’ exp[— '] dt’)}. :
0
Thus, expression (6) for the neutron density becomes:

pIE, ) = (27) 1Sy > $u(O)h(r) expl—Tow,?]
n=0 (16)

Co d
x{ﬁu(wm 2, lotaon 1+ o t)]} fort>0

where
(0on, 1) ‘=J ) {Q%I;[Z-%j: exp[— int'] dt’} &, (17)
—w® ' A
I e exp[vt]
Um (C()nv t) - J‘ _ m{(l)(w,,) + 1‘1’[0
X jw exp[— '] cos mwt’ dt.’} dv, (18)
)
(" exp(evt]
wm(wm ) _J—w {(D(wn) + i"’lo

Xj exp[— t'] sin mwt’ dt’} dv. (19)
0

The integrations (17), (18) and (19) may be per-
formed in the same way as indicated before, i.e.,
changing the order of integration and using the defi-
nition of the unit step function; we just quote the
results: :

o 7 4 8 12 16 time (msac)

b: Half-wave

sinusoidal bursts

arbitrary units

16 time (m3ec)

e: Rectangular-  bursts

arbitrary  units

[“F 1 [TTTTT T [
: : : :
4 8 12 16 time (msec)

22712

Figure 1. Time behavior of source-term Sy(t) and neutron den-
sity p(t) for critical media: So(t), ——-, g(t),

W ) =201 1 = exp [ - ‘PL;"L)t]}, (20)

0

Uy (W, 1) = 2 [ D2 (o0,,) + mPw?l?) ‘*{cos (mewt —0,,,)

— exp[-— (ﬂl“i) t] cos 0,,,,,}, (21)

0
W, (Wp, £) = 27 D2{w,,) + MRl

X {sin (mot —0,,,) + exp[ — (_Ii(lw_,,) t] sin 6,,,,,,: (22)

(!
where

€08 B, = O (00, ) [ D2(w,) + M2 2] (23)
and
sin 6,,,, = mwly[ Ow,) -+ MPwlE] . (24)

Equation (16), together with Egs. (20), (21), (22),
(23), (24), constitutes the complete solution of the
problem.

In the particular case in which f(f) = exp[iwt], i.e.,
in the case discussed in Section 2, an easy calculation
shows that we obtain expression (9), as it had to be.

If, in the case of rectangular bursts, we let the period
go to infinity (w-—>0), and take a=1, we arrive again
at the results quoted in Ref. 4.

Finally, in the limiting case of criticality, we have,
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as. in Section 2, ®(w,)=0 and ®(w,)>0 for n#0 °

and so, after a time large enough for the higher har-
monics to die out, the first harmonic of our solution
(16) may be written:

P(E, £)=pSopo(0)Po(r) exp[—Tow,’]
Co, |, = .
X i + > (mw) e, sin mwt
2

+d,(1 —cos mutj]} for ¢ > 0. (25) _

Figure 1 shows the time behavior of the neutron
density in a critical medium, with the source term
given by triangular bursts (a), half-wave sinusoidal
bursts () and rectangular bursts (c) respectively, and
¢ =14. The period was taken as 8 milliseconds and the
points indicate calculated values taking into account
terms up to m =8 in the Fourier series.

Of course, the results obtained are also applicable
to pure moderating media, taking p=1 and %, =0.

4. INTERPRETATION OF KESULTS

It is of interest to analyze in some detail the time
dependence of the neutron density ia the expressions
obtained above.

To start with, let us take the case of a critical
medium with the source term ngen for instance, by
triangular bursts (Fig. 1a).

We see that the neutron density rises between

¢=0and ¢{=3T (in general, between{=0and ¢=aT),

i.e., while the source is “on”’, and remains constant
in the remainder of the period, i.e., while the source is
“off”. Besides this, the curve shows an inflection point
at {=17 (in general, at ¢=}a7), which arises be-
cause the source term has a maximum at this point.
The conclusions arrived at may also be drawn from
the fact that, for a critical medium, we must have

p0=[ sy ar

for each instant of time ¢.

. Alternatively, in the case of a subcritical medium

(and in particular, of a pure moderating medium), we
[

have p(?) <j So(t’) 42, so that the rise of the neutron
Y]

“density will be slower, there will be a maximum at the

left of t=aT (this maximum being lower than the
constant value in the previous case, and arising earlier

because for subcritical media the neutron leakage will
not be compensated by source plus fission neutrons)
and afterwards, instead of remaining constant, the
neutron density will decrease to a minimum (negli-
gible for periods T large compared with the neutron
lifetime ).

Now let us analyze, at least qualitatively, the influ-
ence of the delayed neutrons in the case of a critical
and a subcritical medium with the external source
considered above.

In the case of a critical medium, because there isan
equilibrium at each instant of time between the neu-
trons which leak out of the medium and those which
are produced by both fissions and external source if
all neutrons are considered instantaneous, the effect
of the delay of a small part of the fission neutrons will
be to destroy this instantaneous equilibrium. Thus,
the rise of the neutron density will be a little slower
between =0 and ¢ =aT and from {=aT on, the neu-
tron density will continue to rise instead of remain-
ing constant, going asymptotically to the constant
value shown in Fig. 1a if the period is large compared
with the mean life of the longer-lived delayed neutron
group.

In the case of a subcntlcal medium, by similar con-
siderations, we can see that because of the delayed -
neutrons the increase of the neutron density will be
slower, its maximum displaced to the right (eventually
to the right of the point = aT) and the decrease of the
neutron density will also be slower. And if the period
is sufficiently large compared with the mean life of the
longer-lived delayed neutron group, the neutron den-
sity will go asymptotically to zero. The quantitative
analysis of the effect of the delayed neutrons will be
the subject of a further paper.

Finally, we want to remark that the expressions
obtained will be useful in the experimental study of
the properties of moderating and multiplying media
using periodic neutron sources instead of the impulse
method used up to now.8-°
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