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ABSTRACT

An implementation of the Py method for determining the
effective multiplication factor and the neutron scalar flux
and current in plate-type fuel cells is reported. Computational
aspects of the method are discussed and numerical results are
given for a three-region problem with group constants defined
in a 64-group structure. The Py results are found to agree
quite well with results obtained using the ANISN code.

1. INTRODUCTION

Although the P, method in its spatially continuous version [1-4]
has been widely used for solving one-speed problems in neutron transport
theory [5-18], there are relatively few reported applications of the method
in the solution of multigroup problems [19-22]. It is noted that only one of
these works [19] is devoted to multigroup criticality calculations, but at the
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assembly level; therc seems to be no reported application of the method to
criticality problems at the cellular level. In this work, the spatially contin-
uous version of the Py method is further developed and used to determine
the criticality condition and the corresponding neutron scalar flux and cur-
rent for a plate-type fuel cell composed of any number of regions. The
multigroup model is used and scattering anisotropy of arbitrary order is
allowed.

The criticality condition considered in this work is that of determining
the effective multiplication factor (k) in the fuel region of the cell that
gives rise to a stationary (and physically meaningful) neutron angular flux
throughout the cell. In the case of the spatially continuous version of the Py
method, this reduces to finding the value of the (largest) multiplication
factor & for which the determinant of a matrix that depends on the material
composition and on the region dimensions of the cell vanishes. Once the
effective multiplication factor is determined, the superposition coefficients of
the Py solutions in the material regions that constitute the cell can be
evaluated by computing a vector in the null space of the critical matrix.
Since the stationary scalar flux and current in the cell are, respectively, the
Legendre moments of order zero and one of the angular flux, £y approx-
imations to these quantities can be easily computed once the superposition
coefficients of the Py solutions are available. One interesting feature of
the proposed approach is that it provides an alternative to the approach
used by existing numerical codes, which is based on the power method for
generating the dominant eigenvalue and the corresponding eigenvector of
a matnx.

To conclude this introduction, we note that even though the outlined
approach Jooks straightforward to implement, various difficulties of com-
putational nature had to be resolved before the procedure could be success-
fully applied to realistic (many-group) cell problems. Numerical results are
given and compared with results of the ANISN code [23] for a three-region,
64-group cell problem to illustrate the capabilities of the method.

2. FORMULATION OF THE PROBLEM

We consider a plane cell composed of R distinct material regions as
illustrated in Figure 1, where the boundaries z, and zp are to be taken as
reflective. Region | (the fuel) is multiplying and regions 2,3, ..., R are
nonmultiplying (e.g., fuel cladding, coolant, moderator, etc.). Considering
G cnergy groups and Lth order anisotropic scattering, we follow the
notation of Siewert [20] and write the neutron transport equation for
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Figure 1. The cell geometry.

any region 1 <r < R as
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where ¥,(z, i) is a column vector of dimension G having as components the
group angular fluxes in region r, namely ¥, ((z, u), ¥, 2(z, i), - .., ¥, ¢lz, 1),
z € (z,_,,z,) is the space variable measured in centimeters, and u € [—1, 1] is
the cosine of the polar angle that specifies the direction of neutron travel. In
addition, S, is a diagonal matrix of order G with the group total cross

sections s, 1,82, ...,5,¢ in the diagonal and T,; is the /th Legendre
moment of the neutron transfer matrix whose (i, ) element is defined as

oy = o5, 4 (D) + (1/K)xi (vor )y 0- @

Here, of ;(/} is the /th Legendre moment of the scattering transfer cross
section from group j to group i,k is a factor to be determined so that a
physically meaningful solution of Eq. (1) exists, ?&& is the group j average
of the number of neutrons emitted per fission times the fission cross section
and x} is the fraction of fission neutrons that appear in group i. Clearly,
since in our problem multiplying material is present only in the fuel (r = 1)
region of the cell, the second term on the right-hand side of Eq. (2) does not
exist for r = 2,3, ..., R. Moreover, the Kronecker delta in Eq. (2) indicates
that we are considering the usual case of isotropic fission, but this is not a
limitation of our approach.

To complete the formulation of the problem, we need to specify the
boundary and interface conditions to which the vectors of group angular
fluxes are subject. For the fuel (r = 1) region, the reflective boundary con-
dition at z = zy = 0 can be expressed, for x> 0, as

¥i(0, k) = ¥:(0, — ), (3a)




242 CALDEIRA AND GARCIA

while at each of the interfaces z,,r=1,2,...,R— 1, we consider the
continuity condition, for i > 0,

“wﬂN%u H_H pv = ﬂm-TT_AN} H_H .Q\v. AWUV

Finally, the reflective condition at the outer boundary of the cell (z = z)
can be expressed, for 1 = 0, as

Wr(zg, ~ 1) = Wr(zg, 1t)- (3¢)

We now discuss some general aspects of the Py solution to Eq. (1) that
are basic to our development.

3. GENERAIL ASPECTS OF THE Py SOLUTION

Following Siewert [20], we rewrite Eq. (1) in terms of an optical vari-
able T = zSin,,» Where sy, , is the minimum of the group total cross sections
in region r. This optical variable measures space in terms of the largest mean
free path which, of course, varies from region to region. In spite of this,
to keep our notation as simple as possible, in this section we drop, except
when absolutely necessary, the index r that denotes the region. Thus, defining
L =8,/$min.r and C; =T, ;/Suin, -» we have, for 7 € (t,_1, 7,),

a3 1 L f f ' ;
e ¥+ 2 ) =3 3 PG \ P @)

The P, solution to Eq. (4) for N odd has been developed by Siewert
[20]. It satisfies exactly the first N + 1 moments of Eq. (4) and can be
written as

1 N
W(r,m) =3 (2n+ D®,(D)Py(w), )
n=0

where, with J = G(N + 1)/2,

J
P.(7) = M _H\A;..mlﬁ..#:\m. + Al_u:w;_.mlvﬂv\@.u_ﬂzmmb. (6)

=1

Here, the {4;} and {B,} are superposition coefficients of the Py modes that
need to be determined, {G,(£)} are vectors of dimension G that satisfy

m—-:ﬁm:m_w..u = Tm + mvna.w_ﬁmu + EO:I_AMV, A‘d
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with

2n+1DE-C, n=<lL
—— — 2 —_ £
" _ai DE, n> L, ®

and the J pairs {££;] - the so-called Py eigenvalues — are the 2J values of £
that satisfy the truncation condition Gy.,(£) = 0. We note that here, as in a
previous work onthe Py method forradiative transfer with polarization[24], we
have observed that some of the Py eigenvalues with absolute value < 1 may
appear as complex quadruples. In addition, when the medium is multi-
plying, at least one pair of Py eigenvalues turns out to be pure imaginary.

The calculation of the Py eigenvalues and the required G-vectors can
be reduced to solving the eigensystem [20, 25}

AG,(®) = £G,(®), (%)
where the J x J matrix A is defined as
\5 Z, 0 ... 0 0 0
X Y Z .. 0 0 0
0 X, Y, . 0 0 0
A= -t : S (10}
0 0 0 ... Yys Zys O
0 0 0 ... Xy Yy Zn
\0 0 0 ... 0 Xy, Yy,/
with
X, = n{n — Dh; 'b;}}, (11a)
Y, = #’h, 'h, | 4 (n + 1707 Th; ) (11b)
and
Z,= (n+1)(n+2)h; b}, {11c)

and the vector G,(§) of dimension J has the even G-vectors as
components, i.e.

Go(&)

G2(9)

G.(&) = (12)

Gy_1(8)

Clearly, once the eigensystem expressed by Eq. (9) is solved, the required {&;}
are found as the positive square roots of the eigenvalues and the even G, (&),
n=0,2,...,N -1, are the vector components of the corresponding
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eigenvectors, as specified by Eq. (12). Once the even G-vectors are available,
the odd ones can be computed by using Eq. (7) with # = 1,3, ..., N and the
truncation condition Gy, (¢;) =0

Alternatively, it is possible to formulate the problem of computing the
Py eigenvalues in terms of the odd G-vectors. Thus, instead of solving the
eigensystem defined by Eq. (9), we can solve {20]

BG,(¢) = £°G, (%), (13)
where the J x J matrix B is defined as
\5 Z, 0 ... 0 0 0
X; Yy Z5 ... O 0 0
0 X Y5 ... 0 0 0
B={ : 7 : : [ (14)
0 0 0 ... Yyu Zyg O
Q O O . N?‘\N <_<\N N?.\N
0 06 0 ... 0 Xy Yy /
with
Yy = Nhy'hyy, (15)

and the vector G,(&) of dimension J has the odd G-vectors as
components, i.e.

G1(8)

G
co=| 29| (16)

G (8)

Once the eigensystem defined by Eq. (13) is solved, the required even G-
vectors can be computed by using Eq. (7) withn=10,2,...,N - L.

We have used subroutines BALANC, ELMHES, ELTRAN, HQR?2
and BALBAK of the EISPACK package [26] to solve both of the eigensys-
tems defined by Eqgs. (9) and (13), in the context of the test problem dis-
cussed in Section 6. We have concluded that the accuracies of the
eigenvalues and eigenvectors obtained by solving both of these eigensystems
are similar.

4. THE Py SOLUTION FOR THE CELL PROBLEM

In this section, we specialize the general Py solution discussed in
Section 3 to each of the material regions that constitute the ceil and use
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the boundary and interface conditions of Section 2 to develop a system of
homogeneous equations for the unknown superposition coefficients of the
Py solutions. As we will see, the condition for which nentrivial solutions to
that system of equations are found to exist, coupled with the requirement
that only one of these solutions is of physical interest (if more than one
exists), determines the desired effective multiplication factor {keir) of the cell.

4.1, The Solution for the Fuel Region

In terms of the optical variable introduced in the beginning of
Section 3, the fuel region is defined by t ¢ 0,7)), where 1) = z)$yin, ;.
Here z; represents the half-thickness of the fuel plate in cm {see Figure 1)
and Sy, ( 18 the minimum of the group total cross sections in the fuel.

In the case of the fuel region, it turns out that the reflective boundary
condition expressed by Eq. (3a) can be used to relate the {B;} coeflicients in
Eq. (6) to the {4} coefficients. Thus, after introducing an exponential rescal-
ing of the {4;} oo@mmn_mam to avoid destructive overflows in our computa-
tional implementation, we can specialize Egs. (5) and (6) for the fuel region as

¥i(z, 1) = M@ + 1Dy (1) Py(11) (17)
aic

and

Jy
@ ()= A1 ,Z7 (1. )

j=1

Js
+ 3 }.‘,.T;:_E\m: +T_v\_m-?LE_.QO_.:@CV
J=rr+1

J=1

+ M” \m_c_ﬁmlf,;n_ +¢>mim_.bN_l.=Aﬂu .w.._..b

J=lg+l
Aj=2

T (-1t B ZE (o m_.L
+A Ll _Hmlfc_ﬁs+¢>m_.\.mr....yiﬂzﬁﬁ. m_:_.v

_ A!_v.‘..mlr:.?_lc\ﬁmfm._.bi_.amﬂ_m_.\vu_ ) (18)
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To write Eq. (18) in the way we did here, we have assumed that the Py
eigenvalues are ordered so that the eigenvalues & ; =in;, j= 1,2, ..., J,
are pure imaginary, the eigenvalues &, ;, j = J, +1,J; +2, ..., J5, are real,
and the eigenvalue pairs (£ ;& ), j=Js+ 1L Js+3, ...,/ -1, with
& ;=M tim, are complex conjugate. We note that the restriction
Aj =2 attached to the third summation symbol on the right-hand side
of Eq. (18) means that j is to be incremented by 2 in that summation. In
addition, we have used the general definitions

Z7,(z,£) = cos[nt/(EE) MG, ,(&)) £sinlnr/GOIG, (&)} (19
and

Wz, €) = sinlnt/(EDIRG,, 1(8)) £ cosInt/(EOI G, (5]  (20)

to write Eq. (18) in its present form.

4.2. The Solution for an Intermediate Region

For an intermediate region 2 <r < R— 1, defined by t € (r,_;, 1),
where 7, = Mu.«u_ﬁﬁ. — Zi_1)Smin,; fOr x =r—1 or r, we rewrite the Py sol-
ution expressed by Eqgs. (5) and (6) as

1 N
Yt ) =5 (2n+ D@, (P (1), @D
n=0

with

e_..zmﬁv = M_H\ma.mlﬁulﬁw_v\mi + AI._vzmw:..mlgl&\mi”_nﬁ=Amwt.v

k_.u_

+ M ﬁ 2ot = G+ A W~ P,,ML

« m..-fqi.-;ﬁ:.m.:_v

+ (=1 T;,.Nn_%s &)+ B Wi — 1, mﬁi

x e ke e ED L (22)

Here we have assumed that £, ;, j = M 2, ..., Jg, are real eigenvalues and
that Am:,m:v J=Jr+ LJg+3, ..., J 1, with§, ; = A, ; + in, ;, are com-
plex conjugate pairs.
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4.3, The Solution for the Outermost Region

For the outermost (r = R) region Om the cell, defined by t € (15_;, T5),
where 7, = 3 [ (2, — z;_()smin.; for x = R—1 or R, we use the reflective
boundary condition expressed by Eq. Oov to relate the {B;} coefficients in
Eq. (6) to the {4;) coefficients. Thus, we find that we can write Eqgs. (5) and
(6} for the outermost region as

N
alz. ) =3 3 O+ DO (0P, (1) @3)
n=0

and

Ir
exu AT = M\mwn _”m.lﬁ}ax;:\mx;. +(— szlﬁax\:?_ |a<m3.H_ ﬁ_ﬁ ,_ﬁmxc_.v
J=1

+ M ﬁkx;Nma? ~ Tpo1>8R )+ AR jrt Wh (T — Ty .mxn.vu_

i=Ig+
4j=2

x m.\»x.__,?l;i_vkmxn.m.:v

+ Al:hq—HAENm.zﬁﬂx —Tp_1 — G&p;)

+ Ar i1 Wi o(Qth — 7o — T, ma%-is,;-_-%x.m.e.w - @9

As before, we have assumed that &, i J=1,2,...,Jg, are real eigenvalues
and z.—m.ﬂ Amb.\“Mhr__v .\. = .\x + 1 .Nﬁ + wu. .. .\q - —u with mmt‘. == &.h:.. + m.dh:?
are complex conjugate pairs.

4.4. Application of the Interface Conditions

Having used the reflective boundary conditions expressed by Eqs. (3a)
and (3c) to eliminate half of the superposition coefficients for the fuel and
the outermost regions, we still have 2J(R — 1) unknown coefficients in
our Py solutions: the {4} in Eq. (18}, the {4, J and {B, } for r=
2,3,...,R—1in Eq. (22), and the {Ag ;) in Eq. (24). We thus need to
generate the same number of approximate conditions from the interface
conditions expressed by Eq. (3b) to be able to determine these coefficients.
For this purpose, we elected to use the Mark prescription [1] of selecting
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approximate boundary or interface conditions for the Py method, and
so, denoting as {u;} the (N + 1)/2 positive zeros of the Legendre poly-
nomial Py,,(u), we impose that the following interface conditions be
satisfied at r,, r = 1,2,...,R— 1

-m-%ﬁ? + _R\L = -*ql._ﬁﬁwu + _‘b_v AMMV

For convenience, instead of using the set of approximate interface con-
ditions expressed by Eq. (25), we prefer to combine these equations as

-—-ﬁﬁ.ﬂ? tqv + -m-._.mdﬂ- - .ch = -m\ﬁ+_A.ﬁ3 t_(b + .ﬂ.-_w.f_ﬁ.n? - _:._Lw AMQV

forr=1,2, ..., R — 1, and substitute the P solutions expressed by Eqs. (17),
(18}, (21)—(24) into Eqgs. (26) to obtain, for the interface 7y,

CA —U,A; —V,;B, =0 (27a)
and
DA, + R;A; —S;B, =0, (27b)
for the interfaces 7,, r = 2,3, ..., R -2,
VA +UB, -U A — V. By =0 (27¢c)
and
SA -RB —-R A, +85,,.B, =0 (27d)
and, for the interface t5_,
Ve_1Ap_1 +Up (Br 1 —EAz =0 (27¢)
and
mxi_?mr_ — Rz Bp | —FAz=0. (271)

Here, the vectors A,, r=1,2,...,R, and B,, r=2,3,...,R— 1, are all
of dimension J and have the unknown coefficients of the Py solutions as
components, i.e.

\A.,. 1 m.... 1
4, B, >

A = ) and B, = R (28a and b)
\&wl— mﬁh

and the J x J submatrices C, D, E,F,and U, V., R, S, r=2,3,...,R—1,
are defined in Appendix A.

In passing, we note that the fact that we used Eq. (26) instead of
Eq. (25) to establish the Mark version of the interface conditions to be
satisfied by our Py solutions allowed us to cut by haif the computationai
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work required to calculate the elements of these submatrices (see explana-
tion at the end of Appendix A).

Equations (27a) to (27f) can now be written as a homogeneous system
of order 2J(R — 1), viz.

MX =0, (29)
where
\ c -uU, -V, 0 0 0 0 0\
D R, -5 0 0 0 0 0
0V, U, -U5 -V; 0 0 0
0 S, -R, -R; § 0 0 0
M= ‘
6 0 0 Vi, Up,y Uz, Ve, 0
0 0 0 Spy —Regy —Rpy Spy 0
00 0 0 0 Ve Upy -E
\o 0 0 0 0 Sz, -Rz, -F)
(30)
and
[ A1 )
Ay
B,
A;
X= S B (31}
Br_;
Ag.1
Bri

Clearly, since a homogeneous system has a nontrivial solution only if the
determinant of the corresponding matrix of coefficients vanishes, this is the
criticality condition that allows us to find k., the (largest) value of k in
Eq. (2) that gives rise to a physically meaningful solution of Eq. (1).
Moreover, a vector X # 0 in the null space of the critical matrix M yields
a set of vectors A, r=1,2,...,R, and B,, r =2,..., R— |, that satisfy
Egs. (27a) to (27f). Once these vectors are available, all of the superposition
coefficients in the Py solutions become known, up to a normalization factor
that can be freely chosen.

Finally, we note that the zeroth and first Legendre moments
expressed by Egs, (18), (22) and (24) with n = 0 and n = 1 yield the desired




250 CALDEIRA AND GARCIA

Py, approximations to the scalar flux and current vectors in the fuel, inter-
mediate and outermost regions, respectively.

5. COMPUTATIONAIL ASPECTS OF
THE Py SOLUTION

In this section, we discuss in detail what we believe to be the most
relevant aspects of our computational implementation of the Py solution
reported in Section 4. We also report an alternative (and more economical)
way of implementing our solution.

5.1. Computational Implementation

We begin with the determination of k., which is done by bisection in
our FORTRAN program. To start a bisection search, lower and upper
estimates of the parameter being searched are required. They are obtained
in our program, for any order of the approximation, by: (i) adding and
subtracting a suitable Ak to an estimate, say k;, of .y obtained from a
low order (P, or P;) sweep search of k., performed between k = 1 and the
value of k for which the fuel region ceases to be multiplying; (ii) computing
the determinant of M for k) = ky — Ak and &, = kg + Ak; and (iii) repeat-
ing the procedure with the value of Ak doubled as many times as necessary
until a sign change in the values of the determinants computed for k; and &,
is observed. The values of k| and &, so obtained are taken as the lower and
upper estimates of &,y which are needed to start the bisection search. This
scarch is terminated in our program when the search interval has been
halved sufficiently many times so that the lower and upper extremes of
the interval differ by less than a prescribed amount (107 was our choice).

In each bisection (or sweep) step, the determinant of M is computed by
means of the LINPACK subroutines DGECO and DGEDI which are based
on the LU factorization scheme [27). When the matrix being factored hap-
pens to be close to singular, which is precisely the criticality condition being
scarched in our program, subroutine DGECQ provides an approximate null
vector which is used to determine the superposition coefficients of our Py
solutions and consequently our Py approximations to the scalar flux and
current vectors.

Finally, it is important to mention that the use of some special tech-
niques was required in order to make our computational procedure work.
In the fuel region, for each bisection (or sweep) step, after the P, eigen-
values are computed they are ordered (we use the criterion of increasing
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order in absolute value) and the eigenvectors are normalized (we divide the
eigenvectors returned by EISPACK by their Euclidean norm and preserve
the sign of the component with largest absolute value in the first calcula-
tional step). In the absence of these normalization practices, we have
observed that our computattonal procedure may fail because the pattern
of signs displayed by the computed values of detM for a monotonic
sequence of values of & may become random, as a result of the lack of a
consistent eigenvalue ordering and the occurrence of uncontrolled changes
in eigenvector normalization during the calculation.

5.2. An Alternative Implementation

Our alternative way of implementing the P, solution reported in
Section 4 is based on the fact that C and D are the only submatrices of
M that depend on the properties of the fuel region (see the explicit expres-
sions reported in Appendix A for these and the other submatrices of M),
This allows us to reduce the size of the critical determinant from 2J(R — 1)
to J without the need of performing any additional computations during the
criticality search, except for a matrix multiplication and a matrix sum per
step, both involving matrices of order J.

The basic idea involved in reducing the size of the critical determinant
is that of performing backsubstitution in the sequence of equations defined
by Egs. (27a} to (27f). We find that the problem of determining the criti-
cality condition can be reduced to the determination of the (largest) value of
k that makes the following homogeneous system of size J have a solution:

[D+PyQ;'CJA; = 0. (32)

Here, the matrices P, and Q, do not depend on the properties of the fuel
region and can be computed at the beginning of the calculation, before the
criticality search is started. To compute these matrices, we can use the
starting values

P.=F (33a)
and
Qg =E, (33b)
and the recurrence relations, forr = R—1,R-2,...,2,
P, =R, — S8, W, (34a)
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and
Q. =U+V W, {34b)

where

W, = [R,+ P, QL U] [S, - PaQhV ] (35)

Once k.7 is determined, A, the vector of Py coeflicients in the fuel region,
can be assigned to a null vector of the matrix D + P,Q5'C, according to
Eq. (32), and the remaining vectors of Py coefficients can be computed with
the help of the recursive scheme defined by

_1
CA r—2
..Pw” - r—ka N 36
Ow;<11_>ﬁ\_+c1\_Ws\La r=34,... R (36a)
and
B,=W,A, r=23,. . R—1. (36b)

6. NUMERICAL RESULTS AND DISCUSSION

In this section, we report and discuss the results of the application of our
Py, solution to a test problem consisting of a three-region cell which has been
used in core studies of a radicisotope producing reactor [28]. The geometry
and material composition of the cell are shown in Figure 2. Region 1
(U;S1; + Al) is the fuel, region 2 (Al) the cladding, and region 3 (H,O) the
moderator.

The cross-section data for this problem were obtained from the
WIMKAL-88 library distributed by the IAEA Nuclear Data Section [29],

Cwmmw
+ Al H,O
Al

z(cm)

0.000 0.050 0.088 0.253

Figure 2. The three-region cell.
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which is a nuclear data library of 132 materials in the 69-group WIMS struc-
ture. The materials that are present in the cell and their corresponding
number densities are listed in Table 1 by region, along with their ID numbers
and scattering order in the WIMKAL-88 library. Cur initial intention was to
use the original data from this library in our calculation. However, in trying
this we have detected the occurrence of near degeneracies (i.e., situations
where two or more of the Py eigenvalues become almost, but not exactly,
equal). Mathematically speaking, a near degeneracy corresponds to a situa-
tion where the eigensystems defined by Eqs. (9) and (13) become near
defective.

We note that a recent work [22] has reported a special Py solution for
the case of an exact degeneracy of first order (i.e., a degeneracy involving
only two groups) in the slowing-down region. However, the results of that
work cannot be used here for two reasons: first, in this work we are not
restricted to the slowing-down region; and, second, the degeneracies
observed in our problem are not exact and one of them is of third order
(i.e., it connects four groups at the same time).

Although this near-degeneracy problem could, in principle, be resolved
in a computational manmer, using the singular value decomposition
approach, as done some years ago for the Py method applied to radiative
transfer with polarization [24], we have decided to avoid this problem by
performing a group collapsing of those groups that were causing the prob-
lem. Therefore, the three sets of groups defined by groups 16 to 19, groups
20 and 21 and groups 24 and 25 of the original WIMS structure were
collapsed into three wider groups, reducing the number of groups in the
structure from 69 to 64.

The neutron spectrum used to perform the group collapsing was the
infinite-medium transport solution for the homogenized cell reported in

Table 1. Material Composition for the Test Problem

Number density WIMKAL-88 Scattering
Material (b-cm)™! Region 1D order
Py 244751 x 1077 1 92235 0
My 9,72708 x 1072 1 92238 0
Si 8.11638x 1073 1 14000 0
Al 3.47916x 1072 1 13027 0
Ibg 2.11594x 107" 1 10 0
Al 6.02439 % 102 2 13027 0
H 6.68589 % 1072 3 1011 1
0 3.34299 x 1077 3 8016 1
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Appendix B. We have found, as discussed in Appendix B, that the group
collapsing procedure has not significantly changed the resuits of our test
problem. Nevertheless, a certain degree of ill-conditioning persisted even
after we performed the group collapsing: working in double precision on
a PC (16 decimal digits}, we were able to obtain good results for our test
problem only from the full formulation based on Eq. (29); the alternative
formulation based on Eq. (32) required the use of double precision on a
long-word machine (32 decimal digits) and was not pursued further. To save
space, we do not tabulate in this work the 64-group constants that were used
in our calculation; anyone interested in obtaining a computer file with these
constants may contact the authors.

In Table 2, we report our results {or the effective multiplication factor
kerr, for several orders of the Py approximation, and the ANISN results
(labeled as Syy,), obtained with the use of 10 mesh intervals per region,
completely symmetric quadrature sets that satisfy even moment conditions
[23] (except Ss;, which is based on the Gauss—Legendre quadrature), and
convergence criteria of 10™* for k. and 2 x 1072 for pointwise angular
fluxes in the inner iteration scheme. The choice of the number of mesh
intervals used in ANISN was made on the basis that the ky results did
not change when this number was doubled. Thus, starting with 5 mesh
intervals per region, we doubled this number to 10, doubled it again to
20, and observed that k.y did not change when we went from 10 to 20
mesh intervals per region. We also show in Table 2 the deviations of the
Py and Sy, results with respect to what we believe to be our best results
(the Pg; results). We can see that the deviations are very similar for both
methods, but the Py deviations are always slightly smaller.

Figures 3 through 5 compare our P, results for the scalar fluxes in
groups 1, 22 and 59 with S, results of ANISN. Group 1 is the fastest energy
group in the 64-group structure, while group 22 contains the 6.67 eV reso-
nance of 2**U and group 59 contains the thermal energy (0.0253 V). The Py
results were normalized by taking the scalar flux for group 1 equal to 1.0 at

Table 2. The Effective Multiplication Factor kg

N Py Deviation (%) Snt Deviation (%)
3 1.2381 1.87 1.2376 1.91
7 1.2476 112 1.2444 1.37

15 1.2570 0.37 1.2518 0.78

31 1.2608 0.07 1.2605 0.10

47 1.2614 0.02 - -

63 1.2617 - - -
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Figure 4. The scalar flux for group 22.

the central point in the fuel (z = 0). The ANISN results were normalized by
imposing that the Py and ANISN scalar fluxes for group 1 were the same at
the spatial point closest to z = 0 in the ANISN grid. It can be observed that
the overall agreement between the P3; and Sy results is quite good.

To provide some benchmark results, we report in Tables 3 and 4 our
P results for the scalar fluxes at the center of the fuel (z = 0) and at the
right boundary of the moderator region (z = 0.253cm), respectively.
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Table 4. The Pg; Scalar Fluxes at the Right Boundary of the Moderator Region

256 CALDEIRA AND GARCIA
035 - -
m 2 oW
‘bu.\f),.
) i :
[l t H
=1
> o
T
m_.nm.. 0.30 - iy
s = | r,
3 _
..,I.m & ANISN AmmmU
]
(%]
15}
0.25 _ — T
0.00 010 0.20 0.30
Position (cm)
Figure 5. The scalar flux for group 59.
Tabie 3. The Pg; Scalar Fluxes at the Center of the Fuel Plate
Group Flux Group Flux Group Flux Group Fiux
i 1.00(+0)* 17 5.81(+0) 33 4.76(-2) 49 4.46(-1)
2 4.09(+0) 18 1.99(+0) 34 4.81(-2) 30 6.26(—1)
3 8.48(+0) 19 1.23(4+0) 35 4.90(—2) 51 9.69(—1)
4 5.08(+0) 20 2.21(+0) 36 4.72(-2) 52 7.04(=1)
5 8.12(4+0) 21 1.09(+0) 37 8.70(-2) 53 5.69(—1)
6 7.04(+0) 22 1.28(+0) 38 141{-1) 34 4.47(-1)
7 5.11{+0) 23 3.76(—1) 19 1.79(~1) 55 4.28(—1)
8 4.08(+0) 24 4.76(—1) 40 4.62(—1) 56 4.49(-1)
9 3.23(+0) 25 4.35(-1) 41 4.74(-1) 57 3.99(-1)
10 2.68(+0) 26 6.94(—1) 42 4.67(-1) 38 2.80(—1)
11 2.27(+0) 27 2.99%(-1) 43 2.71(-1) 59 2.69(—1)
12 2. 11(+0) 28 247(-1) 44 1.76(-1) 60 247(-1)
13 1.93(+0) 29 4.55(—2) 45 1.26(—1) 61 2.13(—-1)
14 1.84(+0) 30 4.49(—2) 46 1.35(—1) 62 1.67(—1)
15 1.77(+0) 31 4.63(=2) 47 2.26(—1) 63 1.06(—1)
16 6.22(+0) 32 4.80(-2) 48 2.65(-1) 64 3.23(-2)

“Read as 1.00 x 10*°,

Group Flux Group Flux Group Flux Group Flux

1 9.79(—-17 17 5.91(+0) 33 4.94(-2) 49 4.86(~1)
2 3.96(+0) 18 2.06(+0) 34 4.97(-2) 50 6.86(—1)
3 8.19(+0) 19 1.30(+0) 35 5.05(-2) 51 1.08(+0)
4 8.68(+0) 20 2.54(4+0} 36 4.86{—2) 52 7.99(-1)
5 7.74(+0) 21 1.13(+0) 37 8.94(-2) 53 6.57(—1)
6 6.76(+0) 22 1.54(+0) 38 1.45(—1) 54 5.23(-1)
7 4.92(+0) 23 3.82(-1) 39 1.84(—1} 55 5.09(-1)
8 3.98(+0) 24 4.81(—1) 40 4.75(=1) 56 5.42(-1)
9 3.17(+0) 25 4.38(-1) 41 4.91(-1) 57 491(—1)
10 2.65(+0) 26 7.01(—1) 42 4.89(—1) 58 3.53(-1)
11 2.27(40) 27 3.03(-D 43 2.88(—1) 39 3.46(-1)
12 2.09(+0} 28 2.54(—1) 44 1.90(—1) 60 3.26(—1)
13 1.94(+0) 29 4.78(-2) 45 1.37(-1) 61 2.93(-1)
14 1.85(4-0) 30 4.72(=2) 46 1.48(—1) 62 243(—-1)
15 1.78(+0) k)| 4.85(=2) 47 2.47(-1) 63 1.69(—1)
16 6.24{(10) 32 5.00(=2) 48 2.8%-1) 64 6.65(—2)

*Read as 9.79 x 107",

Table 5. The Pg Currents at the Fuel-Cladding Interface

Group  Current  Group Cumrent Group Current  Group  Current
1 1.70(=2)° 17 =3.13(-2) i3 —545(—-4) 49 —1.21(-2)
2 7.86(—2) 18 —2.61(=2) 34 —4.91(—4) 50 —1.80(-2)
3 1.52(-1) 19 —2.43(~2) 35 --4.62(—4) 51 —3.33(-2)
4 1.76(—1) 20 —1.27(-1) 36 —4.25(-4) 52 —-2.84(-2)
5 1.46(—1) 21 —1.17(=2) 37 —7.27(—4) 53 —2.61(=2)
6 9.91(—2) 22 —1.03(-1) 38 —1.10(-3) 54 =2.26(-2)
7 6.01(—2) 23 —2.26(-3) 39 —1.55(-3) 35 --2.38(-2)
g 3.03(-2) 24 —1.96(-3) 40 —3.84(-3) 56  —2.75(—-2)
9 1.80(—2) 25 —-1.04(-3) 41 —5.04(-3) 57 —2.72(-2)
10 8.60(—3) 26 —2.34(-3) 42 —6.50(—3) 58 —~2.11(-2)
11 1.74(—3) 27 —1.07(-3) 43 —5.38(-3) 59 —2.23(-2)
12 295(-3) 28 —2.05(-3) 44 —4.45(-3) 60 —2.30(-2)
13 —5.15(—4) 29 —-7.33(—4) 45 —3.55(-3) 6l ~2.29(-2)
14 —1.21(=3) 30 —7.38(-4) 46 —-4.02(-3) 62 —2.16(—2)
15 —-2.72(-3) 3 -693(-4) 47 —6.71(-3) 63 —1.81(-2)
16 —9.84(-3) 32 —6.23(—4) 48 —7.41-3) 64 —9.57(-3)

Read as 1.70 x 1072
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Table 6. The Pg,; Currents at the Cladding-Moderator Interface

Group  Current  Group Current Group Current Group  Current

1 L47(=2F 17 —313(-2) 33  —548(~4) 49  —1.22(-2)
2 7.14(-2) 18 —260(-2) 34 —4.95-4) S50 —181{(-2)
3 144(=1) 19 —242(=2) 35 —466(-4) Sl  —3.36(-2)
4 L75(—1) 20 —127%-1) 36 —430(-4) 52 —2.86(—2)
5 149(—1) 21  —118=2) 37 —7.38(—4) 53  —2.6%-2)
6 LO3M—1) 22 —103—1) 38 —112(-3) 54 -2.28(-2)
7 6.34(-2) 23 -238(-3) 39 ~1.57(-3) 55  —239(-2)
8 328(~2) 24 —200(-3) 40 —3.89(-3) 56 —2.77(=2)
9 192(=2) 25  —1.07(=3) 41  —509%-3) 57T  ~2.73(-2)
10 LI(=2) 26 —239%(=3) 42 —654(-3) 58 —2.12(-2)
1 L1I(-4) 27 —1]0(=3) 43  —540(=3) 359 —224(-2)
12 SRI(-3) 28 —205(=3) 44  —446(=3) 60 —231(=2)
13 ~6.73(—4) 29 —729(=4) 45  -356(-3) 61 —231(-2)
14 —1.36(=3) 30 —7.36(-~4) 46 —4.03(=3) 62 —2.1%~2)
15 —4.29(=3) 31 —693(—4) 47 —674(-3) 63 —1.82(=2)
16 —839(-3) 32 —6.25(—4) 48 —751(=3) 64  —9.62=3)

“Read as 1.47 x 1072,

In addition, we report in Tables 5 and 6 our Py; results for the currents at
the fuel-cladding interface (z = 0.050¢c¢m) and at the cladding-moderator
interface (z = 0.088 cm), respectively. These results are thought to be accu-
rate, in general, to within +1 in the last figure shown.

The Py calculations for N = 3, 7 and 15 and the ANISN calculations
were done on a PC equipped with a 100-MHz Pentium processor and 64 MB
of RAM; the Py, P4 and Py calculations were done on a 350-MHz
Pentium II machine with 512 MB of RAM.

In regard to computer time, the ANISN calculations were, for N
varying between 3 and 15, from one to three orders of magnitude more
efficient than the Py calculations, due to the simplification allowed by the
use of the spatial discretization scheme on which ANISN is based. In fact,
because the cell is optically thin for all energy groups, it was possible to
obtain good results using a relatively small number of mesh intervals per
region in ANISN. This difference in computational performance could be
substantially reduced if the alternative Py implementation discussed in
Section 5 could be used for this problem.

Finally, to close this section, we wouid like to mention that we have
also used the Marshak prescription [1] for generating the approximate Py
interface conditions required in Section 4. The Marshak prescription is based
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on multiplying the boundary or interface conditions by Py (i},
i=1,2, ..., =(N+1)/2, and integrating over u in the appropriate half-
range interval. It turns out that the only modification needed in our analysis
to accommodate the use of the Marshak interface conditions is the replace-
ment of P,(u;) by S;.\ », where

I
Siin= .\o Py () Py() du, (37

in Egs. (A.2) and (A.4) of Appendix A. The constants S; |, defined by
Eq. (37) and required for i =1,2,...,f and n=0,1,..., N can be easily
computed by recurrence [30, 31]. Our conclusion was that the quality of the
numerical results obtained for the test problem when the Marshak interface
conditions were used is very similar to the quality of the Mark results.

7. CONCLUDING REMARKS

In this work, we have developed and implemented the Py method for
cell calculations of plate-type fuel assemblies. Having extended the class of
criticality problems to which the Py method can be successfully applied, we
concluded from our work that cell calculations are more demanding than
assembly calculations, in the sense that they require a much higher order of
approximation, say N > 30, as compared to the N < 10 approximations typi-
cally used in assembly calculations [19)]. Since the modifications that need to
be introduced into our Py solution to enable its application to criticality
problems in asscmblies are minimal, we plan to investigate this class of
problems in a future work.

To conclude, we would like to comment briefly on the possible exist-
ence of more than one physically acceptable value of kg in the solution
of criticality problems. This possibility has been mentioned in the literature
[4], and in such a case the relevant kg would be the largest one since it
corresponds to the configuration of minimum critical mass. Recently, in our
continuing work on critical problems [32], we have encountered a two-group
problem for which the critical determinant can be zero for more than one
value of the multiplication factor & in a very conspicuous way. Investigating
numerically the solutions associated with the four largest values of k for this
problem, we have found that only the largest one gives rise to strictly posi-
tive scalar fluxes throughout the system and, thus, to a physically acceptable
solution. Whether or not this is true in general for criticality problems in
multigroup transport theory is still an open question.
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APPENDIX A
The Submatrices of M
We start this appendix by noting that all of the J x J submatrices C, D,
E F.andU, V., R,,S,,r=2,3,..., R — |, of the matrix M defined by Eq. (30)

have a similar structure based on constituent vectors of dimension &.
For example, submatrix C can be written as

€ G2 .. Sy
Ca €2 ... €y

C=| . . . B (A.1)
¢ € ... ¢y

where we recall that 7 = (~ + 1)/2. In Eq. (A.1), each of the vectors <
i=12,....0and j=1,2,...,/, has dimension G and can be cxpressed,
if we observe the cigenvalue ordering used in Section 4 and introduce the
definition

N-1
T, &) = D_(2n+ DP()G, (&, ), (A.2)
#=0
as
€= GOmAﬂ_\d_d..v R —j....ﬁmmt..vr A>wm-v
forj=12,...,J,
5 = (1 4+e7250T (8, ), (A.3b)

forj=Jy+1,J, +2, ... J; + Jg,
¢ = T + mlﬁ_.m_\a_;.m.:vu_ oom?_.\ﬁ\ﬁmimcv_ R{TL (&)
(1= e sin, o6 b TRITS ) (A39
forj=J;+Jp+1,J; +J5 +3, i+ g+ 200 - 1, and
c; = T + e :.m:_m:g cos{n ;t1/(€1 ;€ )] S{T1, i€, )}
—[1 - ehm R Y GRS (A.3d)
forj=Ji+Jp+2,J;+Jx+4, ... I+ g +2J.

Since as mentioned before the other submatrices in Eq. (30) have
the same type of structure displayed by Eq. (A.l), we only list here the
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definitions of their constituent vectors of dimension G. Beginning with sub-
matrix D, we use the definition

T, &) = Muﬁa + DP(11)Gr, &, ), (A.4)
n odd
to write the constituent vector d;; for this submatrix as
d;; = sin(r,/m ) S(TT, 1)), (A.5a)
forj=1,2,...,J;,
dy = (1 - ONTS (1), (A.5b)
forj=Jd;+1,0;4+2,....J;+ Jg,
d; = T - mumr.\.a_}m__\m.:@ oom?_:..ﬂ_:m_gmi: ST (&)}
+ T + mlwy_,m_\ﬁam.iu_ mmn?:.: \Am_:ﬁ.m._:..vg ST (&1 )0, (A.5¢)
forj=J+Jrg+1,J;+Jp+3, ... 0y +Jg +2Jc — 1, and
dy = [ 1 — 2680 | ol o1 /(61,561.)] ST, 61, )
= [1+ 6D sinlnn o /6,5 )] T (ASA)

forj=J,+Jg+2,J; +Jg +4, ..., )+ Jg + 2J¢. This completes the defi-
nition of the submatrices that depend on the properties of the fuel region.

Now, for an intermediate region 2 < r < R — 1, the constituent vectors
of dimension G for the submatrices U, V,, R, and S, are defined, respect-
ively, as

=m. =T; (&, i) (A.6a)
vy = e IR (E, ), (A.6b)
ry =T, (& ), (A.6c)
and
sfj = e~ TR (g, ), (A.6d)
forj=1,2,....J&,
u; = R(T7 (& ) (A.6e)
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vy = e 6D ol (= 1, /(6 )] ROTS 6, )

= sinfn. (5, — 1)/, )] ST 6 M. (A.6f)
_.w = w:‘u,w;.ﬁm?..z, (A.6g)
and
s = o6 cosln, (2, — 7o )GE, )] ML)
= sinfn, (5 ~ 7 1)/(6,& )] ST . (A.6h)
m.On.\.”.\ﬂbnT _u.\kn_lmv ...H.anTNo\ﬁ.l —. and
uj = (T (&), (A.6i)
vy = e e e sinly, (o, — 1 )& )] RS (6,)
+ 005l &, = 1)/ £, )] ST ) ), (A.6)
1y = NT75 ), (A.6K)
and

sy = ¢ VGRSl (z, ~ 0/ )] T 6 )
+cos[n, ;(r, — 1o )/(E, &, )] SITE 6, E_, (A.61)

m.Om..\.”.\blTNu.\wl_lhu ..._.\xn*nmo\ﬁ..
Finally, for &o outermost region, the constituent vectors of dimension
G for the submatrices E and F are defined, respectively, as

e = ‘HH + mlmaﬂlﬂxn_u\ma; wa;mmx:..v (A.7a)
and
f, = T _ QLEL?;\?; % (€, (A7)
forj=1,2,...,Jz,
€ = BT, {Eg )} + e Prsin=ta-/lée by
x _ cos[211g J(Tx ~ Tr_1)/ (kR jEr ;)] R(Th i(Er N}
— sin[2ng {zg - Tr_1)/ (£r jr, D] 3{TR k= ) “ (A.7c)

H
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and
f; = R(T% (Ex )} ~ o~ Phr TR —Tho) ) Gk k)
X * cos[2ng j(tr — Tro1)/ kR, H,.wx. D RITE ()
— sin[2n j(tg — tr_1)/(Er sEr)] S(Th.ilEr, ;_.x“u (A.7d)
forj=Jg+1,Jp+3,...,Jp+2J-—1, and
e; = M{T (N + o~ Pri(Tr e lEr n )
X * sin[2ng j(tg — ﬁva\Amx;wme& F{Tr {Er )}
+cos[2ng {Tr — Tr-1)/(6r jEr )] TR, b, H.:_ (A.7e)

and

f.

§ = 3Tk (kg ) — e rrslnme ) ate)

b _ sin[2ng ;(zg — Tp_1)/ Amxa..m.x. D] R(T (Er )
+ cos[2ng j(tk — o)/ Er )] SThilEr M), (AT

HOH..\.”.\ZL;M,.N».TA._ ...w.\x.TN_\ﬁ..

To close this appendix, we note that the reason why we have used the
combinations of Eq. (25) expressed by Eq. (26) to define our interface con-
ditions in Section 4 now becomes apparent: the summations in Egs. (A.2)
and (A.4) involve only half the number of terms than they would if these
combinations had not been used.

APPENDIX B
The Spectrum Used in the Group Collapsing Procedure

In this appendix, we report our way of defining the neutron spectrum
used to perform the data collapsing from 69 to 64 groups for the test
problem described in Section 6. In order to approximate as much as possible
the actual spectrum in the cell, we elected to use the infinite-medium solution
for the equivalent homogenized cell as our collapsing spectrum. Therefore, we
computed the dominant eigenvalue k,,, which can be viewed as a multi-
group alternative to the parameter kgpys introduced in two-group transport
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theory [33, 34], and the dominant eigenvector ¥, of the eigensystem
(S~ T,) 'T,¥ = k¥, (B.1)

obtained by neglecting the streaming term in Eq. (1) and recognizing that
only the isotropic component of the transfer matrix plays a role in the
infinite medium solution for the homogenized cell. In Eq. (B.1), S is a
diagonal matrix that contains the group total cross sections {s;} for the
homogenized cell in the diagonal and the scattering and fission matrices
T, and T, have as elements, respectively, the group constants {a, ;(0)} and
{xi(vay);} for the homogenized cell.

We have used the sequence of EISPACK routines mentioned in
Section 3 and the original cross-section data in 69 groups from the WIMKAL-
88 library to find k., = 1.2333 and the corresponding components of the
eigenvector W, listed in Table B.1, which were then used as the collapsing

Table B.I. The Components of the Dominant Eigenvector ¥,

i Voo i i L i W s
1 1.0000(+0)" 24 1.2680(+0) 47 4.4336(~1)
2 3.9905(+0) 25 1.0439(+0) 48 2.6005(~1)
3 8.1510(+0) 26 1.0499(+0) 49 1.7056(—1)
4 8.5227(+0) 27 1.3452(+0) 50 1.2250(—1)
5 7.5439(+0) 28 3.4934(—1) 51 1.3186(—1)
6 6.5484(+0) 29 4.4020(—1) 52 2.2020(—1)
7 4.7516(++0) 30 4.0111(=1) 53 2.5723(=1)
8 3.8332(+0) 31 6.4148(—1) 54 4.2866(—1)
9 3.0475(+0) 32 2.7683(—1) 55 5.9454(~1)
10 2.5380(-+0) 33 2.3145(-1) 56 9.0682(—1)
1 2.1797(+0) 34 4.3311(=2) 57 6.4997(—1)
12 2.0007(+0) 35 4.2750(2) 58 5.2273(-1)
13 1.8536(+-0) 36 4.4012%(=2) 59 4.0893(—1)
14 1.7686(+-0) 37 4.5447(-2) 60 3.9112(—1)
15 1.7063(++0) 38 4.4939(-2) 61 4.0999(~1)
16 1.5275(+0) 39 4.5241(=2) 62 3.6443(—1)
17 1.4994(+0) 40 4.5988(—2) 63 2.5709(—1)
18 1.4824(+0) 41 4.4232(=2) 64 2.4742(—1)
19 1.4652(+0) 42 8.1457(~2) 65 2.2873(—1)
20 2.8757(+0) 43 1.3209(-1) 66 2.0054(—1)
21 2.7646(+0) 44 1.673%(—1) 67 1.6051(—1)
22 1.9576(+0) 45 4.3266(—1) 68 1.0689(—1)
23 1.2260(+0) 46 4.4608(—1) 69 3.8565(~2)

“Read as 1.0000 x 1079,
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spectrum in 69 groups to define the 64-group cross-section data for the
problem solved in Section 6. The dominant eigenvector was normalized
by taking its first component equal to 1.0. It should be noted that all of
the other eigenvalues of (S — ﬂbu_d appeared clustered around zero in our
EISPACK solutions,

Finally, to test the effect of the collapsing procedure in the solution, we
have used the ANISN code to solve the problem of Section 6 with group
constants defined in both the 69- and the 64-group structures. Since the
values for the effective multiplication factor obtained from our S calcula-
tions were, respectively, ke = 1.2378 and k. = 1.2376, we have concluded
that the group collapsing procedure did not significantly affect the results of
our test probiem.
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