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TWO-—-GROUP NEUTRON--TRANSPORT THEORY WITH
LINEARLY ANISOTROPIC SCATTERING: HALF-RANGE
ORTHOGONALITY AND CRITICAL SLAB PROBLEM

Y. Ishiguro

ABSTRACT

Half-range adjoint functions concerning the eiamentary solutions of the two-group one-dimentional
neutron-transport equation for linearly anisotropic scattering are establtished The half-range orthogonality
relation 1s based cn matrix functions which can be computed from regular Fregholm-type equations. All
necessary integrals are evaluated and several typical problems are solved n a concise manner.

The estabi'shed orthogonality relation s used to reduce critica! slab problems to a su table
computationa! form Exact values of critical dimensions are reported for seleciod sets of parameters
Computations of the c:genvaiues and fundamental matrices are also discussed

PART | - HALF-RANGE ORTHOGONALITY
1. Introduction

Since the introduction of the singular eigenfunction-expansion technique [1] rigorous
solutions of the transport equations have been obtained for various problems. The earliest
applications of the Case method ~entered around the one-speed mode!l and full-range problems
in plane geometry. Though various problems of thenretical and practical interest can be defined
by full-range boundary conditions, half-range problems have more physical interest. Kuscer et
al. [4] were the first to observe ha!f-range aorthogonality properties of the elementary solutions
of the one-speec transport equation in piane geometry and showed that half-range problems
could be solved readily in a straightforward manner.

Applications of the Case method to the multigroup transport equation have aiso been
successful in both neutron transport theory and radiative transfer. Half-range orthogonality
properties of the elementary solutions have also been shown for several cases of the two-group
model. Siewert and Zweitel [1G], considering a special case ot the two-grcup model, were able
to express the half-range weight matrix in terms of a scaler function.

More recently, Siewert [8] obtained haif-range orthogonality relations for
Chandarasekhar’s model for the scattering of polarized light in terms of a Chandrasekhar-type
matrix. Similar half-range results have been reported by Siewert and Ishiguro [9] for the general
two-group neutron-transport equation for isotropic scattering and it has been shown that the
obtained haif-range orthogonality relation can be used to solve various half-space problems in a
concise manner. Further, the half-range orthogonality relation was used by Kriese et al. [3] to
reduce twn-group critical problems for slabs and spheres to a suitable computational form.

In recent years there has beeir considerable interest in extending the analysis of
multigroup transport problems to include the effects of anisotropic scattering. Reith and
Siewert [€] proved the full-range completeness and orthogonality properties of the elementary
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solutions of the two-group neutron-transport equation for linearly anisotropic scattering. We
would like to report here half-range orthogonality relations for the model considered by Reith
and Siewert [6]. We thus consider the equation

p o w

. PR Y t Vi Ay 1
ox N D) ¥ 2oy =C [ Wi e+ uB f g(x,-u Ju du (1

where the elements of the two-vector Wix,u) are the group angular fluxes, u is the direction
cosine oi the neutrons {as measured from the positive x-axis) and x is the optical variable
defined (without loss of generality) in terms of the smaller of the two total group
cross-sections. With the optical variable so defined, the }e-matrix is given by

g O
T = Lo > 1, (2)
A

where o denotes the ratio of the two total cross-sections. In addition, the elements of the
arbitrary real matrices ,S and E are denoted by caﬂ-',and ba.G' af = 1and 2, respectively.

Although Reith and Siewert [6] have reported the elementary solutions of Equation (1)
and the full-range completeness and orthogonalivy properties of the solutions, we us2 a slightly
different notation. We would, therefore, like to summarize our results here in order to establish
the required formalism. We rewrite Equation (1) as

0 vV i
Moo Wxw) + W) = QWID S QUYL (3)

where we have defined & 2 » 4 matrix Q‘“) and a 4 x 4 matrix [J as

1 O

Q) = [' ul] e , @)
N Mol g
and
£ 48
D - (51
0 B
A"

Seeking solutions of Equation (3) of the form

—x/
gl = FlEn) e X8 6



yields

[ - £ L]gEa = guangene,

",

and thus, in general,

Fleu) = EEMQUDLEME

where
_ {

M(E) - f‘l {(Erﬂ)dﬂ,

n 1

N ~n,

L& = = :

ezl | ®

and

-1

_ s _H
gl - 277 '}

v

Regarding the discrete spectrum £ = tv, ¢ {(-1,1), we note thav

(ty) = E (0,0 QM) DT (41 )M W),

F
v v

where tv, are the zeros of the dispersion function A(z) = det A(z) with

. ' oo du
Q(Z) = m', Pz f_l @(u)ﬁ% (775 ng)’

(7)

(8)

(9)

(10)

(11)

(12)

(13)

where the superscript * is used to denote an operation to change 4 — gu in the top row, thus

Q’(u) = IZL u,%]

(14)
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In addition

Sk , (16)

_ )
GVi:p 0 _‘
E(xv,u) = (16)
~ i
0
L Vli}i
and
Abew ) i) = 9. (17)

We note that the dispersion function has pairs of zeros tv; here v, denotes a discrete
eigenvalue with a positive real (imaginary) part. We use K to denote the number of pairs of
discrete eigenvalues. In the limit Fz| - oo, Equation (13) yields

Ao =1 - 2 [c + L5
~ N ['\, 3;\:, ,Q—J, (18)
where

A=Br. (19)

We assume here that A{c°} # 0.
For the continuum, £ = v € (-1,1), we write the solution to Equation (7] as

’f’(v,m = E5(V'H) + wtv)g(w)]gwgg(v)!\\'ﬂ(v), (20)
where
Py(—1—) 0 )

ov—u 8lov-p) 0
Kwy) = and ,Q’(V.u) = : (21)

0 Pyl 1 ) 0 8(v—p)

v-u
L. -
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Here the distribution Pv(-}z) denotes that ensuing integrals are to be evaluated in the Cauchy
principal-value sense, andd(x) is the Dirac delta distribution. Equation (20) when integrated
over 4 from 1 to 1 yields

I _ , -
A0 w(v)%(t)Q*(V)Q,l;(V):IM(V) 0 (22)

and therefore the parameter w(») is to be determined from the requirement

det[x(u) - w(u)@(u)o*(v)ol‘(vﬂ =0 (23)
Y Y] AV [AVa V] v
where
- ol gy el
A0 = 1+ 0P [ @a 50l ) (24)
|f we now let

Region @ = ve (- —(1;.-(1;)

1
Region ® = ve (- 1, ——:;)U 51 -

then Equation (23) yields two solutions wq m(u) and w; m(u) for ve® and one
solution wm(v) for v ¢ @ We thus find

1) _ e, (1
Fo Wwu) = Eq waulQWDT0IM, - ()

v

(1) " m .
[‘.’5‘”’“’ + Wy (u)Q(u,#)]Q(H)EJ\J(V)Ma v,

ve®@ a=1and2, (25)

and

(23 (2) (2)
f’ (v 5 (V'“)Q(“)EE(")M (v)

_ (2) (2)
[u’l\(l(v,u) + w (V)Q(V,u)]'g(u),eg(v)m v,

ve @- (26)



Eﬁth and Siewert {6] have shown that the established normal modes form a complete basis set
r the full-range axpansion of arbitrary two-vector Holder functions. Thus we note that our
general solution to Equation (1) can be written as

=

ey x/v;
Yixu) = i§1 AP ule + AG-v)E(-», e

-x/v_.
' Ig [Axm(v),ﬁl(”("#) v a My f'\:ﬁm("'”il" ”

+ Am(v)ji 2, e ey, (27)

I

whers A(ty)), Aam(v) and Aém(v) are the expansion coefficlents to be determined once a
specific problem is considered and the resulting boundary conditions specified. In Section 3, we
summarize the explicit forms of the normal modes and all necessary normalization integrais
reported by Reith and Siewert [6].

To complste this section we should like to introduce the adjaint equation

“‘g';’x.(x:“) + u.(x#) - gf:l X.(x‘“l)dui + “E f_‘l *,(x.u')u'du'

v
= QB 1! G g uian, (28)

whers the supanript tiide Is used to denote the transpose cperstion, Agaln, proposing
solutions of the form

Baooa) « By ae™¥, | (20)

we find a set of solutions P div u), x‘.'”(v.u) and ,c.m(v..u) analogous to
Squasions (12), (28) and (26) with, howsver, 8;; 8" &, repiaced by o and b;;. We note the
disperaion matrix tor this case s

. Lalt) = | + 2 ,rf‘gmg'm)%%g.(:). (30)



A
Ea(Z) = N (31
zy
~
We also define [6]
A
= (32)
& B

Silvernoinen and Zweifel [11] have shown that the direct and adjoint spectra are
identical. . Jus,

Az} = detAa(z) Alz) = detA(z) (33}

In addition, Reith and Siewert [6] have established the following relationship between the
direct and adjoint dispersion matrices:

l‘(z)DQ*(z)A (z) = A(z)O*(z)Dl" (2). (34)

2 Half-Range Orthogonality

We consider Yere a typical half-space problem where we seek a solution to a boundary
value constraint of the form

{1)

)
e = 5 AWIEW,4) + f‘/" ac WE MW o+ A (u)iz‘”(u,m]du

i=1

f 10 AP 0EPwmar, e 01). (35)
10 s

Here I{ /1) is the expansion function and is considered to be given: it may contain a
diverging (at infinity) solution of the transport equation, as for the Milne problem, a particular
solution relevant to an inhomogeneous source term or a specified incident distribution. We now
wish to establish an orthogonality relation that will allow the solution to Equation (35} to be
written in a concise manner;

1
Al) = W E%("w“)',{(“’] , (38a)

Aq' ) = [eaf”wm we], vewod, as12 (38b)



and
AP ) = —-—1-——-[6(2,(1};1) I(u):l v e (— 1), (36¢)
(2) WA VA a
N )
where [X,Y] is an appropriate inner product, N(v;) and N(a)(v) are the normalization factors
and Q(E,,u) is an appropriate adjoint vector.
We follow invariance principles of Chandrasekhar [2] and thus define the ,Q‘-matrix by

- _!___ 1 ] ’ ]
X(’" -u) = » fo%(“'“ )Q(X.u Jdu', € (0,1), (37)

where ¥ (x,u) is a half-space solution of Equation (1).

In the standard manner [2,5,7] we can derive an equation for the {-matrix

1
%,s\lw,uo) + iy ,gl(p,uo)g

|-

_ _l_ 1 ' o d '
= 2w + 5 J se)Qu) |

N Ly J
If we define 2 x 2 matrices ,Q(u) and ,%(u) by
1 A
I, Yixpldy = f o D) ix u)du (39)
and
1 R
f_‘ ,‘g(x,,u)udu f 0 ,%(u)%(xmdu . (40)
then we cain write these matrices in terms of ,Q‘-matrix as

- TN 7y
bl =)+ - foé(u,u) p (41)

and



1 1 ] v
2w = pz - 5 st,(u Mdy’

Equation (38) can now be written, in terms of h and £ matrices as

1. 1 - T
. Zs g * 0 SWg)Z = 20, D¥ )

where we have defined 2 x 4 matrices %(n) andQ(u) by

\g(m = @tm {2’(#)]

and

Pl = [:Qa(u) ‘g’a(u)-_],

(42)

(43)

(44)

(45)

Here the subscript a is used to denote adjoint functions based on the adjoint equation. We have
also used the reciprocity relation of the ,{:—matrix,

~
é(“luo) = {a(#g :#’ .

which can easily be shown in the usual manner [7]. If we now define

,%(#:P‘o ) =

Q(u) =

and

S21(u,0u,)

:

s, lou,0u,)

h,, (o)

hy, (k)

hy 4 (ou)

hy o (u)

(46}

(47)

(48)
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B ]
2, (o) 2, ,lou)

. (49)
L)

O 22(u)

L o

where s, h; and £ are the elements of thes, b and A matrices, respectively, then we can
rewrite Equation (43) as

$lug) = :‘:Z: D o) (50)
where
e =|:Q(u) k(#)] (51)
and
o*w) = [Hal L] {52)

From Equations (41}, (42), and {50), using Equations (47}, (48) and (49), we obtain non-linear
integral equations for **(u) and ;{),*(u) :

* - * * Vo ’\l* 4 ! *_ ! _%l_'__
YHu) = Q%) + p¥ (u)gfofg W) QX M)u,ﬂ‘ (53)
and
*o = %o * 1 3w, na*u -G8 .
,% (u) ,e (=p) + u% (#)R fox (u )@(# ),Q (u)“,+“ (64)
Ezuations {53} and (54) are four coupled equations for ,Q(#). k,(u), Q,(M) and b(u). It

can easily be shown, however, that these matrices are related by

SVAY _ -1 A%
oy~ o] = s[5 - o 6

and



1
| - CH, | = 3 L
u}éa(#) l; '\/\,0] = ,l\.',(m L “\B/L\'P:I' (56)
where we have defined moments of a matrix Q(u) by

= ! o
,Qa fo g(u)g(u)n du (57)

for G(u) = K, kluh, M, ) or oy (u).

The non-linear integral equations for these matrices can, there-fore, be reduced to two
integral equations,

’ ]

_ Y .!’\‘ ’ I_d_l-l_ _ AR Y ' ' __(_’_&
Hi =1+ HHIC f Holu )Q(u)u.m “k‘“’?,foka(“’g(“'“w“ (68)

and

14

Halw) = |+ uh (uC | ;E(u')g(u');% " kLB f;t(u')g(u')-ff;;- (58)
and the contraints, Equations (55) and {56).
Equations (39) and (40), written as
1 BF (£ = Mg (60)
and
I} FIE (atdh = EMig) (61)

for £=v, or ve(0,1), yield, when Equations (12), (25), and (28) are substituted, singular
integral equations for k!(“’ and JC(“)' written here coliectiveiy as

N N 1 w94 1
%’(V)A(V) = ,I\:(V) + pP fo X*(u)g(#)g (11} “_vgl\"(l”, Ve (0,0), (62)

e ), o 1y w) K (2)
RN D) = [0) + P £ FB WKt oriv) M),

1
L 3
v e (—1), (83)
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and

i ’\‘* * _..gE__., ™ ] =
[E“’" s £ F@wgte S prw) [Mw) = 0.

0

i=12, ... K- (64)

Similar equations can, of course, be obtained for the adjoint matrices. We now extend the
definition of the t! Jc k!a and Joa matrices to the complex piane by

g = 1 Y PN
‘{I (zi,/e(z) {(Z) tz2 fo ‘% (u)@(u)g (“)u—z QE(z) (65}
and y
v ‘ ey du X
’%*(z)’/éa(z) = Fabzi + 2z f; g*(u)g(u)g’*tu) uoz Dl . {66}

and thus we can rewrite Equations (53) and (54) as

W2 = QM2 ¢ 2WND [ SHuO WAt w-2H- (67)
A N N~ o TR TTA H+z

and
P*z) = Q-2) + 2b™2)D [ $*¢u)@m)o*(u) u {68}
v v N SV IV NV u+z

Equation {65}, with z ~ -z, multiplied from the left by %*(Z)Q yields, on using Equation (68), a
factorization of ,1\\1(2),

N\
(l)* * = *
N (Z)QX ( z),/\\’(zl g (z),el\‘l(z), {69)
and, in a similar manner, /:\la(z) can be factored as
‘I’*(z)’s’&;*(-z)/\ (z) = Q*(z)'l\jf‘ (z) 70
SV VoV v AVERRLVAY (70)

We note, from Equations (65) and (66), that
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- ¥van
U2) = ¥H-2)Al) (71)

and
Q_(z2) = :};*(-z‘A (z) (72)
A2 A - 'Aa

are non-singular for z=p € (0,1) and z =»; and thus we conclude from Equations (55), (56),
{69) and (70), that n,ﬁa,}c and }V matrices are singular at z = -u, u € (0,1), and z = -»;.

We would now like to prove our half-range orthogonality theorem:

Theorem: The eigenvectors (vi.'.u),,tlm(v#), ,E'gm(v,u) andflm(v,u),ve(o,ﬂ, are

orthogonal on the half-range, 4 € (0,1), to the related set Gvu), §:' ), G )
and g(z)(v,u), v € (0,1), in the sense that

[ GEmFEamon = 0, EE EX v or v (01). (73)

Here

N
Glew) = ,E(E.#)x(#),[\)ﬁa(&)xa(ﬂ ' (74)

and E(E,u) is given explicitly by Equations (16), (25) and (26) fori=v, t=ve (0,—16)
andf=ve (%,1), respectively. |f we enter Equation (8) into the left-hand side of Equation (73)
and use the identity

! = _j«_g'_ - ! ]
EGHE(E pu an Elew) — E(E.0 ], (75)

we find that

2 S EWEE
T =, SENFIE . pudu

can be written as

= _E-E‘—’\’ A [ 1 v * d
T = o MR, R[S ¥ WBWQ g
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v ’ ’
+ w(s)g*(z)g(s)g*(s)] DL(EIMIE)

'EEEM (g)ﬂ @D J; wmr(z.mdu,

where we let w(§) = 0 for £ = »;.

If we multiply Equation (68) from the left by Q,(z) and let z = -§, we find that

1y 2,y O
P S YOt

- 9. - A BQ%E
E-u 23(9 '\,am'\, &

We note that, by definition,
' W (F.pde = TEYM(E)
fo N(u),\'(s Jdu = '\,(E M t
and thus Equation (78) reduces to
—3— M m[X ® - wlbg, (z)ow'(sm(s]
. * [ 4 1]
8 (E),Q,I\"’(E ),l\\ﬂ’(E) .
I we use Equations (70), (17) and {22), we conclude from Equation (79) that

s ’ !
[ GEMEE ude = 0, EFES EE =w o ve D),

which proves the theorem.

3 Normalization integrals

(76)

77)

(78)

(79)

(80)

The half-range orthogonality theorem has been established, and we wouid therefore like
to evalutate thg nacessary normalization integrals, so that all expansion coefficients appesringin
Equation (36) can be expressed concisely in terms of integrals of the expansion function J( u ).

Though the full-range orthogonality relations have been reported by Reith and Siewert |

would like to summarize both full-range and half-range cases here in terms of the general form

of ,UEM given by equations (12), (26) and (28).

For the full-ranges, we write
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fil Ea(tl.“,,t(t.ﬂ)ﬂdﬂ = 0, E#E'; E,E' = ivi or € (_1‘1)' (81)
whereas for the half-range
l'\’ ’ _ ' '
J,SW mEEude = 0, EFE. EE =v or € (). (82)

Here ﬁ(t.ﬂ) is any solution of Equation (7) and Q(E,u) is given by Equation (74). Considering
the full-range normalization integrals, we find [6]

1 v
L, Eattv mFiay, ity = 2500); i = 1,2, (83a)
fl (;)(v'.u)fﬁ (v, udu = Sé”(v)sw-v')aaﬁ; v € (- %.71,-):
af = 1,2, (83b)
and
L EL 0 e wnds = s 015 0-0);
Lt 1 1
vlv € (—11_ —)U(—,1 )l (830)
ag g
whereas for the half-range we conclude that
17y .
J, SWiwFw pudu = SW); i=1,2,...x, (84a)
f G m(v',p)F (v,ududu = S m(v)&(v-v')& : vy € (O,l):
P a af o

af = 1,2, _ (84b)

and

1%(@) , (2) 2) ", .
fo% (v,u),t wuudp = S WSWw-v); vy € (0,1). (84c)
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where S$(,), S, (v) and 5'?' (v} are given by Reith and Siewert [6].

Though the representation of the two eigenvectors given by Equation (25) for v € Region
@ are convenient for proving completeness and orthogonality theorems, we prefer for actual
applications the linear combinations

- (1) (1) (1)
‘,ta v,u) = Ta1(”),|\:‘1 v,u) + TQQ(V”\:‘Q {(v,u) {85)
which yield the tractable solutions [G]

B ]
Bygvm) + NygWw)dlov—p)

ov-i
(1)
Lo W) = (86)

P
Do) + dyg)8(y -u
= —

where Aaﬁ(up) and Xa‘;(v) are the matrix elements of Q(D]J.) = ,(\3‘ + V,u,l\\l and é(v).

For the additional eigenvectors, we normalize Equations (26) and (12) to obtain

S [ A B ) = A 08, _
2(2)(”” ) (87)
%—E\”(V)An(vu) - A1, ] + Mv)&(u-u)J
and
i 5’:—; [A“(ui)An(iuiu) C AL ), )
%(tui,u) = (88)
V:’;y [A,,(uimu(zv,m - A,,(vi)A“(iu.u):

where Aqg(£) are the matrix elements of Q(v,), £= 1y, and A(v), E=v,and A\p) = detA(v).

For the explicit forms given above, we list the normalization vectors,

IR T (89)
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Ultp) = , U = : {90a,b)
~N N

[ 0
u M =’L and UMy = . (90c.d)
0

The solutions given by Equations (86), though more concise than the Ak {v,1) given by

Equation (25), are not orthogonal for v = v’: however, as discussed by Siewert and Zweifel [10],
a Schmidt-type procedure can be used to construct suitable adjoint vectors. We should now like
to summarize our final results regarding the orthogonality relations:

N
ﬂyw%mmw=mzﬂkaf=m or e (1,1, (91)
[ O meE i = 0, EFE; EE =y o e (O, (92)
and
1N ) .
I, Xy, m@ttvapdu = NW), = 12,..x, (93a)

f a“)(l’ ,M)J hw,muop = N )8 - -v')80g:
vy € -4y aB=1,2 (93b)
’ ol o [ # r »
X2
f (v ,u)d’ (v,n)ndu Db (p-v') ;

vy € (-1-huta,
[4) ag

(93c)

J :, %‘”.’rﬂ),‘s(vi.wud# =NW); i=1,2..,kK, (94a)

3‘” ! Vogg: v € (0, (94b)
Iy O (v,n) (v,u)ndu =N (IS-¥)dgg v € (0-),
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{ L] 1 1
[ 820 we Y wauds = N2 0B v e (), (94c)
VY Y
Here

r)\(J(iV“u) = ’\(I:a(il).,p) , (953)

) (1) (1)
X, ) = N, 0%, ) - N, 0, ), (95b)

(1) (1) ()
X, wad = Ny 0%y, ) - N, @, ), (95¢)

(2! _ 5 (@

X7 ) =2 p), {96d)

and for £ =p, or € {0,1)

- A
Bt = B PRIBR + 8 e Vi) (96)
where
_ @), _ @)
Viv) = Yav), Vo) = U, ), {97a,b)
N, N, )
v = and v, ") = , (97c.d)
v aY
L”N”M._ _Nl](u)»_

Finally, the nomalization factors and cross-product integrals, Naﬁ(v), have been
evaluated by Reith and Siewert [6] and are given in Appendix C.

In regard to eventual applications, we would like to evaluate the inner-product integrals,
for £, = v, or € {0,1),

!

VeS¢
P VIE NG, (10016 Uth). (98)

PN _
fo 3414 ,p)g(-z,u)#du g

Having proved the half-range orthogonality theorem and evaluated all required
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normalization integrals, we may express the solutions to expansions of the form

K
Lk = T AB)REM ¢ 2o [a we! e+ A 012," v |
i=

1 {2) {2) .
+f|/aA (V)% (v,u)dv, e (0,1), (99)

as
A) = N(v) f 9(»..n)l(n)ndu, (100a)
Ad W) = —— [} & . e, (100b)

1)
N )
and
(2)

ATy = f @ (V,u)l(u)#du. (100¢)

4. Half-Space Applications

Having established the necessary analytical formalism, we would now like to solve typical
half-space problems.

For the Miine-problem, we seek a diverging (as x = %) solution to Equatian (1) such that

lim Wixpe V<o {101a)
x—>00 "V
and
= 01
,\g(o,u) ,C\)’, ue (0,1). (101b)

Here we use the convention that, when xz 2, v, denotes the dominant eigenvalue
defined as the largest eigenvalue if all are real and the smallest {in absolute value) imaginary
sigenvalue if at least one is imaginary. Thus we write the solution as

‘{Mtxm) d’( ul,u)e /by, E Al )q'(v,,u)e e

i=1
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Yol 1 1) -x/V
v ] Lm‘”(ﬂ%f”(»;:) + A 1 (v.uﬂe oy

oy A(z'(u),%(m(u,p)e—xlvdv, x>0, u €1, (102)
o

where we have imposed an arbi'trary normalization A{-»;) = 1. The solution given by Equation
(102) clearly satisfies Equation (1) and the condition at infinity. Constraining Equation (102)
to meet the free-surface condition, Equation (101b}, yields

K
AU + 100 [A e v

bl = 2 AW

(1) (1}

2
+ A, (v)f{)lz (v,u):]dv + fll/ko)‘p)’%( )(v,u)dv,

u € (0,1). (103)

A
If we multiply Equation (103) by u g(vi,u) and integrate over 1. from 0 to 1, we find, by the
established haif-range orthogonality theorem,

AW = -2t 1Y )8 v)Dgw, U,) (104
Y v tp, Nl A2 iRV

In a similar manner we find

L W N\ Y
AG) = =Sk T VI eRR Yy,

v € (0,1), (105)
where ,\\/I(V), ve (0,1), is defined by Equations {97) and

o) = NV o) + NPt - el (106)

For x = 0, the %matrix can be used to simplify Equation (102) to yield the exit distribution for
the Milne-problem. We find

XM(O"“) = E(P,.ﬂ)g(#)gg(m )g(vl), u>0. (107)
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For the constant source problem, we wish to contruct a bounded solution )esix,u) to
a 1 ] ] 1 P, 0
i + = + ¥ +
Bae Phou + Z¥xp) = C f L Yiu)de' + B I, )Ié(x.u wdu + S, (108)
where,gis a given constant vector, subject to
%s(o.u) = ,(\)’ ke (0,1), (109)
and here we consider, of course, non-conservative media. We thus write

,‘{’,s(""‘) E1A(V )(b(v,,u)e vy f;/o [Alm(v),?l,m(v.u)
I—

1

+ A (V),%g“ )(p'm]e-x/u

1 {2) (2) ~x/v
dv + f:/oA W@ (v,ule " dy + Wplxu) (110)
where

-1
Tpls) = [:5 - 22:] s (1)

~N

is the required particular solution to Equation (108). Entering Equation (110) into Equation
(109), we obtain

%08 = T Awew + 110N 0o
i=1

+A;‘1)(v)d>m(vl~‘:|d”+f A (")q’ v, (t12)

Using Equation (100a) with \(x) = -§p(0.x), we find
- o yi N v 1 v _L
Aly)) oy Vo) 0D [ ¥ 1 Bu) o duZWp (0.1}, (113)

which can be reduced, after some partial fraction analysis and use of Equation (64), to

AW = - )v‘”i’ )]0 QT@-zg]qg: (114)
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In a similar manner we find, for v ¢ (Q,1),

Aly) = 'WTTV‘”)Q (v)[g J[g - 2{]‘-1,%, (115)

which completes the solution.

For the half-space albedo problem, we seek a bounded (as x = @) solution to Equation
(1) such that

0. = Su-po)E,  puy € (01, {116)
where f{ is a given constant vector. The solution Xa {x,1) can be written as

_ X xiv e[ (), (1)
Yot = T AR+ L (A w12,

(1) (1) }-xlv 1 {2) 2) -x/V,
A 2, ) d”+f1/gA (u)f&: (v,ule " dp,

x20, ue (-1, (117)

where the expansion coefficients must satisfy

K
= / {1 (1)
stu-solf = T Awipn ) + )7 2 w1 M
(1) {1) {
e, W y):ldv + fi/oA 2’(v)’%(2)(v,u)dv,

Hp, € (0,1), {118)

A,
If we multiply Equation (118) by u @ (£,u) and integrate over 1 from 0 to 1, we find

H %

Al = TiE x(sm mowoms HoE (119)

where N(E)=N(w) for £=v, N(EI=N""0) for £=pe(0l) and N =Nt} for

Erve (- 1). For x# 0, the,imatnx can be used to simplify Equation (117) to yield the exit
d:stnbutlon
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T -1 \
.y) = —2—
0.4 = e EWIDEWIZE, 1> 0 (120)
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PART 1 - CRITICAL SLAB PROBLEMS
1. Introduction

Having established half-range orthogonality relations concerning the elementary solutions
of the two-group neutron-transport equation for linearly anisotropic scattering, we now wish to
show that two-group critical problems for slabs with linearly anisotropic scattering can be
reduced to a suitable computational form.

We corsider an infinite. slab with multiplying properties, centered at x = QO and with the

half-thickness xp, and thus seek a solution to Equation {1 -1) (we refer to equations in Part | by
{1}) subject to boundary conditions

%(x,u) = \Xl(-x,-m, v e (-1,1), (1a)

and

Ylxg, -1l = 0, p € Q1) (1)

2. Basic Analysis

The general solution to zquation ((-1) has been reported in Part {, and thus we can write

K -
A i§1 Al )Py, ule Py A"”"%"V”u)ex”’]

vel . (1) XV (1) (1 v
+f0 A, (”)21 (v, e + A, ('V)f&x (~v,upe”" |dv

- 1 ]
w.ule Xy A;”(-vv)g,‘ ’(~v,u)ew dv

)

Vol t
+ fo Az( '(V)g\’,; )

-
L [Acz)(u)(b(z)(ulu)e-x/v N Am(»v)@‘z’(-v,u)e"“’ o, ()
1o n A

|

where the various A’s are the expansion coefficients to be determined by Equations (1). In
Equation (2), the eigenvectors @ (£ 1), £ = tv; or v € (0,1), are those reported in Part |, We
ot that k in Equation (2) denotes the number of £ pair of zeros, v;, of A(z) = det A(z), where

jQ(z) is defined by Equation {1-13). Though the largest value of x has not been determined, we
consider here only the cases k = 1 and x = 2,
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The solution given by Equation {(2) will inherently satisfy the required symmetry
condition, Equation (1a), if we take, in goneral,

Alg) = AL-§) (3)

and thus we can write

K
—{x + x4}/, (x=x4 I /V
){'l(x.u) = i§1 Bl»;) g(vi.u)e vt 4 %(—V,.u)e 0 ']

1 - 1 (x~xg)/¥
. g0 B‘(n(w[%( TR N 2}}( L :]d”

1 ) ~{x+xg)/V 1 ~xg WV ]
. f(l)/a B‘.'( )(D)&z AL (&( v e X0 |y,

AT [(D(Z)(V’“)e-(nxo)/v b 02y e X0 g, (@
g N v

-

where we have defined, in general,

BlE) = Alge o’ (5)

The axpression givan bv Equation (4) is a solution of the transport equation, Equation (I-1),
and clearly satisfies the symmetry condition, Equation {1a). If we now impose the remaining
boundary condition, Equation (1b}, then we find the expansion coefficients must be
determined (to within a constant multiple) from

K
£ - T B ¢ 57918, 19, wa
' =
(2) {2}
+ 82(1)(1’)21(1!(1,’@]@ + fi/oe (v)z (v, u)dy,

u e (01). (8)

where we have introduced
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K 2xg/¥; (MO [ 1)y (1)
Flo = iaswgw.,u)e I B (v),%l‘ -v,u)

(M, ] a2xg i 1oof2) e (2) L 2% iy
+ B, (u)f\);.2 (~v,u)‘]e dv+fUOB (0)2 (V,u)e‘ dv. (7)

It is clear that Equation (6) is a system of singular integral equations for the desired
expansion coefficients; in fact, it was just this system of singular equations that was solved
numerically by Bosler and Metcalf [1] to yield the critical thickness of a multiplying slab.
Though modern computing facilities may render feasibie iterative solutions of singular integral
equations, we prefer a more traditional procedure and thus wish to reduce the given system of
singular equations to a system of regular, Fredholm-type, equations, which will subsequently be
solved interatively. The half-range orthogonality relations established in Part | can now be used
to reduce Equation (6 ) to a system of non-singular equations.

f we n?z“)’ take the inner product of Equation (6 ) with each of Q(p"m' Qa“ ) wu),a=1
and 2, and Q {v.u), we can write

1
B0) = - iy /s ;a\f(v.,u)F(u)ud#, (8a)
mo 1 AN -
Ba ) = N“)(V’ '{O @a (V;M)i(#)#d#, a 1, 2' (Bb)
and
@ 11X
8 = ot &' (v, WIF b, (8c)

wl(nze;'e the half-range adjoint basis ®f,u) and the normalization factors M), Nm(v) and
N'“ (v} are those defined in Part I, ‘i"ﬁe integrals in Equations (8) have been evaluated in Part |
and given by Equation (1-98), and therefore with the definition

B = o) + 5‘2’(u)g'2’(v)[1 ; a(u)], (9)

we can reduce Equation (6) to the system

K
Bv)- T Blyhe
i=1

2x5/Y, =T, i=1,2 ...k, (10a)
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and

_ .V N K ~2%4 /Y ....l.).L
BW) NGT y\VJ(v)%(V)QL §1 B(v)S2(v)U(v;le e
+ [ opBwhe 2 L dv'] (10b)
0 A vy
Here we have defined
_ v, A 1 “xglv WV
To ey LR S, QB ot (1)
m, M (1, V1) (2), ‘v (2)
\!\VI(V) =E§J’l (V)'\\/,‘ ) +'L\J,2 (V)f\\/,i! (v)]()(v)+'L\JI (V)’L\Jla (v)E-B(Vﬂ {12)
and
ERPTVL S N R N TRV |
By = A N SRR Y s

J

The vectors ,g(f) and X(E), the matrix Q(E), and their adjoints are those defined in Part §, and
we maintain here the convention that, for the case kK = 2, v; denotes the dominant eigenvalue.

For the case x =1, Equation (10a) reduces, with the arbitrary normalization
Blvy) = exp(xy/vy), to

e"°“"[ - A,,e'z""”"J = -T,. (14)

Equation (10b) is a regular Fredholm-type equation for the required vector B(v),» € (0,1), and
thus must now be solved subject to the critical constraint given by Equation (14).

For the case k = 2, we have coupled equations for B(v,) and B(v,),

B(V,)[1 - A”eyzx"/u‘] + B(y,)A,e =-T, (15a)

and

B(V,)A“e“z%“/l + B(VZ)E - Ane"zx"/'}’] =.T,, (15b}
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and thus, with the normalization B(v;) = expixg /vy ), we must have

) 2%V -2, /Y T 2%V, ~2xa/V
1‘(A1ve ° ‘+A“e ° 2]+[A|1A22 ) A”A“Je 0 1e 7702

r . - -xg !V, ~2Xqo/V
FT1 - Bge 2"0“”}; %M1 g p e 010" 2 g (16)

Equations {10b) and (15a) or (15b) are coupled regular Fredholm-type equations for the
required vector B(»), v € (0,1}, and B{r;) and thus must now be solved subject to the critical
constraint given by Equation (16).

3 Computational Results
-To initiate our computation, we use the data sets of Bosler and Metcalf’, given in Table 1

to define ,% ,G and Q which subsequently we consider the basic parameters, in the following
marnaner,

¢, = 2_:.7; l}‘]:m + X, 13) Ojf] (17)
b, = 55}2- 0,V (18)

and
¢ =0,/0, (19)

The optical variable x is defined as

x = 0,2 (20)

where z is the space variab'e.

! Bosler, G.E. and D. R. Metcalf. 1972. Private communication
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Table 1
Two-group data sets for critical slabs with anisctropic scattering

] ‘ |

Case  Group o, 0,04 X, afg) of,’s' o,‘fs” o:,?
()
. 252025 012658 00 244383 083318 00 00
{H:0) 2 065696 0.002621 10 062568 0.27459 0029227 00075737
" 1 054628 0.2425 00 042410 005439 00 0.0
{D,0) 2 033588 0007043 10 031980 0.06694 0.004555 -0.0003972

Of course, before we can proceed to solve Equation (10b) with Equaticn (14) or with
Equations (15) and {16), we must compute the discrete eigenvalues v, and the required matrices
Q, k and their adjoints. Calculations of v, and the matrices are given in detail in Appendices A
and B, respectively. In Table 2 we list the discrete eigenvalues for the considered cases.

Table 2

Discrete eigenvalues

Case v, 5]
) | i14.624021 1.042005
1 1199.2944

We note that here all the matrices are complex and thus all of our calculations were
perfomed in complex mode (and in double precision) on an IBM 370/165 machine using the
improved Gaussian quadrature scheme. Several numerical checks were carried out once the
matrices were established and thus we believe our results given in Tables 3 and 4 for case | are
accurate to within the usual round-off convention.

Equations (14) and (15) are, of course, amenable to approximations. If we set R(u) = ,Q,
for the case « = 1, and Q(V) =0 and B(r;) =0, for the case x = 2, we find the first order
approximation (x, } of the critical dimension to be given by

-2xllvl

1-4,e =0 (21)

For the case « = 2, if we set only Q(u) ='Q,' we obtain the second order approximation (x;)
given by

. “2x, 1V "2%, 1V ; 2%,y Py 2%, 1V,
V- et - A, e 2 z+[A”A“ A,,A”]e e 0. {22)
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Table 3

H and H, matrices for Case | (H,0)
NN

Hyq (1)

Hy, (W)

Hy (1)

Haa (1)

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
10

1.0

1.60309 + i0.01692
2.00533 +i0.04545
2.31840 +i0.08425
2.56674 +i0.13247
2.76404 + i0.18942
2.91945 + i0.25449
3.03957 +i0.32712
3.12930 + i0.40677
3.19244 + i0.49291
3.23196 + i0.58504

0.0

0.31094 +i0.11529
0.75150 + i0.30977
1.28033 + i0.567418
1.86986 + i0.90278
2.49994 + §1.29090
3.15516 +i1.73439
3.82341 +i2.22938
4.49496 +i2.77221
5.16188 + i3.35930
5.81766 +i3.98713

0.0

0.01904 + i0.00484
0.03851 +i0.01133
0.05859 +i0.01933
0.07891 +i0.02876
0.09914 + i0.03956
0.11922 +i0.05167
0.13882 + i0.06502
0.15784 + i0.07953
0.17615 + i0.09515
0.19367 +i0.11178

1.0

1.21314 +i0.03299
137781 +i0.07723
152664 +i0.13174
1.66477 +i0.19601
1.79400 + i0.26962
1.91506 +i0.35213
2.02822 +i0.44309
2.13349 +i0.54204
2.23080 + i0.64£45
2.32002 +i0.76182

Hallg‘u)

Haga (1)

Hazo (W)

H,p o ()

0.0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
08
09
10

1.0

1.60309 + i0.01691
2.00532 +i0.04549
2.31832 +i0.08441
2.566562 +i0.13286
2.76359 +i0.19016
2.91868 +i0,25572
3.03836 + i0.32895
3.12753 +i0.40933
3.18997 + i0.49633

3.22864 +i0.58943

0.0

0.07147 +i0.02733
0.17260 + i0.07352
029381 +i0.13644
0.42872 +i0.21475
0.567263 + i0.30737
0.72196 + i0.41333
047388 + i0.63170
1.02612 + i0.66163
1.17682 + i0.80225
1 32446 +i10.95272

0.0

0.08269 + i0.02042
0.16736 + i0.04780
0.25469 +i0.08153
0.34318 +i0.12128
0.43161 +i0.16681
0.561904 +i0.21784
0.604790 +i0.27409
0.68796 + i0.33526
0.76831 + i0.40106
084536 +i0.47115

10

1.21313 +i0.03301
1.37779 +i0.07727
152662 +i0 13177
166475 +i0.19604
1.79399 +i0 26962
191507 +i0.35210
202825 +i0 44302
213356 +i0 54191
223092 + i0 64825
2 32020 +i0 76154




Table 4

Moments of the matrices for Case |

GO\l

GOli

Go2t

GOZZ

0.44289 + i0.00719
0.44289 +i0.00719

0.04388 - i0.00410
0.04388 - i0.00410

0.12141 +i0.04897
0.02789 +i0.01162

-0.06214 -i0.02823
-0.01426 - i0.00670

0.09834 + i0.04500
0.42833 +i0.18970

-0.05471 - i0.02570
-0.23837 - i0.10831

1.75612 + 10.30667
1.75614 +i0.30663

0.13658 - i0.17681
0.13658 - i0.17681

IE
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Though we have not been able to determine in general whether or not Equations {21) and
(22) yield real x; and x;, we report in Table 5 numerical solutions of Equations (21) and (22),
for the considered cases, along with the critical dimension (xo ) obtained by P-1 approximation
and our exact value obtained by iteration. Finally, in Table 6, we list the discrete expansion
coefficients and the critical dimensions in cm along with those reported by Bosler and
Metcalf[1], and in Table 7 the flux distributions in the slab are given. The basic test of the
results is how accurately the boundary condition, Equation (1b), in addition to the critical
condition, is satisfied. Since the distributional nature of the continuum eigenvectors limits the
accuracy of a pointwise verification of the boundary condition, we have chosen to consider,
instead, various moments of Equation (6). To illustrate these checks, we consider Equation (6)
written ksymbolically as )c(.u) = Q(y). ue{0,1). We have computed j: k(p)ykdn and
j% ‘Q(u)u du, k=1,2,...,30, and found agreement consistent with the data reported herein.
Although the above checks do not rigornusly guarantee the accuracy of our results, we believe
that the number and diversity of these checks provide a reasonable degree of confidence in our
reported values.

Table 5

Exact and approximate critical slab dimensions

Case Xo1 Xy . X3 Xo
| 6.3580 6.2384 +i0.0 6.2384 +i0.0 6.2384
i 312.24 312.18 +i0.0 312.18
Table 6

Critical slab results

Case Alvy) Alvy) zo(cm) g (cm)
| 1.0 ~0.000626 9.4959 9.4915
I 1.0 029.45 1000.5

"Bosler and Metcalf [1]




Table 7

Flux distributions

e et S o b i et o . o ey
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Case | Case ||
XXy —— —_————]
@y {x) b, (x)/dy (0) by {x) ¢, (x)/Ae, (0)
0.0 0.015574 2.7601 0.014992 26.824
0.1 0.015431 2.7351 0.014808 26.495
0.2 0.015002 2.6603 0.014262 25.518
0.3 0.014294 25373 0.013367 23.916
0.4 0.013314 2.3682 0.012144 21.728
0.5 0.012071 2.1562 0.010624 19.008
0.6 0.010569 1.9052 0.008844 15.823
0.7 0.008806 1.6195 0.006847 12.250
0.8 0.006757 1.3038 0.004682 8.378
0.9 0.004357 0.9589 0.002403 4.300
1.0 0.001195 0.5227 0.000036 0.096
REFERENCES
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APPENDIX A

Closed-form Solution of Al{z) =0

A class of transcendental equations have recently been solved in closed form using the
inethod developed by Burniston and Siewert [1]. The method consists in first converting the
equation into an equivalent equation, £2(z) =0, where 2(z) is a multi-valued function of a
complex variabie. From this function a sequence of branches, which may be finite or infinite in
number, is chosen such that the zeros of each branch correspond to solutions of the original
equations. The argument principle is then used to determine how many zeros each branch has
for the relevant ranges of the parameters involved. The next step is to establish factorization
equations which express each branch in terms of the zeros of the branch and a non-vanishing
sectionally analytic function. This function is derived from Riemann boundary-value problems
obtained from the factorization equations. The factorization equations so expressed are
evaluated at appropriate points resulting in a set of polynomial equations for the roots, which
are then solved in the usual manner.

We report here the exact closed-form solution of A(z) =0:Alz) = det,Q(z) where /\\l(z) is
given by equation (1-13).

Following the argument similar to Case and Zweife! (2) it can be shown that

-1 -1 K
Q(Z) é EX(Z)X('ZEI A(Z)A (00) = .T—r 1 (u'7 _12) (Au1)
where
X(z) = 1 expl:]_ fl argA+ (w —9.‘-‘-:]- A2
y T oo ozl :

(1-2)

To find thediscrete eigenvalues v, from Equation (A.1), we need to determine the number of
pairs of roots x. Siewert and Shieh [5] have determined the number and kind of the discret
gigenvalues for the case of §= ,gl in terms of the basic parameters E and 8 Although, for the
case considered here the number and kind of the eigenvalues or the maximum k has not been

determined in general, k can easily be determined, numerically, for a given set of parameters, by
the argument principle as

1 .
K = ;Ao,argA+(u) , (A.3)

where Ay arg /\+(u) denotes the change of argument of A+(u) when u changes from O to 1.
Once x is found, Equation (A.1) is evaluated at appropriate points resulting in a set of

equations for v;, which can be solved in the usual manner. Thus, for the case x = 1, we find,
taking z = i in Equation (A.1),
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2 4 + u L
2 - . _£ ‘ o
Vi = -1+ 2 exp = fo argA " {u) #2+1du AYA (=),

k=1, (A 4)

and for x = 2, we evaluated Equation (A.1) at two points, z =i and z = 2i, and thus we obtain

= 2R - (R - 43)”2] (A 5a)
and

2 = -;—[R + (R? - 431”2] (A 5b)
where

R = -5 -~-;-[szm ; mmﬂ (A 6a)
and

S=4+ %‘[mm ) Q(ziZI. (A.6b)

We have evaluated the integrals in Equations (A.4) or (A.6) using the improved Gaussian
quadrature scheme to obtain v,, and the result was further refined by using Newton’s iteration
scheme.
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APPENDIX B
Computation of !\-! ’i and Associated Adjoint Matrices

As discussed in the main text, proper evaluation of the I\-IJ, k, and the associated adjoint
matrices is of primary importance to any half-space problem defined by the considered
two-group transport equations. Here we would like, therefore, to report the procedure we used
to compute these matnices.

Though the maximum number of the discrete eigenvalues has not been determined, we
consider only thecasesk = 1 and x = 2.

Thus, we consider solutions of the coupled integral equations, Equations (I-58) and
(1-59), with constraints, Equctions (1-565), {(1-66) and (1-64).

We first rewrite Equation (1-59) using Equation (I-56) as

} « .
H, (u) I ug ;  H( )G)W)ll'*/sl
I N~ \,‘J" LV du’
Ty l ' A7
L A R I A I ot
If we rewrite the discrete constraint of H, Equation (1-64), as
f H( 1) dH |_C + DEZAWU(/) = II + u”i:I' A _lU(v) (A 8)
v A b LY Nx_lm I CASAN
and define, for the case x = 1,
. -
V|(1+,U.) 0
u T
%(H) = kK =1, (A 9)
0 1
and
| [
l o
2
+ 1 24 =
l ’C ! tl\JJ(l') 1 . K =1, (A10)

then the first integral term in Equation (A.7), multiplied by ¥,%(p) from the right, can be
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reduced to

I

f Hw Q) ~£‘!L VAW = N H(u)@(u)K(u)—~——
+u v Mtu

v .+ Roza [y o]
e +V,\l0f\,’ U@w,) 0| (A1)

where %(u) =’\\f,1%\;(-#), after invoking the constraint, Equation (A.8),and using the identity

/ 10
..1 ’ V1(1‘V|)(“+#) ~1 '

-~ =] - - - s .
£ #),%(ﬂ) Vo - My ) Y 1 00 (A12)

The second integral term in Equation (A.7) can also be reduced to a similar form using the
constraint of ,I\.’ If wa define, for the case k = 2,

nlt
vyt
'Q}(“) = . K =2, (A 13)
0 2(1+£)
Pyt

and

Uw,)|, « = 2, (A.14)
~

=Alc+vzaluw,) |c+iza
~ A | ~ AN

then Equation (A.7) can be reduced, for both casesk = 1 and k = 2, to

4

H ) =1 - C[hf‘ﬁ( 1@ )K(u) oy P(u)"H(u)
a W o0 T XSRS [T B VA LV

]

9 ‘ 1 Y% I3 ] [ ..d.y'.... _l
+ u‘gu) MU‘”@‘“W‘”JW + g(u) ,Q(u) (A 15)

Equation (I-58) can be reduced, in the same manner, to

!

H ' ) =1 - 'E[f‘ N QWK W) -+ p (u)"]n (W)
=T R o R I IR T TV LV

’

.
+ H8a00| fy L) @)K, 1) ;r;‘fu» . Qa(m_] B, (A.16)
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Here we have defined

K(u) = VA(-u), (A17)
~ AV
P = 2L ﬂ + u?;IIOZAI Uy,) 0|
~n RTTIRLY RV VIR I ~
V2‘1 - 2’\’ ’ 3 § N
+ (K- 1) —~—— ll + v HOZA] LO U(Vz)J, (A.18)
vyt | ALVVE I [ VI
Qlu) = v7 +VL EA][U(V)G]
~ pyt+
1
LR | et [, +ol L ZAHB U(V) (A.19)
vatu
-1 -1
= A 20
Riw =2 iy (A 20)
and
- n, - n 1
S(u) = II CHO_] Lz BL] B, (A 21)
NvooAN A N0 A

and all other quantities are defined in Part |. Solutions of Equations (A.15), (A.18), (1.55) and
{1.56) will inherently satisfy the discrete constraint, Equation (1.64). We have solved these
equations iteratively using the improved Gaussian quadrature scheme of Kronrod [3]. It is
noted that, in one case, the convergence was faster by more than fifteen times, in terms of the
number of iterations, with the above procedure, as compared with solving the original
non-linear equations.

7o check the accuracy of the converged solutions, Equation (1-64) was evaluated to

ensure that the solutions did indeed satisfy the constraints. From Equations (1-63) and (1-54)
we find a moment relation of the matrices,

T (e ) 5
. ) - = .
Fo - La|B|Po - e = Blds - 2R (A 22)
where
W, = D[ Q@ v ud
¥o = DJ QM WIBK ¥ (i du, (A.23a)

_ ‘r\’*_ o*
Qgg(mgwgmwm (A 23b)



and

Q - a1 (A.24)

2O 2w
oM Jo

1
3

and ,{14 is the 4 x 4 unit matrix. We evaluated Equation (A.22) to find agreement between two
sides to more than ten significant figures. The matrices H(z), )C(Z)' Kalz) and )c,(Z) have
singularities at z=-»;, i=1,2,...,xk. We evaluated the Thverse of each matrix at z=v,;,
i=1,2,...,K, and found that the determinant was smaller by at least ten orders of magnitude
than the smallest element in absolute value. Further, the number of quadrature points was
increased successively to ensure that the results did not change with higher quadratures.
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APPENDIX C

Dispersion Function and Normalization Integrals

We list here, in explicit form, sevaral functions and various integrals reported by Reith
and Siewert [4]. As defined in Pert |, we denote the elements of C and B by c;; and b,
respectively. Similarly the elements of A are &, and C, B and A are the determinants of , B

and Q, respectively. In addition we use the abreviation.

T(z) = tanh " (2).

We write
A (@) Ap,l2)
,/\\l(z) = , 2 ¢ (-1,1)
Ay Ay, (2)
Ay ) A
Ay) = ) e(—l,--‘-)U(l.1’,
~ o (4]
At Ay,
and
A ) A
A = L ve o,
M N,
where

Aglt) = 8,4 + 28,2° - 21Am(oz’)T(a-1;),
Ajglt) = 8,4 + 20,2° - QIAW(zzml_)'
Mal¥) = 8,4 + 28,08° - A, 4l0v* ) T(ow),

and

(A.25)

(A.26)

(A.27)

(A.28)

(A.208)

(A.29b)

(A.29c¢)



Malv) = 8,4 + 20,007 - WA,,00°)TH).

The dispersion function A(z) = detQ(z) can be written as

4

(A28d)

Az) = 1 + 22°P, (2) - 22P, (z)T(all-) - ZzP,(t)T(%) + Az’P.(z)T(;';)T(-:-). (A.30)

where
P (2) = a,, + a,, + 2AZ°,
P,(2) = c;, + (0n,, + 2¢,,8,, - 2c,,8,,)2" + 20A2°,
Pyle) = ¢;, + (85, + 2c,,0,, - 2c,,8,,)2° + 2A7",
and

2 ‘
P(z) = C + (0cy,8,, + ¢y 8;, - ¢,,8;, - 0C,,8,,)2° + 0AZ".

The boungisry values of A(z) can be expressed as
At) = 1+ 2P, () - ZuP, (WIT'(op) - 2uP, WIT(K)
+ 4PP ()T (o) T(W) ~ m* 1P Py (B(w)
e inuE’,(ma(u) + Pylu) ~ 2uPy ()T (u)O(u)

- 2uP.(#)T'(anﬂ. uoe (-1,1),

' _ 11, , . 4] 1
where T (ou) = Tlou), i € (--a-. ;),and T (ou) T('a‘i"“ € (-1, O)U(O,H.

The normaslizstion integrals can be sumarized as

N = o [P,(v,) - zv,P.(uim;L-ﬂa"? A(z)L L
! [

(A.31a)

{A.31b)

{A.31c)

(A.31d)

(A.32)

(A.33)
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— 11
Nl”(p) = wA " (A (), v e (- 6'5)' (A 34)
and
(21 + -~ 1 1 €
N =vA WA ), ve 1, -d-)U(-(},H (A 3E)
Finally, the cross-product integrals are
Nogth) = Agy g glr) + AazlvIA, gw)
2.2 ) 2 ? 2 Z_
v Ay glov A glov’) + By a0 )0y W1
11
af = 1,2, vel{ -, ) (A 36)
0’0
RESUMO

Néste trabglho s3o estabetecidas as fungbes adjuntas de meto-alcance (’'halfrange”) concernentes as
solugies elementares da equacdo de transporte umv-cmensional de dois gupos para espalhamentos
finearmente anisotropicas. A selagdo de ortogonahidade e baseada nas fungdes mairicials que podem ser
calculadas ¢ parto das equacdes do «po - edholrn normats Todas as (tegrars necessarias sao avahiadas e
diversos problemas tipicos 5o resolvidos de maneira concisa

A relagEo G2 ortogonalidade estabelecida € usada para reduzir problemas de reatores crticos do tipo
placa infrnita na forma converpente para a computagdo Qs valores exatos das dimensfes criticas s30 obtidos
para um conunto selecionado de parametros Sdo discundaos, também, os auto-valores € as matrizes
fundamentats

RESUME

Etabs:sement 71 tonctions adjomnres demuwportig concernant solutions elémentaires des dauations de
Tranmpo: t un-dimanstonal 3 deu» groupes pour ralentissement linéare anysotropiquee

La rctavon ‘prihogonalié demiporté est baséa sur fonctions matrcielles quon peut calculer
moynment équainay 1ogulieres du type Fiedholm Toutes les intégrales nécessaires sont résglo; & uin: 1agon
concise

La «élanion d'ortogonaité stablie est utihsee pou: perimettre le calcu! simphific des prablémes rélatifs a
pIAQUE Critrye

o~

LN AL oes vilen s exalles pour 1es 'MENsIons Catiques par groupes de parametres setectionsds. Ln
RN s Yo vateul res vatunos e opes et 0es matnices tondainentales
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