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MULTIREGION PROBLEMS IN PLANE GEOMETRY AND NUMERICAL
TECHNIQUES IN ONE-GROUP TRANSPORT THEORY

Yuji Ishiguwro

ABSTRACT

A new method ta reduce mulftirecgion problems in plane geometry 1o sets of requiar integral equations
for the cosfticients of the singular eigenfunction expansions is proposed. The method s based on the hul'-ral?
orthogunaliy relations of the eigentunctions and can be used to solve numerically any multiregion anrd muinmedia
problems. Saueral model problems, from haif-space 1o two-stab problems, are solved and flumenca' resutts are reported.
Some of the problems have been solved by other methods: for those problems avakbie methods of solution wre
discussed  Others are snived here for the first time.

The basic theory is briefly reviewad and necessary formulas are summanzed. Fundamental numerical
techniques used in transport calculations are also discussed.

1 - INTRODUCTION

Since the publication of Case’s fundamental paper'>) in 1960 the transport equation for plane
geometry has been studied extensively in various models. The general solution of the transport equaxpn
I given as an expansion in eigenfunctions, some of \ “ich are singular, with arbitrary expansion
coefficients. As Case demonstrated in his paper on one-group theory'S) and has been done in several
other models'12.13.15-17.39) ¢ js then proved that the solution is complete in the sence that the
expansion, with appropriate coefficients, can represent an arbitrary function.

If we consider a specific problem, the question then becomes how to determine the expanlpn
coefficients such that the solution satisfies the boundary and interface conditions imposed by physical
considerations. These conditions, due to the very fact that some of the eigenfunctions are singular, result
in @ set of singular integral equations. To solve this set of singular integral equations vanot.u
orthogonality relations of the eigenfunctions have been obtained: full-range, half-range, and two media
orfthogonality relations. Using these orthogonality relations several problems have been "?"‘d
analytically. Some other problems were reduced to a set of regular integral equations for the coefficients
and this set of equations was then solved numerically by iterations. For many problems, however, even
this second kind of solution has not been possible.

In the one-group model for isotropic scattering, i.e., the simplest and moststudied model, the
infinite-medium Green's functions problem, half-space problems, and two-half-space problems can b)e
“clved analytically using the full-range, haif-range, and two-media orthogonality relstions, respectively'®).
Single-slab problems can be reduced to reguisr integral equations using the half-range
*thogonalityrelations. The two slab cell problem has been solved by Bond and Siewert!2} who removed
*he-singularity by judiciously manipulsting the equations. More recently & new method based on the
half-range orthogonality relations and invariance principles'S) was introduced and used to scive some
two-media problems by Siewert and Burkert!18). However, Bond and Siewert’s methods does not apply
fo nonsymmetric problems and the extentionof the last method to multiregion problems are not

straightforward. Thus a general systemetic method to solve various problems has been lacking and many
made! problems have ramained unsolvable.

The purpose of this report is to propose a general method to derive a set of 'Wtf"'
integral equations for the coefficients of The singuler-gigenfunction expension for multiregion



problems, that car be solved by a standard iterative method. from the set of siagular integra!
equations that resu ts from boundary and interface conditions and to report numerical results for some
model problems.

The method requires the halfrange orthogonality refationc and the accompanying H Tunction..
but neither the full.range nor the two-media orthogonality relations, and can be used to sulve
numerically any muitiregion and muitimedia problem in plane geometry.

We shall first review the basic theory briefly and summarized the halfrange orthogonality
relations, related formulas, and the method of regularization. Then we shali consider five geometrivs,
from a halt-space to two slabs, and solve one problcm in each geometry. Extensions to problems
involving three or more regions are straightforward and should be clesr from these examples. Some of
the problems have been solved by other methods: for those probirms avaisbie methods of solution are
discussed. Others are solved here for the first time. In the course 2f the work fundamentsl numerical
techniques are also discussed.

Extensions to the case of anisotropic scattering is also considered: in Section 12 we summarize
basic theory and necessary formulas and report some numerical results for the problem of neutron
transmission through two siabs.

The one-group transport equation for an isotropically scattering homogeneous medium in plane
geometry can be written as

) C
Bl u) + Pix, u) =:;I vix, pydy’ 3]
x -1

where Yix, u} is the anguiar flux, x is the distance in units of the mean-freepath, and L is the cosine of
the angle between the direction of neutron motion and the x axus. The parameter ¢ is the sverage
number of secondary neutrons per collision and is the sole parameter (besides the mean-free-path)
requited to characterize the transpurt of neutrons in a medium. It is assumed that boundary conditions
e uniform and azimuthally symmetric.

i >
plane houndary homogeneous medium c>0
plane interface P(x,u) U = cosb
uniform source 0

—

niform incident flux \v x in mean-free-path

azimuthal symmetry

Figure 1 - The Plane Geomstry



The solution of £q.{1) is given by the expansion!6!
Vik.u) = Alv ) ¢ v, 1) expl-xfv )} + A(-vo)M-?o,u) explx/v )

1
A} , Alv) ¢ (v, u) expl-xfv) dv ,
where the discrete eigenvalues 1 v, are the zeroes of the dispersion function

. _c 1+1/2
Alz) =1 2z|n'-~———-‘_”z ,

z#real e-1,1)

the discrete eigenfunctions are

cyo 1

pl*v  p) = —— ~——
° 2 v Fu

and for continuum eigenvalues ve(- 1, 1) the eigenfunction is given as

cv
¢(vu)=? +AMNSv-p)

with

c 14y
Ap) =1 -—pin—
2 1-v

The functions A and A are shown in Figure 2 for some values of ¢ < 1.

The eigenfunctions have the properties

)':roﬂ.u)du =1

snd

olE-m =so-E) , t= ty orve(-1,1) .

The symbol P is used to denote the Cauchy principal-value integral!8

{2)

(3)

(4a)

(4b)

(5)

()

7)



. 1 b 1 b-c
Jb--f~~dx=l|m i J'( E.-»-—-d,( +f -———-—dx] = 1in , a<c<b (8)
a8 X-¢C >0 a X ¢ c4C X-C c-a

The generat solution of a problem may contain, in addition to the expansion in Eq. {2), @
particular solution. The coetticients Alt v,) and A(v) must be determined such that the solution satisfies
the boundary and other conditions. Is has been praved!®) that the expansion in Eq.{2) is complete and
the eiocn-functions are orthogonal in the full range e (- 1, 1) and in the halt rangeji € (0,1).

It is known!6) that the dispersion function Alz) has one pair of zeroes * ¥y -in ﬂ?e entire
complex plane cut along the real axis fram -1 to 1 and thar vy is real for ¢ <1 and pure imaginary for
¢ > 1. The discrete eigenvalue g is known explicitlv“’:

2 c . ( 2I1 N cny ] H
= - —— - - m— n ———— -
=1+ 102 2 m (1-c)™ exp r0 2A( 1) PR

du} . (9)

However, the integral in this formula is rather difficult to evaluate numerically and it is more accurate
and expedient to use an iterative method to calculate vy, using the valye obtained from Eq.(9) as an
initial value.

Several valus of Vg are shown in Table |,

in the following we write the general solution, Eq.{2), of the transport equation in a slightly
modified form as
Vix ) = Al ) ¢ v, ) expl-xfv ) + Al-vg, @) ¢ v, k) explxfvy)
1 1 (10’
+ [ AW o (v, ulexpl-xvidv + f Al-v) ¢ (-v, u) exp(x/v) dv
[+] o

and use the symbols v,,, v, v and £ to denote positive eigenvalues.

b

The Discrete kigenvalue

c vy c Yo
04 1.014585815927 09 1.903204856046
0.5 1.044382033608 0.85 2.635148834260
0.6 1.102132021151 0.99 5.766728451302
0.7 1.206804253985 1.01 i 6.7606308726356
08 1.407634309063 1.08 i 2.302327087032
0.85 1.588558626363 1.20 i 1.198265001513




X (x)

Mx)
Afx)

Figure 2 — The Functions A and A

2~ HALF-RANGE COMPLETENESS AND ORTHOGONALITY

tn some problems boundsry conditions result in an equations of the form
1
Al dolv  u) + [ Ay glvuddy = Hu) ,  pe(0i? m
o

It has been proved'®) that the expansion in Eq.(11) is complete in the half rangeu (0,1) for arbitrary
function f(u) satisfying the Halder condition

) - S i< M- ™, (12)
where M is a positive constant snd 0 <a < 1.

The eigenfunctions ¢ (v, 4) and ¢ (v, u), ¥ €(0,1), are orthogonal in the half renge we(0,1) in
the sense that

1
Io MRl ok o B e =0 , §#F ; & = v, orre(01) . (13)



-

Thus Eq.{11) can be solved for the coefficients to unive

{ 1
A = 5 ) i dn £ pH Sl gt sr e 149
A |

and
1
Aly) = I, pHlu)plv,y Hpd du 7§ uBlm o (e ubo v, phdu . {14b)
(] 4]

The tunction Hiu ) was originally introduced by Chandraseckar'7) in regard to radiative transfer
problems. Since in our work we H fun-:tion and the half-range orthogonality relations play a principal
role, we summarize their properties and re!ated formulas in the following two sections.

3 - THE H FUNCTION
Though the H function can be defined in terms of the solution of a Reimann-Hilbert
boundary-value problem related to the half-range completeness proof, it can be introduced in 8 more

straighttorward way through invariant independding analysis.

The Fundamental equation is 8 nonlinear integral equations

1 1
Hip) = 1 +— pHig) [ HEu) o', pel0) . (15)
2 ° H

'

The definition of the H finction can be extended to the entire complex plane cut along the real axis
from -1 to 1 and Eq.(15) can be modified to give

1 1
Mlz) =1 —=2f W) ——di, 2% real el-1,0) - (16)
2 utz
The H function has a property such that
1 1
J : ¢l mddu = SlE.MHWIdu , F= v, or vel0,1) “an
- o

and, therafore, satisfies the equations

1

vem M

¢ 1
- H du =1 , (18a)
2 Y !o (u) I



M y: Hiw) . dp = 1 A K , veld))
2 o v u

From Eq.{15) we can derive a moment relation
b - -
cHy = 4H, 17
where the moment of the H function is defined by
1 a .
Hy=J HlppSde . a = integer .
°

The H function is known explicitly!18}.

cr '
H{u) =

J

11
exp{ -~ f wn”'[
T o

+pu
b, + N1 ¢

d
2AY) pimu

{18b)

(199)

(19b)

(20)

We can conclude from Eqs.(18a) and (20) that Hiu ) is complex for c > 1, and from Egs.(16) and (18a)

that
-3 =
M fp) - 0,

i.e., H(z) is singular st z2=-v,.

The extended function Hiz) satisties the equation
c 1 1
Hiz) Al =1 +—2f Hluy)—du
X 2 o w2z
from which Eq.{18b) can be obtained as a limiting case since
1 g
Ap) = E (A +A )} |, vel-11)
From Eqs.(16) and (22) we obtain
Hiz) H{-2) Alz) = 1

Aad thus we have

21)

(22)

{23)

(24)



B LA {25)

Nurmeriial vataes of HGr) can be obtaned trom E£q.{20). However, 1o achinve 3 gomt accuracy

many quadrature points must be taken near jJ- 1 11 s easier and more accurate to calculate H{ g) trom

Fi. {15) by iteration. Convergence is good for small valus of ¢ and for ¢ » 1 and ¢>> 1 another equation

is avaable! 1

ot . ¥, o P 1-
Wt I ‘ i ' RO - = e d {26a)
l vy 7 T o (vo-u)h”u)
which is derived by combining £qs {15} and {1Ba} using the identity
‘ . (1 v ) (u+ )
“M = 1""" e (26b)
RTINS v + 1)

The number of iterations required tor the same accuracy using £gs.(15) and (26a) is compared in
Table |l togheter with numerical examioies of the H tunction

Table I
The H Furction

¢=0.6 c=08 ¢ - 0.95
u

Hiu) H{ ) Hi)
0.0 1.0 1.0 1.0
0.1 1.09134859 1.13880767 1.19523181
0.2 1.14516451 1.22863877 1.33733878
0.3 1.18586787 1.30058828 1.46045391
0.4 1.21860018 1.36108970 1.57095414
0.5 1.24580716 1.41326257 1.67178829
0.6 1.26892012 1.45898949 1.76471161
0.7 1.28887005 1.49953974 1.85081741
0.8 1.30830761 1.563582791 1.83128623
0.9 1.32170140 1.56854278 2.00650369
1.0 1.33640667 1.60821952 2.07712384

a Hy ”a Ha

0 1.22514823 1.38196601 1.83451200
1 0.636863257 0.73581523 0.90187602
2 0.43092070 0.60322379 0.62679444
3 0.32577405 0.38259512 0.48003912

Number of iterations for e = 10~'°
Eq.{15) 10 14 26
Eq.{26) 8 1 11




aQ

4 - ORTHCGONALITY FORMULAS AND RELATED INTEGRALS

The halt-ranoe orthogonality relations of the eigenfunctions can be summarized as

1
ot ot v mde =0, {27a)
o
' »
Ir) Ly (uo,ub¢(vo,u)du = Hip ) N . {27b}
and
1
oMby oty o, u)dy = HBIN WS 0 ), {27¢)
where
O N LA (282)
v) = - -5 -3 . 3
° 2° w1 vl
are}
1
M) e { XY A (0) 4 ; ) {28b)

Since in our work we shall need various integrris involving products of eigenfunctions, we
summarize them here, For eigenfunctions belonging to the same medium

ki

Py H'E) |, & = v, orvel0) (29)

1
Io HHI @ (B ) o (¢, u) dp =

Nla

For eigenfunctions belonging to ditferent medis, with §, =, or ve(0,1),

: 88 (30)
IO #H‘(“’ ¢. (Ei'“) ¢i ‘-E': “, d“ = ?E;;‘E—i H.- ‘E,’

1 4 ”l" )
[ ouH (0 ¢, (& 0 oy dp = — ——H ) (310
° 2 Y -§

[ vy

\} ] )
[ MM @ (v, p) ¢ (p ) dp = e H (1) (31b)
° 2 vy
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1
J', HH L) O b, ) [ ALY 0V, 1) dv' du
o o

GG P
= ———v[ v AW)HW) dv
2 o )

Ci - Cj
v} (31c)

+ uAjlu) Hj(v) (A1) Xi‘l’) +

Here we have used the subscripts to refer to the media and written the discrete eigenvalues by b, In the
last formula Ai(v) is an arbitrary function satisfying the Holder condition. We not that the last integral
s 51ill singular and in fact this is the type of integral we shall be concerned with.

Finally the following recursion relation is of interest:

LIS 1 - c

[ ot man = £ W Motk mdn-—Hy ) L e=12,, (320

a
with

1

S Hpotmdp =1 {32b)
a

8 — THE METHOD OF REGULARIZATION

The method to regularize singular integrals of the type of Eq.(31c) can be summarized in the
following steps:

1) At an interface separate the continuity into two equations, one for ue (0,1}, the othor for
Kel-1,0).

20) To the uel0,1) equation apply the halfvange orthogonality relstions for the rightside
medium,

b} In the ue(-1,0) equation change 4 to - 4 and then apply the orthogonality relstions for the
left-tide medium.

3s) If any singularity remains in step 21, consider the interfece (or boundsry) condition for
H>0 st the leftside boundsry of the left-side medium and generate the ssme singularity,
subtract the result from the equstion in step 2a snd remove the singulerity.

b) For step consider the right-side interface of the right-side medium and generate the seme
singularity from the u < 0 equation.

4) If ‘singularities remain in step 3 repest the process, genersting the ssme singulsrities et
different interfaces.



1"

Although the equation for a discrete coefficient is always found to be regular, v apply to this
equation the same operations as those applied to the equation for the corresponding contirtmim
coefficient, since the convergence of iterations is sonretimes faster and the discrete and contiirin
coefficients are obtained in the form. We note that for a symmetric geometry the right and laft
nterfaces are equivalent.

6 — QUADRATURE FORMULAS AND ITERATIVE SOLUTION OF INTEGRAL EQUATIONS

A Gaussisn quadrature set'?! can be used to numerically evaluate an integral in the form

1 N
J fHyldy = X ﬂyi) u. {33)
- i=1 )
where N is the order, y; the nodes, and u, the weights of the quadrature set. This formula is exact if the

function f is a polynomial of order 2N — 1 or less. The nodes and weights are found in Ref.

If the interval of integration is different from (- 1,1}, the nodes and weights can be modified to

give
b N
J fix)dx = _E' Hix;) w, (34)
[ ] i=
with
b-a b+a
NTTR T o
and
b-a
w, = P v, . {35b)

An integral equation of the form
b
Fix) = #ix) + { Kixy)Fly)dy , xe(ab) . {36)
[ ]

where f(x) and K{x,y) are known functions, csn be solved numerically in the follow _ iterative scheme

{a) i-1 (o)
F {x) = fHx,) + i§1 K(xl,vl) F (V,) "

N {a~1)
+ 'E’ K(x,,y‘)F (v‘)w, , 1=1,2,...,N, {37
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where F'®@ (x') is the vatur nt ¥ at x after the o - th iteration, The iteration can be termin.ted when

() {fa 1) . .
\F (xi) - F (n') y< ¢ foralt i ., {38)

where € is the desired accuracy,
7~ THE MILNE PROBLEM FOR A HALF-SPACE: PROBLEM 1

The Milne problem for a haif-space is probably the best-known model problem in transport
theory. The problem originated in the study of radiative transfer as a mod~! of the sun lor starts), but it
has a relation to nuclear engineering through the formula for the extrapolated endpoint that can be used
in boundary conditions in diffusion theory or in that it can be considered as a model of a thermal
column. There are other half-space problems often considered in transport theory, e.g., the albedo and

constant-source problem:. However, since these problems are mathematically eguivalent, we consider
here only the Milne problem.

medium to ® source at =
vacuum

o
N777 7777777777

Figure 3 — Problem 1

The solution can be written as

Vix, ) = Alw) ¢ (v, ) expl-nlv ) + ${-v,, u) explx/v,)

1
+f Amolrwexpl-xMdv , x2 0. . (39)
[]

The coetficient A{-v) in the ganersl solution, Eq.(10), has besn taken to be zero by the
condition for x - =. The coefficient A{- v, )} may be considered to have been normalized to unity, or the
term ¢ {-v ,u)exp(x/v ) may be eonudmd 8 perticular solution with A{-» )=0. The remainitg
boundasry condmon W(O &) =0, uel0,1), results in the equation



Al) ¢ v, 1) + J’o‘ A) 6 (v, i do = 9w, 1) . pelD,)) . (40)

If we apply the half-range orthogonality thearem, i.e., multiply Eq.(40) by uH{m¢(tu), E=v, or
ve(0,1), and integrate over ue{0,1}, we obtain, using Eqs.{27) and (29),

Alp) = EN'(BIHTT (B) ; u:+z HY (o) an
The total {scalar) flux is defined by
o) = 5 Yn, ) d (42
and thus, recalling Eq.(6), we can write
olx) = Alv,) expl-x/v) + expin/v) + f: Alv) exp(-x/¥) dv . {43)

The extrapolated endpoint has been calculated in various models es a convenient measure 4of the
asymptotic behaviour of the total flux and is defined by the zero-extrapolation of the asymptotic flux,

Alv ) explz /v ) + expl-z /v ) =0 (44)

which can be solved to give

Vo
2, = Y in{-Av )} . (46)
Numerical examples are given in Tables 11) and IV and in Figura 4 for saveral values of c.

With the cosfficients known, the angular flux ¥(x, i) can, of course, be celculated for any x

#nd 4. The principal-value integral that appears in the continuum term can be svalusted in the following
way*

[} P ] 1 1 P
I AW)——dv=[ {A¥)-Alp} ——dv + Aly) [ —— dv
° v-§ [} v-u o V-u

1
=1 (AW - AW} ——dv + Alp)in — (46)
o V-u [
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The last integral is now requiar and, since Al ) < known for all u, it can be evaluated by the standard
quadrature. Though Eq.{46) is matematically ex.ct, the accuracy of the calcutated angular tlux not b
good fori =1. This is due to the behavior of Afr} and the functions Ap) and In{ (1 - 4}/ u}in this
region, see Figures2 and 4. To calculate the angular flux near 4= 1 to a good accuracy, many
quadrature points must be used in this region. Further, in EQ.(46) u must not be equal to any of the

nodal points.
Table NI
Problem 1, Discrete Coetficient and
Extrapolated Endpoint
) 7]
¢ A(l'o) z,
0.4 -0.027397 1.82490
0.5 - 0.063340 1.44085
0.6 -0.114916 1.19226
0.7 - 0.185037 1.01806
08 -0.282751 0.889055
0.85 -0.348923 0.836300
0.80 ~0.436169 0.789569
0.95 - 0,566874 0.747879
0.99 - 0.780675 0.717624
PR ——
Table IV
Problem 1, Exact and Asymptotic Total Flux
c=05 c=08 c=0.95
X
olx) Rix}*" dix) Rix}" &x) Rix)*
0.0 0.73915 1.26721 0.48400 1.48193 0.26764 1.61831
0.1 0.90421 1.15341 0.64778 1.25081 0.37809 1.30368
0.2 1.05310 1.10034 0.78494 1.16597 0.46734 1.18416
0.4 1.35926 1.04726 1.04337 1.06946 0.62666 1.08013
0.6 1.70006 1.023856 1.30274 1.03388 0.77438 1.03858
0.8 2,00500 1.01276 1.67755 1.01749 0.91830 1.01857
1.0 2.56230 1.007256 1.87820 1.00941 1.08283 1.01020
1.5 4.17994 1.00237 2,79945 1.00206 1.44328 1.00193
20 8.77328 1.00065 4.07108 1.00029 1.87019 1.00027
30 17.6768 1.00006 8.39145 1.00003 2.94026 1.00004
" Rix} = ¢__(x)/o(x)

sy




15

-n.?
A ()
-0.1
0.0
0 0.5 1.0
AY

Figure 4 — Problem 1, Continuum Coefficient

B — SINGLE SLAB WITH AN INCIDENT FLUX: PROBLEM 2

Probably the most often considered among singleslab problemns is the critical problem for bare

siab reactors''*). We consider here, hawever, a slab of thickness airradiated from one side by a flux of
neutrons f{u).

. y
~ N
- med ium ~
~ ~N
=
fimy —————> 1 e < h
pe (0,1 S ™
- N
I~ ~
. ~
> ~N
N N
xe0 A=y

Figurs 5 — Problem 2
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The solution can be written a

v ) Al Yot ahexpl xi 1 4 ACE el kg, p) exp o 2w}

1 1
chAl e x| AL o U eid expr ~{a vl av

]

n-x<a . {47}
with boundery conditions peen b

(2 {UNTI IR [VS RS (18 | B {48a)
and

vieu) - 0, pel 1,0 148b)

Applying the ‘st boundary rondition 1o the solution we b ve
1 .
AWG) & igm) + /AW @ o) do = flu) = AL IO Lr 0 Ein)
1
- Al-» ¢t pu)EWwdvy , uel01} (49a)
°
and the other condition results, after changing s 10 -4 , in the equation
1
Al-r) oy, u) + {' Al-o) o v p) dv = -Alp ) o (v 1 EW)

1
~J AW el v, EWa , uel0) {49b)
o

where E{¢} = expl(-aff).

Equations (48) are coupled singuler integral equations for the expansion coefficients Al v}
and Al+). Anaytical solutions of this set of equations ere not known. Howaver we can convert these
souations into @ set of regular integral equations that can be solved numerically by iteration. We

consider the left sides o Eqs{49) & halfrange expansions and apply he haifrange orthogonality
L.eorem to isolete the coefficients to abtain

AE) = AP {E) - EN-T (BIHTU (DY, ) (50a)

and



AL FY O INTT Y

for ¢ "o or e, b owieee

i
ATRY - ) o, ) H) dp
i}

V) AL s ) W )B4 AL S e B W E W dy
© 2 +k ° ” e 2 v+t

+
o S

and

Vil = A S—2
A &
: ° 20 +¢

o

- ! C Y H ' wE .
H’(uo)E(v°)+J’° A(v)*z-.”tH (¥} E () d2

We consider here three cases of incident flux

fHy) = 2 , pel0,1) , Case 1
tHu) = 3u , ue(0,1) , Case =
flu) = 842 . pe(0,1 ) Case 3

The integral in Eq.(51) can be performed to yive

A%(E) = 2EN"' (BIH-! (B) {1-5:-«0) . Cumel ,

A%(E) = 3ENTY (BT UB) (&~ -;- (H, +H,)} , Case2 ,

and

AO(}) = 4EN! (BH-" () {t.’-f(t’H,*EHﬁH,)} , Cme3 .
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{50b)

(51)

(52)

{53}

(54a)
(54b})

{%4¢)

(55a)

(55b)

(65¢)

The results of iteration can be checked in two ways for accuracy, i.e., how accurately the

boundary-conditions sre satisfied.

Firstly, Eqs.i48) can be checked pointwise for arbitrary valuss of . Though the equations
contain a principal-velue integrel, it can be convarted to a regular integral and a principsl-value integral
that can be integrated anslytically by the technique used in the calculation of the snguiwr flux, see
Eq.(48). Secondly, Eqs.(48) can be multiplied by u®, a=1, 2,°*', or sny other function, snd
integrated over uel0,1). Since the solution is exact, the results must be an identity for sny a, i.e., from

£q.(48s) we must have



1 1
SoEWo,mdy - @ Hwdp . a=1,2 {56)
o

(]

We shail use the terms “'pointwise check’” tor the first kind and “moment check’’ for the second. For
i =1 the pointwise check may not give good results. However, in the moment check large values of
1 will have increasingly more weight as o mcreases. Thus the two checks combined should give sufficient
confidence in the solutinns.

The accuracy of iterative solutions depends on the quadrature set and the value of ¢. To obtain
accurate results many quadrature points must be used near » = 1. The reason appears to be in that the
continuum coefficients are not smooth in this region due to the fact that the normalization factor Niv}
diverges as v > 1, see Figures 2 and 4. Table VV shows the number of iterations required for € = 107" and
the accuracy, in the number of significant figures, that can be achieved with various quadrature sets. An
approximate computation time required for one case is aiso shown.The notation
Q = N,¢l0,a) + N,e(a,1) is used to denote that a N,-point and a N,-point Gaussian guadrature set is
used in each of the intervals (0,a) and (a,1), respectively.

We report the total flux in Figure 6 and in Table VI the transmission rate defined as

1 )
y=f Ylamudu/f Huudu . {57)
[+ o

Table V

Problem 2, Number of Iterations and Accuracy®

c Meration Accuracy’ Accuracy®  Accuracy®  Accuracy”
05 4 4 5 6 7
08 6 5 6 6 7
0.95 11 6 7 7 7
Computa.ion time 13 18 1B 25

Accuracy is given in the number of significant figyres
Computation time is the CPU time, in seconds, for ¢ = 0.8
Q=20 ¢ (0,7)

Q=40¢ (01)

Q=20 ¢ (0,099) + 20 ¢ (0.99,1)

Q=32 ¢ (0,099) + 32 ¢ (GL.99.1)

L N

anoTeoe

Tabla V1

Problem 2, Transmission Rate

¢ a Case 1 Case 2 Case 3

05 1 0.308709 0.344470 0.366916
05 2 0.107065 0.124591 0.136219
08 1 0.416245 0.4561621 0472083
08 2 0.197270 0.218042 0.231130
0.96 1 0.5610078 0.543774 0.562213
0.96 2 0.3117481 0.341017 0.355135
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i i
n,s 1.0

x inmean free path

Figure 6 — Problem 2, The Scalar Fiux

9 — THE MILNE PROBLEM FOR TWO HALF-SPACES: PROBLEM 3

As in the case of a single half-space, several problems can be considered in the same geometry,
but we consider here onty one of them, i.e., the Mitne pioblem for two half spaces of different med -

p A
N\

medium 1 to -o

A
A N
A g
h medium 2 to o
AN
A

<
A €2 !
A source at ®
AN
A
ﬂ\

]
1
2

Figura 7 — Problem 3
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The solutions can be written as
1 .
Vol = ALCu) 6y G explue,) + 1 AV 6y v i explem) o . xsu . (58]
0
and
Vol ) AL(r,) oy (i, mhexpl x/ig) ¢ [ vy, p) explx/i,)
1
t A, plexpl x|, x20 . (59}
o
The interface condition ¥, {0, p) = WZ(O, u), u€y 1,1), can be written in the two equations
1 ‘
A0 g i & A by I dhdv = bl i) + AI8y) 6y (g 1)
1
YA e vpide . pe(0N (60)
o

and

1
Aglvg) 6 Ly k) + 1 A1 8 v dv = -0 bwy ) + A 0] by 10y )

)
S 5OAENS, Crurdu L welD) (61)
o

. W we apply the halfrange orthogonality theorem for medium 1 to Eq.(60) and that for
medium 2 to Eq.(61), we obtain a set of reguler integral equations for the coefficients that can be
solved by numerical iterations

A=k = AR + NG BIHD ()Y, () (62a)
nd
AglE) = AZME) + ENS' (EIH' (B)Y,, () (62b)
whgn
AJ(E) = EN' (BH;! IR T (63a)
1 v 8H] (E)—';VQ‘E Hy! v,)
0 -1 02 Y
AE) = -EN;' (pHZ! 15)-;;2+E Hy! (v} (83b)



n

C I

[e]

2 2 1 2 v
Y = A(r) - H! + ALy = - W hde {63c)
1 2050 2 0,00 ) !" L) s e (v) dv C
and
R 1 I
AP L L B L S B T I B tiLs PR L RUCH {834}
2 vy + o 2 vk

We not that if €17 0 Eq.(62b) reduces to Ey {41), the case of a singular halt space.

As was mentioned previously, the problem considered here can be solved explicitly using the
two-media orthogonality relations or by the method used by Siewert and Burkart!18).

€ M
Ay E) = ENDT () o HIYBH, HD G ) W o) (642

[P

2.
A ) = ENy' (5 P Hy (B oM CogHy! ) (64b)
2

The extraporated rndpoint z_ is defined by the zero-exiraporation of the asymptotic totai flux
in medium 2 and is given by

2, =~ —2— n: A?‘”z” . (65)

We report our resuits, based on Eas.(62), in Table VII and Figure B for several cases. We not that if
€y > g, Aylr,) >0 and 2, cannot be defined. This point will be discussed in more detail in the next

section.
Table VI

Problem 3, The Disc. ete Coefficients and the
Extrapolated Endpoint

s c, A, { —v,) Az("z) 2,
0.9 0.85 0.800250 -0.162617 2.393099
0.8 0.85 0.580606 -0.311158 1.538209
0.7 0.95 0.454169 -0.388403 1.248045
0.5 0.95 0.234025 - 0.473660 0.984548
0.85 0.8 1.488052 +0.286836 -

0.7 08 0.805699 - 0.803962 1.774178

0.8 0.8 0.620046 - 0.134362 1412713

05 0.8 0.440886 - 0.174027 1.230656

0.6 0.7 0.800085 - 0.048856 1.821605

05 0.7 0.588255 - 0.08499% 1.487485
a ) : .




Lomr T
=

|

®» in mean free path

Cigure B -- Problem 3, The Scalar Flux

10 - THE MILNE PROBLEM FOR A MALFSPACE BOUNDED BY A SI.AB: PROBLEM 4

We consider here a problem similar to Problem 3: the Milne problem involving two media.
However, we consider one of the media to a slab of finite thirkness a. There is a plane source of
neutrons deep in medium 2 (x> 0} which is bounded at x =0 | « a slab of thickness & nf medium 1

{-a <x <0).

7T T T T T 7777

YT

medium }

c1<‘

medium 2 to o

’ l (L LL
X ‘/\/\\\\\

NN

2

Figure® —~ Problem 4

1 4

sonrce at o
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The problem cannot be solved analytically ms have numerical been reported. The difficulty -
in that the application of half-range orthognpality refations te the boundary condition at x = a an!
full-range or fvee e cathogonality relations to the interface condition dnes not remove !
singularities

The method econtly used by Siewert and Bur:kart“m can be 7.- ied to this problem to derive

a sel or reqular integral equations for the expanssion coefficients. We coi:tinue, however, to apply our
method of regularization to this problemn,
The solutions can ne written as
Vylx, i) = Agle )by (o i expl{ (tad/vg b+ AL w)) gy ey, p) explxie,)
1 ) 1
+ AW (vu)exnl (xtadivide + [ Al ¥, (Frou) explx/o) dye
0 [
aEx<0 , {66a)
and
Valx, ) = A,lp,) ¢, 0y, 1) expl: xlig) + by Uey, w) explxfi,)
1
+ _fo AL (1) oy (v, 1) expl x/vh o y a0 (66b)
th b cpwlary combine gt xo= - a results 10 ihe woguat o

1
Alvy) oy vy, ) + J‘o AP oy vl dy = Al ) oy vy by

1
S AR S v Edy L pel0) 167)
[+]
where E(f) = exp(-a/), and we write the interface condition in two equations
, 1
Ajlv) og lvg ol + fo Adv) gy v, p)dv = Palvy 1) + Agly) 0y (wy, 1)
1
+ fo Az(V’ ¢2 (v, u)ily - At(v‘)g‘:‘ (~-v1,u) Fh "

1
AW Ly, Emdy L pel0)) (68a)
o

and
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1
MY T }'n A0} o, (v, ) dy = 'bz(’v.‘,.m s AW, v E)
1
Ao (v w4 [ Ay v, u) EW)de
0

vl AR L L w0l (68b)

Applying the orthogonality relations for medium 1 to Eqs.(67) and {6Ba), we obtain reqular equations

A8 = NS L PR t1) N1 (69)

and
A-B = ATE-E) + NS (BT BYY, () (70)

where
c2 1]
A(-B) = ENZ' (B — HY (BHDY (-e,) (71a)
2 1 e 1 2
2 vy £
) © % 1 © v ' "

Y.'(i) = A.l('vi) ;‘ p—z':?!'h (v1) E(v1) + fo A1('v)—2 ;EH‘ WMEW I , (71b)

and

_ S S T 1 9 v
Y,(E)--A,(v,)?ﬁm By &y ) = 1 A S W DI E B

2 ¥ 1 2 v
+ Agly) ) v,‘,—+E_ H' () + [o A, ;Wﬂil (v) cv (71c)

If we spply the orthogonality relations for medium 2 1o Eq.(68b), we can isolste the coetficients in the
left side. However in the equation for A lv), the A, (v} term remains singulsr, involving & singular
integral of the type that appesrs in Eq.(31c). Following the steps of regularization given in Saction 5, we

next multiply EQ.(87) by uH,( ulg 5k, WIE(F) and integrate over we(0,1). Subtracting betwsen the two
squations we obtain

AjlE) = AQ(E) + ENZ' (BVHZ! (B) X (B) (72)



where

n -1 2 "2 TR (73a)
AT TR F,N, () —2 ' H2 (E)Hz (:rz) .
vy

and

C
Xty == Alr)) e WY ) Ete) REYY
£ A R | 2 V‘ t 2 1 1

S ¥ '
+ AL '2 ;;;E H, (u'l {1 E(u1)E(E)}

[
s A =T Do e B o
© < t-v
+ f' A l-v) E . H' ) (1-EW EE)} dv . (73b)
w ! 2 v+t 2

Equations (69, (70), and (72} can be solved numerically by a standard iterative methcd using
the limiting value

lim —— [ E( — E()} - 2 Ew (714)
wEt v £

in the third term in Eq.{73b).

We report in Figure 9 the scalar flux and in Table 8 the extrapolated endpoint for medium 2 given by
Eq.(85). We note that if ¢, > ¢, the discrete coefficient for medium 2 tends to be positive, & shown in
Table 1X, and the usual concept of the extrapolated endpaint loscs its meaning.

Table VIl
rroblem 4, The Extrapolated Endpoint

c, <, a=1 a=2 a=3 a=5
095 0.9 21173 - - -
0.8 0.9 1.43569 1.68881 1.7687 1.7821
0.6 0.9 1.1116 1.1666 1.1738 1.1754
09 0.8 4.0097 - - -
0.86 0.8 2.2086 - - -

- 08 0.8 1.3084 1.3957 1.4100 1.4126
0.8 0.7 1.8076 1.7825 1.8152 1.8214
0.5 0.7 1.4039 1.4755 1.4868 1.4875

05 0.6 1.7484 1.8964 1.9208 1.9249




Teble IX

Problem 4, The Discrete Coefhicient for Medium 2

cy [ [ | a2
0.95 Q9 - 0.10807 0.03671
0.9 08 - 0.0033h 0.nY26%
0.85 0.8 -0.03827 0.03142
0.8 0.7 0.00R12 0.05641
0.7 0.6 0.00961 0.03484
e e i e ————— . e = ee: = e e o s renm e o =+
i
3 i
1 (v‘.ﬂ_ﬂﬁ r?-ﬂ_ﬂ Nl FYEY)

T e=n05 cmnR e ?

-] -l

% in mean (reg pOth

a=3

0.10254
0.12598
0.05127
0.06828
0.03980

a5

0.14707
0.14172
0.05853
0.07189
0.04095

Figure 10 -~ Problem 4, The Scalar Flux



71 - TWO SLABS WITH AN INCIDENT FLUX: PROBLEM 5

Probably the most typical problem in two-slab geometry is the cell problem, ie., the
disuivantage tactoe calculation. Bond and Siewert'?! were able to remove singularities in the cell
problem and reported numerical results. We consider bere a different problemn, two slabs irradiated by a
flux of neutrons on from one side, as in Problem 2. The thickness of medium t (0 <x Qa') is a,, that
ot medwum? (@, <x<f, f~a, + “2) is ay, and the incident flux is written as #{ u), pel0,1). This
probiem is more difficult that the cell problem due to the nonsymmetry. Bond and Siewert’s technique
cannot be applied to this problem and in fact no numerical solutions have been reported.

. NP j
~
redinm ! ~ medinm 2 e
N -~
T R A
ne €0,1) k r' L | \:‘/ r?n' 1 g
b ~7 A1
z T g
~ ~4 Ve
V7 /]
~
| g -
x=0 xeo, x=8
Figure 11 - Probien
The el tions can be written as

Yyl ) = Aglog) ¢y vy, ud expl-xiv,) + A v vy ) exp{ -{a, - x)fvg }

1 1
HLOAW Y . mexpl xiv dy + Ao v expi ey —xbr) dv |
[+] [+]

0Kx<a, {75a)

and

Yolx, p) = A, lvy) 9y (o, b exp | - (x “1""2} + A, l-wy) 6y -0y, 1) exp{=(f=x)/v, ]
1
+ fo Ay 0) ¢y (v, phexpl (x-a,)iv} dv + f1 A v oy (o, expi -8 xMv} o,
[+]

a Sx <p (75b)

The boundary condition at x = 0 and x =f result in the equations



1
Atr oy Wy u) + [ AN, 00 du = Hp) — A v 6, vy, ) Ey (vy)
o
f‘ A0, o, W) E hdv . ue(01) (76)
o
and from Eq.(23)
1
A.z(‘vz)nb, ) + [ A0 ¢, W oy = Aol g vy, i) E, b))
o
-7 A g, v M Ey (v, pelll) an
o
where E.(£) = expl-a,/E), and we write the interface condition in two equations
'
Ay o, (o, ) + f At-p) o, v dy = -A ) o) v ) E, (9))
o
1
I AW oy - W E D dv + Ay(0) 9, -y, p)
o
'
+ ANl 0yl MV Ex (0)) + [ Ay gy (v, 1) oy
o

1
*fo Ay v, E;dy . pel0d) . (78a)

1
Aglva) @ g, i) + [ A9, v, ) o = A, 18) 8y (), W) Ey )
1
+ A‘(‘I")¢1 “I’1:“) + fo A1‘V’ ¢'1 v, W) E' (I")dv
1
1A Cruldv = Aylny) ¢y Cvp. ) Ep ()

1
"Io Aoy (-, Ey hdy |, pel0d) . (78b)

't we apply the haif-renge orthogonality relstions to Equ.(76) and (77), we can isoiste the
cosfficients in the left side expansions to obtain

A = ATEY - BN GBS (BY ) L E=porvel) (19



and
A E) - BN DR (BY, ) E=vyorveld)) (80}
where
1
AVIE) < NG M pH G o I e Hid dp {81a)
o
c, ¥ | 1 S v .
Y, (8 = Al u‘)*‘?— -"'-.’;‘ H' ) E o)) + fn A0 —2_1:£H' W) E (v) dv , (B1L)
2
and

C 14 [4

2 2 1 2 v
Yaolk) = Aylvy) *2— ;;;;Hzl ) E; 0, + {: A, -; ;—E Hz' W) Eyhdv . (B1c)

We next apply the half-range orthogonality relations for medium 1 to Eq.(783) to isolate coefficients in
the left side. The expression for the discrete coefficient A1 { v‘) is regular but the equation for the
comtinnnm . corfficient A (-¥) includes a singular integral of A,[-v). To remove this singularity we
multinly C 1771 by uH {u)g (£, 4 )E,(E) and integrate over ue(0,1) and subtract this result from the
prrevious eguation o obtain

A-B) = =ENBHY BV ), f=vjorpelo) (82)
where
_ G M 1 v
Ya(E) = Ayivy) —2' -;-:{H‘ {vy) E‘w’) + Io Ay ;—-‘TE-H, » E () dv

€ ¥

- Az(lfz) —2' ';E H;' (v,i) {1- Ez(vz) Ez(i)}
€y ¥

- Ayt — Hy' (-uy) {Eyln) —E,(8))
2 uz-f

1 2 v
- J’o A, —2-;-_2- H' o {1 -Eylv) Eyk) } v

C,‘

1 v
= fo A1) -v—.—; H, ) [EZ(E) - E.z(v) }dv . (83)
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In the same way we first apply the orthogonality relations for medium 2 to Eq.(78b), next multiply
Fa.(76) by pH (1) @, (£, )€ (§) and integrate over uelD,1), and subtract between the 1wo results to
obtain .

Ay l) = AT(E) - BN (BIH) (1B, E=wvyores O] (84)

where

1
M = N OHT (D E () uhplu ¢y (1) it (85}

and

c P' ’
— — e ] - 1
Yalb = Ay - e {E, o)~ E,(5)}

& ¥
- A,(-'v,)-z—:l:s—Hi‘ wy) {1-E,p)) E\(B)}

1 “ v
- fo A,(”I!)'z— —P:-E_Hz W M-EMED) o

1 €©2°% »
- fo A ——z—v—_—i Hy( {E () -E (] dv

€2 ¥ o 1 (- ,_c?__"_.H-l (v) E,(v)dv . {85b)
* Aylvy) — ey Hy' Ul Blog) + [0 A o T 2 2 '

Equations (79), (BO), and (84) are the final equations for the coefficients to be solved by
numerical iterstions. We not that if a0 or it €, =0, Eqs.(79) and (82) redure to Eqs.(49), the case
of single slab.

We consider two cases of incident flux
Hu) =4 Case 1 (869)

and

Flu) =, Case 2 . (86b)



3

The integrals in Eqs.{81a) and (85a) can be expressed in terms of moments of the H functions in a form
similer to Eqs.{54).

The transmission rate detined as

1 1
b=y WyB.dpdp /[ f Hu)pdp {87)
-]

o

is reported in Table X and the total flux is shown in Figure 12 for several sets of parameters.

Table X
Problem 5, The transmission Rate
<, ¢, a, a, b (Case 1) 5 (Case 2)
095 0.8 1 1 0.26754 0.27988
08 095 1 1 C.27194 0.28688
08 0.95 1 2 0.17634 0.18658
08 0.95 2 1 0.13383 0.14246
0.8 0.7 1 1 0.19359 0.20582
08 0.7 1 2 0.08355 0.08962
0.8 0.7 2 1 0.09439 0.10086
0.7 08 1 1 0.19554 0.20833
0.7 0.6 1 1 0.15822 0.17006
0.6 0.7 1 1 0.15871 0.17244
06 0.7 1 2 . 0.06922 0.07549
0.6 0.7 2 1 0.06303 0.06898
06 05 1 1 0.13379 0.14527
06 0.5 1 2 0.04908 0.05407
06 0.5 2 1 0.05286 0.05805
i 05 0.6 1 1 0.13497 0.14716
[ XY

ey

o4

¥ in mren Free path

Figure 12 — Problem 5, The Scalar flux in two slabs with an incident flux ${0, u) = p?, s € {0,1)
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12 — THE CASE OF LINEARLY ANISOTROPIC SCATTERING

Aithough the analyses for the case of anisotropic scattering are more involved and the algebra
can be quite tedious, the development of the theory is at about the same stage, at lesst for the case of
hnearly anisotropic scattering, as for isotropic scattering. More recent works in Refs. 3 and 10-13.

Here we summarize basic formulas and report some numerical results.

The general solution of the transport equation
a c 1
b ) 2 i) = — 1 Plx,u) () o) dp’ {88)
ax 2
can be given as
Yoo u) = Al ) 6y, m) exp(-xfv ) + Al=v ) & (- v, 1) expix/v )
1 1
+f AWl lv,phexpl-x/w)dv + [ Al-») g {-w, p) expix/v) dv (89)
[: ] o
where A’s are expansion coefficients, + v, are discrete eigenvalues,

o

ALy, ) =T° Rity_ u) %1“— (90a)
and

v, == Riv u) tAMs - . vel-1) {80b)

2 v-p

with

Rix) =1 +rx , r=bi1-¢) , {91a)
and

AMp) =1 ~ cvRUA)tanh by + cr? {91b)

The fullrange and haif-range compieteness theorems have been established and the hsif-range
orthogonality theorem can be summarized, in terms of the Chandrasekher H function, ss



] é;(v,'_.u) Slv, p) M (p) dp = O (92a)

ST SN Y LY I TR {92b)

boow ) el o pH ) du o HIF I N ) {92c)
and

[

Foaote ) o v, phpH () dp = BN WS (0 ), (92d)

w

Meleu,v'eto,I),un>lorv:ilv | and
0 Q0

~ ct
SE Y= A ) b 5 4 . (83)

a~
o

i .
4= ch'(2--cH°)" . H o= Hdu . (942,b)
°

1)

The functions N(» ) and N(») are known explicity =’ and the H function satisfies the equations®

1 1

MR o dp = 1M (), 2d(-1.0) 1950)
2 o [TEX

ey 1 P

— J WWR() ——du = 1-HWAY , »el01) {95b)
20 y=u:

and

% 1 2 1

= [ Hig) R(u?) ——dp = 1 {95¢)
2 o Vo "M

Intagrals involving eigenfunctions with negative eigenvalues can be summarized in the following formuls:



. o
Pl ) el L) uH G dp Lo H! (£} 1 '&i"(”&'ﬁ"}
v +.-,

LE reorre {o.n (96)

‘nvoiving egenfuncimng Yo bt npamde e gl B Towes

A L R N PRI J0 b {97a)
' ‘ 2 Ll
1 ':I i”‘!
3 b, e oM i) - (L4 (97b)
]
1~ Uil’
AT wilv, p) pH L) dys = 20 e, (87¢)
1
Jo M) M ) f 8,0, 1) AW dv' dp
1] o
f1 Aly') v ve J, i V)
= LT sy v
[ 2p-v 2 f
1
+ AW H (0} {2 (0) Ai(v) + 2 A w2 Ri(v’) Ri(v’)} , (97d)
where subscripts 1 and j refer to the media, v, and v, are discrete eigenvalues,
Stk ciy) = (14 rxy +dix =y} ) RV RV H] y)
- - -1 . -1 2 -
2(1-c) (2 ¢ H ) yin-y) Ry ), ri) , {68s)

and
Jlux;y) = (¢ c+ v ler, - & T 6 r, - yj)” f14exy+ d(x- v)} Ri" (y?) H,ly)

+ 2"'1“ e (2~ciHi°)" yix y)R, Yy - {98b)
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To report some numerical examples we monsiier two slabs with un ncident flux, the same
problem as in Section 11, The analysis is just the wame as for sofrupic scaltering except, of course,
that relevant formubsc uist be used andd that the fingd equstiins are moe mwolved. We report n

Table X! the transmuisu-n -te for « "y

fuy - 2

g T,
and

LT IR

and in Table Xif th

. S 1 for three cases of nowdent flux

Cose 2

Case 3

e total Hhax tor Case 3.

Fahle X1

The Case of Anisotiopic Scattereing

The Total £ lux tor Case 3 with ¢y -09.¢c, Ox o o,
[P e e e

. b, 00 b, = 0.0 b, 05 b, -05
b, = 0.0 b, 05 b, 00 b, -05

0.0 2.163458 2.146073 2.112900 2093217
0.9 2,227643 2.205926 2192400 2.168329
0.2 2.179463 2154132 2.160544 2.132906
04 2.004640 1.972364 2.016685 1982277
0.6 1.792831 1.753478 1.833099 1.791854
08 1.569029 1.522204 1.635046 1.586629
1.0 1.332774 1.278094 1.422135 1.366233
1.2 1111723 1.080908 1.184632 1.153705
14 0.923606 0.911571 0.983206 0.971915
16 0.752907 0.756258 0.800882 0.805652
18 0.591327 0.607549 0.628622 0.646708
2.0 0.413115 0.439349 0.438940 0.467462

12 - CONCLUDING COMMENTS

(992}

We first note that owr final equations for two media problems reduce to the case of a single
medium if the tickness of either medium is reduced to zero or in the limit c—~ 0 and that in owr
method all coefficients are found at the same time, which is not the cass with the method of
Ref. 14. In this sense and in that only the haif-range orthogonality relations are raquired, the method
extonun~ f the ane that has heen established for single-medium (heif-space and

used is @ natura)
slab) problems.
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Fabeta X1

Gt o Anssotropn: Hoath o ny

Fhe Transmpesion Rate tor ay vy 1

i h v v, b 1) o G 2) & (Case 3}

0.9 0.0 0.8 0.0 0.727958 0228741 0.260R85
09 0.0 0.8 0.5 0.741515 0.262939 0.276277
0.9 0.5 0.8 0.0 0.242383 0.263576 0.276732
0.9 0.5 0.8 05 0.267168 0.279586 0.293484
08 00 0.6 0.0 0.156877 0.174740 0.186307
08 0.0 0.6 0.5 0.165172 0.183895 0.195999
0.8 0.5 0.6 0.0 0.167151 0.185701 0.197650
0.8 0.5 0.6 05 0.176138 0.195600 0208114
0.6 0.0 a5 0.0 0.116412 0.133790 0.145274
0.6 0.0 0.5 0.5 0.121953 0.140078 0.152037
0.6 0.5 0.5 0.0 0.122898 0.140776 0.152535

.6 . 0.5 0.5 (.128812 0.147469 0.159721
o0 o0 oz ¢

One disadvantage of the method is that it does not solve two-half-space problems analytically
in one-group theory, as can be done by the use of the two-media orthogonality relationt or by the
method of Ref. 14, One may find another in that some of the regufarized equations hecome quite
long, involving all unknown coetficients, as the number of regions increases. What is ultimately
desired, excluding analytical solutions of multiregion problems, is a sort of two-media orthogonality
relations that regularize all coefficients at an interface resulting in a set of equations in each of
which coefficients for only two adjacent media appear. The two-media orthogonality relations
available at present are short of this goal and, considering the fict that even the orthogonality

refation of this type have not heen found in two-group theory, the prospect for attaining this goal in
various models appears slight.

In conclusicn we note that we are concerned here not with analytical solutions but only
with the problem of reducing the set of singular integral equations to one of reqular integrals,
zonsidering the present situation that single-siab problems in one-group theory have not been solved
Jnalytically; that our method can be used for this purpose in various problems, though in some
problems there are simpler ways to achieve it; that numerical solutions of the resulting equations
seem to pose no difficulty; and that our method requires only half-range orthogonality relations
which can be derived by the invariant-imbedding technique.
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