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MIJLTIREGION PROBLEMS IN PLANE GEOMETRY AND NUMERICAL

TECHNIQUES IN ONE GROUP TRANSPORT THEORY

Yu|t Ishiguto

ABSTRACT

A nnvv nv'ihoil ru rpriui.i* mvitfirt-tiion problems in pUne geometry to 5<MS of r»*jiil;" inr«|r*il eilua'ion*

tor the cneflu-i»nts of the singular eiirnfunclion expansions is proposed The method is based on the (nil t rang»

orthoqonalKv rat ions ot the eiiienlunctwns jnd can be used to mlw numerically ony multireumn anr» multmndw

problems Se-xrral moilel prohlems. from hiilf-sp.Tce lo two slab problems, are solved an<1 oumencal results are reported.

Some of the prohlet» haw been solved by other methods for those problems avafetjle methods of solution at»

discuvserl Others are solved here foi the first time

Trie basic theory is briefly reviewed and necessary formulas are summarised Fundamental numeric»!

techniques used in transport calculations are also discussed.

1 - INTRODUCTION

Since the publication of Case's fundamental paper'5) in 1960 the transport equation for plane
geometry has been studied extensively in various models. The general solution of the transport equation
is given as an expansion in eigenfunctions, some of v icri are singular, with arbitrary expansion
coefficients. As Case demonstrated in his paper on one-group theory15' and has been done in several
other models'I2.t3,i5-I7,i9»r l t is t h e n p , , , ,^ t h a t t n e solution is complete in the sence that the
expansion, with appropriate coefficients, can represent an arbitrary function.

If we consider a specific problem, the question then becomes how to determine the expansion
coefficients such that the solution satisfies the boundary and interface conditions imposed by physical
considerations. These conditions, due to the very fact that some of the eigenfunctions are singular, result
in a set of singular integral equations. To solve this set of singular integral equations various
orthogonality relations of the eigenfunctions have been obtained: full-range, half-range, and two media
orthogonality relations. Using these orthogonality relations several problems have been solved
analytically. Some other problems were reduced to a set of regular integral equations for the coefficients
and this set of equations was then solved numerically by iterations. For many problems, however, even
'his second kind of solution has not been possible.

In the one-group model for isotropic scattering, i.e., the simplest and most-studied model, the
infinite-medium Green's functions problem, half-space problems, and two-half-space problems can be
••clved analytically using the full-range, half-range, and two-media orthogonality relations, respectively16'.
Single-slab problems can be reduced to regular integral equations using the half-range
•rthogonality-relations. The two slab cell problem has been solved by Bond and Siewert(2) who removed
'he singularity by judiciously manipulating the equations. More recently a new method ba»ed on the
naif-range orthogonality relations and invariance principles*91 was introduced and used to sclve tome
«wo-Tiedia problems by Siewert and Burkart1181. However, Bond and Stewart's method» doe» not apply
to nonsymmetric problems and the extenttonof the last method to multiregion problems are not
straightforward. Thus a general systematic method to solve various problems hai been licking and many
model problems have remained unsolvable.

The purpose of this report is to propose a general method to derive a set of regular
equations for the coefficients of The singular-eigenfunction expansion for multiregton



problems, that ca' be solved by a standard iterative method, tiom •!<•> sei tif singular in
equations that resu ts from boundary and interlace conditions and to report numerical results for
model problems.

The method requires the half-range orthogonality relation* and the accompanying H lun< t»">-
but neither the full-range nor the two-media orthogonality relations, and can be used to solve
numerically any multiregion and multimedia problem in plane geometry.

We shall first review the basic theory briefly and summarized the half-range orthogonality
relations, related formulas, and the method of regularization. Then we shall consider five geometric.
from a half-space to two slabs, and solve one problem in each geometry. Extensions to problems
involving three or more regions are straightforward and should be dear from these examples. Some of
the problems have been solved by other methods: for those problems avaiable methods of solution are
discussed. Others are solved here for the first time. In the course of the work fundamental numerical
techniques are also discussed.

Extensions to the case of anisotropic scattering is also considered: in Section 12 we summarize
basic theory and necessary formulas and report some numerical results for the problem of neutron
transmission through two sNbs.

The one-group transport equation tor an isotropically scattering homogeneous medium in plane
geometry can be written as

d
— \
9x

C t
(1)

where ^i(x, M) •* the angular flux, x is the distance in units of the mean-free-path, and M is the cosine of
the angle between the direction of neutron motion and the x axis. The parameter c is the average
number of secondary neutrons per collision and is the sole parameter (besides the mean-free-path)
required to characterize the transport of neutrons in a medium. It is assumed that boundary conditions
ar* uniform and azimuthally symmetric.

plane boundary

plane interface

uniform source

'"iform incident flux
x in mean-free-path

azinuithai symmetry

Figure 1 - The Plane Geomef ry



The solution of Eq.(1) is given by the expansion'61

Wx.fi) = A(vo)0(»>o.ii)exp(-x/i>o> + A ( i

+ / A(c» <!> (v, n) exp<- xM dv , (2)

where the discrete eigenvalues 1 va are the zeroes of the dispersion function

AU) = 1 - | z l n | ^ 7 ^ . z # real e<-1,1) , (3)

the discrete eigenfunctions are

cvo 1
— , (4a)

and for continuum eigenvalues ve{ 1, 1) the eigenfunction is given as

cv P
0 {v H) -—

2 v- H

with

The functions A and X ire shown in Figure 2 for torn* values of c < 1.

Th« eigenfunctions hive the propartiM

The tymbol P it used to denote the Cauchy principal-value integral'81

(4b)

c 1 +v
XW = 1 - - v In (5)

2 1 -P

/ <p{$,n)dn = 1 (6)

(7)



b P . - e l b 1 b e
J dx = lim I / dx + / ——dx ] = I n -

e x - c t * 0 a * • c c • c x - c c - a
a < c < b (8)

The general solution of a problem may contain, in addition to the expansion in Eq. (2), a
particular solution. The coefficients A(+ t'Q) and A M must be determined such that the solution satisfies
the boundary and other conditions. Is has been proved161 that the expansion in Eq.|2) is complete and
the eiocn-functions are orthogonal in the full ranges e (- 1, 1) and in the half range;! £ (0,1).

It is known'6' that the dispersion function A M has one pair of zeroes i v0 in the entire
complex plane cut along the real axis from 1 to 1 and thar v0 is real for c < 1 and pure imaginary for
c > 1. The discrete eigenvalue v0 is known explicitly'4':

-%) ,1-0" 19)V

However, the integral in this formula is rather difficult to evaluate numerically and it is more accurate
and expedient to use an iterative method to calculate i>0, using the value obtained from Eq.(9) as an
initial value.

Several valus of cQ are shown in Table I.

In the following we write the general solution. Eq.(2), of the transport equation in a slightly
modified form as

x, p) = A(f ) 0 (c , / J ) exp(-x/v )o o o

1 1
+ / A(e) (/. [v, n) exp(-xlv) àv + /

o o
[-v.n) exp(x/c) df (10)'

and use the symbols vQ, v., v and Í to denote positive eigenvalues.

,.r-.<-: I

The Discrete t igenvalue

c

0.4

0.5
0.6
0.7
0.8
0.85

"o

1.014585815927
1.044382033608
1102132021151
1.206804253985
1407634309063
1588558625363

c

0.9
0.95
0.99
1.01
1.06
1.20

"o

1.903204856045
2.635148834269
5.796729451302

i 5.750539872536
i 2.302327087032
i 1.198265001513



Figure 2 — The Functions A and A

2 - HALF-RANâE COMPLETENESS AND ORTHOGONALITY

In tome problem* boundary condition* result in an equation* of the form

) <t> (v ,n) * v, n) iv = f( n) , (11)

It has been proved161 that the expansion in Eq.(11) is complete in the half ranges «(0,1) for arbitrary
function Hu) satisfying the Holder condition

K M I M - * « ' I (12)

where M is a positive constant and 0 < a < 1.

The eigenfunctions <t> [v-, n) and 0 \v,n), v «(0,1), are orthogonal in the half range t»(0,1) in
the sense that

o , ; 14' " eoor«<0.1) • (13)



Thus Eq.(11) can be solved tor the coefficients tn o'vn

i 1 (14a)

and

I vHiu) $ {». n) H ti) dfi I S *iHI ü> 0 lv . H) * («-„. P> dp . 114b)
o o

The function Hip) was originally introduced by Chandraseckar'71 in regard to radiative transfer
problems. Since in our work tne H function and the half-range orthogonality relations play a principal
role, we summarize their properties and related formulas in the followinq two sections.

3 - THE H FUNCTION

Though the H function can be defined in terms of the solution of a Reimann-Hilbert
boundary-value problem related to the half-range completeness proof, it can be introduced in a more
straightforward way through invariant mdependding analysis.

The Fundamental equation is a nonlinear integral equations

H(p) = 1 +— p H ( p > / H(p') dp' , ne(0,1) •
2 o p ' + M

The definition of the H finction can be extended to the entire complex plane cut along lhe real axis
from -1 to 1 and Eq.(15) can be modified to give

rT'(z) = 1 - - z / H(p) dp, z * real e(-1,0) (16)
2 o p+z

The H function has a property such that

. ( = eoori*(0,1) , (17)

and, ttwfore, satisfies the equations

H(p) dp * 1 , (18a)

and



i V HI»') • --«!*• i » W H W ,

From Eq.(15) WP can derive a moment relation

4 I Ho

where the moment of the H function is defined by

Hft = / HI M) M° d f . a = integer (19b)
a

The H function is known explicitly'18':

(20)

We can conclude from Eqs.(18a) and (20) that H(M ) is complex for c > 1, and from Eqs.(16) and (18a)
that

- 0 ,

i.e., Hlz) is singular at z=>'0-

The extended function H(z) satisfies the equation

H(i) A(z) = 1 + - z / ' H(M) <in <22>
2 o p-i

from which Eq.(18b) can be obtained as a limiting case since

AM = - { A » + A » } , we (-1,1) < 2 3 )

From Eqi.(16) and (22) we obtain

HU)H(-z)Alz) - 1 <24>

Mm thui we hive



Mi") • Ai -•) V ''' I I C) '' . 125)

;j,,n,,,,,Hl V.I..HS «Jl H(;/ | ran •>- oljMinct from Eq.(2O). Howewi. to achieve a ÇIOCHÍ accuracy
, „ , „ „ « g r a n i r * |K>inls mu,t .»• inkn. n..r ,J 1 I» «. «asi-r and mor. acciiratn to calculate H( fi) from
F.-..M5) hv iteration. Onv- r .^ .c ; is «owl for small valus of c and for c ^ 1 and c > 1 anothr, equation

I HI/) - (26a)

is derived by combinirui Ens.(IO) and (18a) usmq <h<; idüntity

(26b)

The number of iterations requirrd tor the same accuracy using Eqs.(15) and I26a) is compared in

Table II togheter with numerical BXÍTOÍJ!^ < f the H function

Tabled

The H Fi""~tion

0.0
0.1
0.2
0.3
0.4
as
0.6
0.7
0.8
0.0
1.0

a

0
1
2
3

Eq.dS)
Eq.(26)

c = 0.6

H<M)

.0

.09134859

.14516451
!. 18586787
1.21860018
1.24580716
1.26892012
1.28887095
1.30630761
1.32170140
1.33640667

"a

1.22514823
3.63663257
D.43092070
Í.32577495

c = 0.8

H < j >

1.0
1.13880767
1.22863877
1.30058828
1.36108970
1.41326257
1.45898949
1.49953974
1.53582791
1.56854278
1.59821952

H a

1.38196601
0.73581523
0.50322379
0.38259512

Number of iteration» for e = 10"' *

10
9

14
11

c 0.95

HI,.)

1.0
1.19523181
1.33733678
1.46045391
1.57095414
1.67178829
1.76471161
1.85091741
1.93128623
2.00650369
2.07712384

H «

1.63451200
0.90187602
0.62679444
0.48093912

26
11



4 - ORTHCOONALtTV FORMULAS AND RELATED INTEGRALS

Ttv half ranne orthogonality relations of the eigenfiinctions can be summarized as

I /iHffj. 0(y ,n)<t>iv,ti)dtt = 0 , (27a)
0 °

/ tiHi tt) <!• too. fi\ $ (v ti)tSfi ^ Hii>o)N{vn) . (27W

HOfi

f ;/H(/;)..• U.pfi)iS(i.',p)d*i ^ We) N(w)i If e l , (27c)

where

c c

o

ami

M.") •= »•{ AM X (i-l + - ir1 c J c J } . (2Pb)

Since in our work we shall need various integrals involving products Of eigenfunctions, we
summarize them here. For eigenfunctions belonging to the same medium

1 c ÍÉ'
/ m n) <t> « , ji) <t> ('('. n)àfi=- ~ - H-1 <{') , U ' = «••„, or we(0,1) (29)
o 2 { •{ '

For eigenfunctions belonging to different media, with {, = v, or

1 ci Mi

131W

0 ' ' 2 {,+tj

1 C. e.f,
/ MH,( >i| 0, ({„ M) A d»,. «í d H * -~ - ~ H-1 (- >

,* t

, , í i) 0. iv,H)àn- - ~ H.| H) , (31W
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and

p
v j v' AJ(K') H.y\ do'

2 o ' v - v'

C j - c .
A,I»») Ajlv) + » V } (31c)

Here we have used the subscripts to refer to the media and written the discrete eigenvalues by i»(. In the

last formula A.(^) is an arbitrary function satisfying the Holder condition. We not that the last integral

is still singular and in fact this is the type of integral we shall be concerned wi th .

Finally the following recursion relation is of interest:

/ ' í i ° H M 0 ( í . / i ) d í i = { { / ' i P ^ H i u ) t i t . r i à H ' - H i ) , a = 1 , 2 ( 3 2 a )
o o 2

with

/ H{ »)</>$,») d n = 1 132b)
o

5 - T H E METHOD OF REGULARIZATION

The method to regularize singular integrals of the type of Eq.(31c) can be summarized in the
following steps:

1) At an interface separate the continuity into two equations, one for iu (0,1), the other for

2a) To the ue(0,1) equation apply the half-range orthogonality relations for the right-side
medium.

b) In the fie{-},0) equation change n to - j iand then apply the orthogonality relations for the
left-side medium.

3e) If any singularity remains in step 2 i , consider the interface lor boundary) condition for
i i > 0 at the left-side boundary of the left-side medium and generate the tame singularity,
subtract the result from the equation in step 2a and remove the singularity.

b) For step consider the right-side interface of the right-fide medium and generate the same
singularity from the n < 0 equation.

4) If singularities remain in step 3 repeat the proom, generating the tame ifngularrties er
different interfaces.
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Although the equation for a discrete coefficient is always found to be regular, "• • apply to this
equation the same operations as those applied to the equation for the corresponding continuum
coefficient, since the convergence of iterations is sometimes faster and the discrete and continrnn
coefficients are obtained in the form. We note that for a symmetric geometry the right and Lift
interfaces are equivalent.

6 - QUADRATURE FORMULAS AND ITERATIVE SOLUTION OF INTEGRAL EQUATIONS

A Gaussian quadrature set11' can be used to numerically evaluate an integral in the form

i N
/ f(y) dy = £ ffy) u; (33)

where N is the order, y( the nodes, and u( the weights of the quadrature set. This formula is exact if the
function f is a polynomial of order 2N - 1 or less. The nodes and weights are found in Ref.

If the interval of integration is different from (-1,1), the nodes and weights can be modified to
give

b >*
S f(x) dx = 2 f(Xj) w, (34)

with

b-a b+a

and

b-a
-u. . (35b)

z

An integral equation of the form

Fix) = f(x) + / " K(x,v> F<y) dy , xe(a,b) . (36)
a

where f(x) and K(x,y) arc known functions, can be wived numerically in the follow iterative scheme

(a) i - 1 ia)
f Ix,) = fix.) + I K(x,.y.) F (y.) w.

N (art)
+ I K i x ^ F (yjiwj , 1-1.2 N , (37)
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where F10 ' (x ) i* the valt»- nt f nt x after the a th ih-ration. The iteration can be termin in) wl>"n

IF (x( F M i < t for alt i . I38)

where e is the deiirnd «rruracv.

7 - THE MILNE PROBLEM FOR A HALF SPACE. PROBLEM 1

The Milne problem for a half-space is probably the best-known model problem in transport
theory. The problem originated in the study of radiative transfer as a mod»-1 of the sun lor starts), but it
has a relation to nuclear engineering through the formula for the extrapolated endpoint that can be used
in boundary conditions in diffusion theory or in that it can be considered as a model of a thermal
column. There are other half-space problems often considered in transport theory, e.g., the albedo and
constant-source problem;. However, since these problems are mathematically equivalent, we consider
here only the Milne problem.

vacuum

medium to ">

c < 1

source at <">

x-n

Figure 3 - Problem 1

The solution can be written as

o
(39)

The coefficient A(-c) in the general solution, Eq.(IO), ha* been tiken to be zero by the
condition for x-»». The coefficient M-vg) may be considered to h«ve been normdiied to unity, or the
term 0 l-vo,(i)nptxfvo) may be considered • particular solution with A(-i>e)=O. The
boundary condition iMO, n) - 0, tui,O,\), results in the equation



A b O 0 (i> ./ i) + J A|v) <> Iv, JJ) dv = <H v ,u) . iif(O.I) . (40)

If we apply the half range orthogonality theorem, i.e.. multiply Eq.(40) by j iH( / i )0($,n) . t = »o or
>>c(0,1), and integrate over *ie(0.1l. we obtain, using Eqs.(27) and (29),

c "o
A(?) = ÇN"1 ( i)H-1 (?) — - H"1 <i>,) 141)

2 v *t

The total (scalar) flux is defined by

<i(x) = J 1 * < x t ( i ) d ^ (42)

and thus, recalling Eq.(6), we can write

0(x) = A(»o)exp(-x/vo) + exp(x/»»0) + / AW) exp(- x/v) àv . (43)

The extrapolated endpoint has been calculated in various models as a convenient measure of the
asymptotic behaviour of the total flux and is defined by the zero-extrapolation of the asymptotic flux.

0 ) exp(io/»>0) + exp(-zo/i»0) " 0 , (44)

which can be solved to give

(46)

Numerical example* are given in Tablet I I I and IV and in Figure4 for several values of c.

With the coefficienn known, the angular flux ^(x,fi> can, of course, be calculated for any x
and n. The principal-value integral that appears in the continuum term can be evaluated in the following
way

/ A(v) dv = / { A(c) - A(/i)} df • M) /
o v-fi o V~H

(46)
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The last integral is now "^ular and, '.itu:r A( /> n known for all n. it can be evaluated by the standard
quadrature. Though Eq.(46) is matomatically >'x« I, (he accuracy of the calculated angular flux not I"
good for»! = 1 . This is due to the behavior of A(<) and the functions Mf) and ln| (1 , 4 / ^ } in this
region, see Figures 2 and 4. To calculate Thr .imiular flux near j . 1 to a good accuracy, many
quadrature points must be used in this region. Further, in Eq.(46) M must not be equal to any of the
nodal points.

Table III

Problem 1. Discreto Coefficient and
Extrapolated Endpoint

c

0.4
0.5
0.6
0.7
0.8
0.85
0.90
0.96
0.99

A(ro)

-0.027397
- 0.063340
-0 114916
0.185037
0.282751
- 0.348923
-0.436169
- 0.566874
- 0.780675

1.82490
1.44085
1.19226
1.01806
0.889055
0336300
0.789569
0.747879
0.717624

Table IV

Problem 1, Exact and Asymptotic Total Flux

0.0
0.1
0.2
0.4
0.6
0.8
1.0
1.5
2.0
3.0

c

4><x)

0.73915
0.90421
1.05310
1.35926
1.70005
2.09500
2.56230
4.17994
6.77328
! 7.6768

= 0.5

RW"

1.26721
1.15341
1.10034
1.04726
1.02385
1.01275
1.00725
1.00237
1.00065
1.00006

c

<tfx>

0.48400
0.64779
0.78494
1.04337
1.30274
1.67756
1.87820
2.79945
4.07106
8.39145

= 0.8

R(x>*

1.48193
1.75081
1.15597
1.06946
1.03388
1.01749
1.00941
1.00206
1.00029
1.00003

c =

#x)

0.26764
0.37809
0.46734
0.62666
0.77438
0.91830
1.06283
1.44328
1.87019
2.94026

0.95

R(x>*

1.61831
1.30368
1.18416
1.08013
1.03858
1.01957
1.01020
1.00193
1.00027
1.00004



-0.7

*(")

- 0 . 1 -

0 . 0
1.0

Figura 4 - Problem 1, Continuum Coefficient

n - SINGLE SLAB WITH AN INCIDENT FLUX: PROBLEM 2

Probably the most often considered among tingle-slab problems is the critical problem for bare
slab reactors . We consider here, howp»er, a slab of thickness a irradiated from one side by a flux of
neutrons f(«).

f 00

It r ( 0 . T)

medium

Figura 5 - Problem 2
x-r«
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The solution can !•*• writ!*1" *•

f i
, .4|r .(,..-.•) emu x / i i rU' » I A( <•)<;>( I'.iit exp- - ( a x l / v f dr .

rj

n -: x < r, . 147)

with liounrli-ry condition- i f w n •',

.(n.n

and

\í<la, p) 0 , i<t( 1.0)

Applying th* '.rst boundary rendition to thu solution wrj I v

fi)<iv = f(^) - A( r

/ Al
o

and the other condition results, after changing fi to -p , in the equation

-vQ, n) E

A M <• ( v. ̂ i) E (c) .iv , /rf<0.1) ,
o

where E(| | = exp(-o/4).

Equations (49) are coupled singular integral equation! for the expansion coefficients A l l f0)
and A(ti'). Analytical solutions of this set of equations «re not known. However we car» convert these
scMiationi into I set of regular integral equations that can be wived numerically by iteration. We
consWer the left sides of Eos (49) as half-range expansion* and apply fie h»lf-range orthogonality
i.eorem to isolate the coefficients to obtain

-' (f)V, (4) . (50a|

and
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A ! - . 1 ; ) f . N - ' i - ) H ' l i ; ' , ;'• 1 5 0 b )

for J i'o ur 1'ni.i, I, WII.T

Y, <í) - A( v I - - —"— H ' {v ) E [i> ) + / A( i>) H ' (v) E (v) df , (52)
° 2 l> +t ° " o 2 i + f

«Mid

Y2(|) - A(KO) - — — H 1 {t>0) E (vo) + / A(c) — -— H ' (i-l H \v) dt (53)

We consider here three cases of incident flux

f(p) = 2 , /ie<0,1) , Casei . <54a)

Hn\ - 3M , ÍK (0 ,1 ) . Casei . (54b)

HH) = 4/i3 , ^<0,1) . Car.e3

The integral in Eq.(51) can be performed to yive

A°( í ) = 2 { N - ' ( t ) H - 1 (f) { 1 - - H o } , Caiei , (55a)

A°({) = 3 Í N ' ( f )H- 1 ({) i t " J <ÍH0 + H , ) } , Ca$«2 , (55b)

and

A°({) = 4 | N - ' U ) H - ' ({) { f 1 - - « a H o + JH, + H2>} , Cm» 3 (56c)

The mulls of iteration can b§ checked in two way» for accuracy, i.e., how accurately the

boundary-conditiom are satisfied.

Firstly, Eqs.,'48) can ba checked poiniwisa for arbitrary values of n. Though the equations
contain a principal-value integral, it can ba converted to a regular integral and a principal-value integral
that can be integrated analytically by the technique used in lhe calculation of the angular flux, see
Eq.(46). Secondly, Eqs.(48) can ba multiplied by M", <*= 1, 2 . " ' . or any other function, and
integrated over p<(0,1). Since the solution is exact, the results must be an identity for any a, i.e., from
Eq.(48a) we must have



lit

(56)

We shall use the Imtns "pointwise check" tnr the first kind and "Toment check" for the second. For
H - 1 the pointwise check may not give good results. However, in the moment check large values of
u will have increasingly more weight as a increases. Thus the two checks combined should give sufficient
confidence in the solution;.

The accuracy of iterative solutions depends on the quadrature set and the value of c. To obtain
accurate results many quadrature points must be used near i> = 1. The reason appears to be in that the
continuum coefficients are not smooth in this region due to the fact that the normalization factor N M
diverges as v * 1, see Figures 2 and 4. Table V shows the number of iterations required for e = 10"* and
the accuracy, in the number of significant figures, that can be achieved with various quadrature sets. An
approximate computat ion time required for one case is also shown.The notation
Q = N1e(0,a) + N2f(a,1) is used to dsnote that a N,-point and a N?-point Gaussian quadrature set is
used in each of the intervals (0,a) and (a.1), respectively.

We report the total flux in Figure 6 and in Table VI the transmission rate defined as

t 1
y = i (57)

Table V

Problem 2, Number of Iterations and Accuracy*

c

0.5
0.8
0.95

Iteration

4
6

11

Computation time

Accuracy8

4
5
6

13

Accuracy**

5
6
7

18

Accuracy0

6
6
7

IB

Accuracy*1

7
7
7

25

* Accuracy is given in the number of significant figures
* Computation time is the CPU time, in seconds, for c = 0.8
a 0 = 20 e (0,1)
b Q = 40 e (01)

c Q = 20 e (0,0 99» • 20 e (0.99,1)
d Q = 32 e (0,0.99) • 32 e (0 99.1)

TabtoVI

Problem 2, Transmission Rate

c

0.5
0.6
0.B
0.B
0.96
0.96

a

1
2
1
2
1
2

Casei

0.306709
0.107065
0.416246
0.197270
0.610978
0.3117461

Caw 2

0.344470
0.124591
0.451621
0.218042
0.543774
0.341017

Case 3

0.366916
0.136219
0472053
0.231130
0.662213
0.356135
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V
x

Figure 6 - Problem 2. The Scalar Flux

9 - THE MILNE PROBLEM FOR TWO HALF-SPACES: PROBLEM 3

A» in the case of a single half-space, several probtems can be considered in the same geometry,
but we consider hers only one of them, i.e., the Mifnr moMem for two half snarm of diffe'ont medi*

tned ium 1 t o medium 2 to

source at «

x-0

Fiju«7 - Problem 3
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The solutions can be written as

il>1( r , . ; i ) exp |x /r , ) 4 f
1 , x ^li . (58)

and

2 U , ^ > A 2 ( i ' 2 ) . , W2,u) exp( x / i ' 2 ) t v''2< <'2 , / j ) f

' v , If. >t\ exp( x/v) iv , xt>0 . 159)

The interface condition ^ , ( 0 , ÍJ) = ^<2(0, p), / J Í Í 1,1), can be written in ths two equations

anti

•

1
/ i
o

/ A,(
O

H we apply the half-range orthogonality theorem for medium 1 to Eq.(60) and that for
medium 2 to Eq.(61), we obtain a set of regular integral equations for the coefficients that can be
solved by numerical iterations

A , H . = A»(- i ) + Í N , 1 (Ç1H-1 ( { (Y, (?) <62a)

and

Aj({ ) = A°2d) * { N - ' ( t ) H j 1 <f)Y2 ( Í ) (62b)

when

(Í)--^-H:'( O , (63.)
2 t 1 2

<03b>
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V (!) A | r | - • H . ' {t> ) t- I A.li'l
' 7 ^ 2 r, • ,' ' 7 ".. '

li>> H ' <r| rlf

and

Y 2 ( f .» i > I I i' ,
.( v.) -•- •-• H.,' (p.) • I A,< i ) H ' (i')tli'
1 ' 2 » - , + { ' ' •> ' 2 H j 2

We not thai if c, • n r. n-->i i J r ><«> L . . . ..
1 0 tq.(6/b) reduces to i n (41), the case of .) singular half space.

As was mentioned previously, the problem considert;d here can be solved explicitly using the
two-media orthogonality relations or by thp method used by Siewert and Biirkan"8 1:

- ' (t) ( H,1 <£>H,

N2' ({) -- -~~ H, 164b)

The r-xtraporated r-ndpoint zo is defined by the /ero-extraporation of the asymptotic total flux
in medium ? and is given by

(65)

We report our results, based on Eqs.(62), in Table VII and Figure 8 for several cases. We not that if
C1 " > c 2 f

lection.

an<* t
0

 c a n n o t • * «Wined. This point will be discussed in more detail in the next

Table V I I

Problem 3, The Disc, ete Coefficients and the
Extrapolated Endpoint

C1

0.9
0.8
0.7
0.5
0.95
0.7
0.6
0.5
0.6
0.5

C2

0.95
0.95
0.96
0.95
0.8

0.8
0.8
0.8
0.7
0.7

0.800250
0.590606
0.454169
0.234b35
1.488052
0.805699
0.629046
0.449886
0.800065
0 588255

A2<"2>

-0.162517
-0.311158
-0.386403
-0.473660
> 0.286836
- 0.803962
-0.134362

0.174027
-0.048856
-0.084995

2393999
1.538209
1.246045
0.984548

-
1.774174
1.412713
1.230656

1.821695
1.487485
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cigure 8 - Problem 3, The Scalar Flux

10 - THE MILNE PROBLEM FOR A HALFSPACE BOUNDED BY A SLAB: PROBLEM 4

We consider here a problem similar to Problem 3: the Milne problem involving two media.
However, we consider one of the media to a slab of finite th irk ness a. There is a plane source of
neutrons deep in medium 2 Ix > 0) which is bounded at K - 0 I ' a slab of thickness a of medium 1

med ium 1

f:
/ medium 2 to I»

sonrcp nt

Figure 9 - Problem 4



The problem cannnt lw solvi'tl ni>.ilvlir.itlly ""' I'"** numemal been reported. The difficulty "
in that the application of half-rangi» orthruionality relations t<> the l>oiindary condition at X - a a"'1

full-ranQe or *w. in .IT.- -.nhiMionality relations to the intMiface condition dries not removf -><'
singularities

The rnothod lecently used by Siewert and Buckart can be r ied to this problem to derive
3 set or regular integral R'tuations for the expansion coefficients. We continue, however, to apply our
method of regulari/ation to irm problem.

The solution*, can iw written as

f , } + A, I i » , ) ^ (-I»,, ft) exp(x/i\,)

t 1
+ J A,iv) ^ {v,fj) exp| (xt-al/vldc + / A,( l>) (>, {-v.n) explx/el <h<

and

J,/i) exp( x/i'2) f . M i'2,ii)

1
/ A^l»")^ (f,fi) exp( *>i <V • -*0 (66bl
o

'!>> i i f r P - i f v I - I ) M I | I P I ' - i i x = - o r e s u l t s i n t h e « . ) n a t

o

where E|(» =exp( a/£), and we write the interface condition in two equation:.

1

o

1
,f A jW 02 ( v, M) I \v - A, (
a

1
J A, (>/| 0, ( v,,i) E (p)dv , pe(0,1) , (68a)

and



1
+ A, ( v,) * , ( v,, M) + / A, (v)

• / Ky[v)^[v,u)át . î e 40.1) . (68b)

Applying the orthogonality relations for medium 1 to Eqs.(67) and (68a), we obtain regular equations

A.(í) = £N:' H:1 (||Y_ (£) , (69)
I I I I

and

A,(-í> = A°(-£) + ÍN, ' (J)Hj1 (J)Y2 (f) (70)

where

C V

Ai(-t) = IN:1 (t) — — — H:1 (t)H,1 (-•>,) . (71a)

C V C

Y,($) = A,(-i»,> — — — H.1 IC . IE IH. ) + / A,(»)— - ^ - H . - ' (v)E(f)dv , (71b)

and

C if

4 Í - J1 A-l
o '

cl JÜL. H-i „ + 1
 v ^ _ L _ -i „ úv

If .we apply the orthogonality relations for medium 2 to Eq.(68b), we can isolate the coefficients in the
left side. However in the equation for AjdO, the A,( f ) term remains singular, Involving a singular
Integral of the type that appears in Eq.(31c). Following the steps of regularization given in Section 5, we
next multiply Eq.(67) by MHJ( ^)^2(f ,*j)E(f) and Integrate over p<(0,1). Subtracting between the two
equations we obtain

Aj( | ) = A«(t) + { N - 1 ( t )H j ' ({) X({) . (72)



where
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A".fM
j

H . ' ( $ ) H ' ( • • • ) (73a)

ami

X(i) ••-- A , | i , ) H 2
l (

2 v '

.I r.l1 '
H,'

7

/ A. ( H, ' M f J E(f) E(£)}
2

(73b)

Equations (69). (70), and (72) can be solved numerically by a standard iterative method using
the limiting value

r 7 E C t > (74)

in the third term in Eq.(73b).

We report in Figure 9 the scalar flux and in Table 8 the extrapolated endpoint for medium 2 given by
Eq.(65). We note that if c, >C j the discrete coefficient for medium 2 tends to be positive, as shown in
Table IX, and the usual concept of the extrapolated endpoint loses its meaning.

Table VIII

Kroblem 4, The Extrapolated Endpoint

C1

0.95
0.8
0.6
0.9
0.85
0,6
0.6
0.5
0,6

C2

0.9
0.9
0.9
0.8
0.8
0.8
0.7
0.7
0.6

a = 1

2.1173
1.4359
1.1116
4.0097
2.2966
1.3084
1.6076
1.4039
1.7484

a = 2

_

1.6881
1.1866

_
_

1.3957
1.7825
1.4755
1-8964

a = 3

_

1.7697
1.1739

_
—

1.4100
1.8152
1.4858
1.9208

a » 5

1.7821
1.1754

-
-

1.4126
1.8214
1.4875
1.9249
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T»bM> IX

Problem 4, T»w DiM:r«te Coeflir.ieni fot Medium 2

tv 1 o r - 2 o 5

0.95

0.9

0.B5

0.8

0.7

0.9

0.8

0.8

0.7

0.6

0.1080/

0.(10336

0.03827

O0OB12

0.00961

0.03671

0.09262

0.03142

0.05641

0.03464

0.10264

0.12598

0.05127

0.06828

0.03980

0.1470/

0.14172

0.05853

0.07189

0 04090

* in

FiauniO - ProNem 4, Thf Scalar Flu»



11 - TWO SLABS WITH AN INCIDENT FLUX: PROBLEM 5

Probably the most typical problem in two-slab geometry is the cell problem, i.e., the
• lisadvantage factoo calculation. Bond and Siewert were able to remove singularities in the cell
problem and reported numerical results. We consider here a different proble.Ti, two slabs irradiated by a
flux of neutrons on from one side, as in Problem 2. The thickness of medium 1 (0 < x *̂  o ( ) is o 1 . that
of medium 7 (or, ^ x * s B , fl~o, + a_) is a , , and the incident flux is written as 1(n). JÍC(O.I) . This

1 I / £

problem is more difficult that the cell problem due to the nonsymmetry. Bond and Siewert's technique
cannot be applied to this problem and in fact no numerical solutions have been reported.

f ( i t )

i "

N

x - 0

:>i. •..-!• 'funis tan be wri t ten as

y

Figure 11 - Prot"on

= A, 1 ^ ) 0 , l í-j . í i lexpl-x/»' ,) + A,( ^ ) ( /> , ( ^ . p l e x p f (o , -

+ / A, {v) ^ (y, n) exp( xlv) 6v + / A, (- v) 0, (- v, \i) exp { (o, - x)lv } dv ,

0<x<», . (75a)

and

v) <P2 ( f ,p) exp{ rtv

( » b )

The boundary condition at x = 0 and x = 0 result in the equations
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O

/ A,|-»')01 ( -K. Í Í )E, (rtdr . ( Í Í ( 0 . 1 | . (76)
O

and from Eq.(23)

- / Aj(») <t>2 {-v. n) E2 Jv) Ov . u e (0.1) . (77)

where B.ft) = exp(-a7£), «nd we write the interface condition in two equations

- A, I*, )#,(-•»,.»!) E,

1

o

+ / A j i f ) <t>2 iv,») E2 W) àv . fit (0,1) . (78a)

and

A,<

o

, /ie(0,1) . (78b)

If w* apply tht half-range orthogonality relation! to Eq«.(76) and (77), wa can iiolate the
coefficient» in tht Itft tidt expansions to obtain

A,(t) - A^(t) - it*;' «IH;1 («V, (t> , t - i . , or«»«(0,1) , (7»)



and

where

' (£)Y7 (f) , t = i / j o r i » e ( 0 , 1 ) , (801

N,1 (Í)H,1 <*)/ / iH^filv, U,p)t(/i)df/ , (81a)

A , I • * , » — - / - H , 1 (»-,) E, I*,) + / A,< *) -J ~

V2 . 1
Y,(t) = A_(iO H.,1 (iO E,(v.! + f A~(i>) H,1 (v) E-IW dw . (81c)

2 i ' , + £ 7 Z l ' : ' c 2 >>+t

We next apply the half-range orthogonality relations for medium 1 to Eq.(78a) to isolate coefficients in
the left side. The expression for the discrete coefficient A , ( v^) is regular but the equation for the
• nitjruiiiin rnpffieient A , ( v) includes a singular integral of Aj(-v). To remove this singularity we

v l . , l ' / l >>v pH1 ( Í I | ^ 1 ( { ,p)E 2 ( { ) and integrate over Mf(0,1) and subtract this result from the

A,l f) - - ÍN , 1 (f)H,1 ({)Y3(i) , t ^ o r i - t l O . I ) . (82)

where

Y3i{) = A,!,,) -2-~»yX (",)E,^) * / A^^^ — H,1 M

1 «2 V
/ A2li;) — — - H,-' [v] { 1 - E2(i;| E2(í>}
o 2 f+t • '

(- „) __ Í L Hi („, f E^JJ, _ Ea,v, j d() (83)
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In the ume way we first apply the orthogonality relations for medium 2 to Eq.(78br, next multiply
f ' l ( /6 ) by pH7<<i)02 ( f . j i t f , ) ^ and integrate over JJelO.1), and subtract between the two results to
obtain

= A««) - {Nj 1 U)H 2 ' « M i l . | = V 2 « P . ( 0 . 1 ) (B4)

where

and

(85a)

Y4<t> - A, I..,) — - — H 2 ' ( v,) { E, Wy) - E, (

(-1 E , ( * )E , |

HAv) { E,({) - E l » | } d»

T T H i ' <"J' E_C»»_I • / 1 A-i-f» — H"1 (K) E (P) d«> . (85b)

Equations (79), (80), and (84) are the final equation* for the coefficients to be solved by
numerical iteration*. We not that if or, -»0 or if c, * 0 , Eq«.(79) and (82) reduce to Eqs.(49), the case
of single slab.

We consider two cases of incident flux

f(*0 - »• Casei (86a)

and

Cat* 2 . (86b)
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The integrals in Eqs.(81a) and 185a) can be expressed in terms of moments of the H functions in a form

similar to Eqs.(54>.

The transmission rate defined as

(87)

is reports in Table X and the total flux is shown in Figure 12 for several sets of parameters.

Table X

Problem 5, The transmission Rate

0.95
0.8
0.8
0.8
0.8
0.8
0.8
0.7
0.7
0.6
0.6
0.6
0.6
0.6
0.6
0.5

0.B
0.95
0.95
0.95
0.7
0.7
0.7
0.8
0.6
0.7
0.7
0.7
0.5
0.5
0.5
0.6

«1

1
1
1
2
1
1
2
1
1
1
1
2
1
1
2
1

a2

1
1
2
1
1
2
1
1
1
1
2
1
1
2
1
1

h (Case 1)

0.26754
C.27194
0.17634
0.13383
0.19359
0.08355
0.09439
0.19554
0.15822
0-15971
0.06922
0.06303
0.13379
0.04908
0.05286
0.13497

5 (Case 2)

0.27988
0.28688
0.18658
0.14246
0.20582
0.08962
0.10086
0.20893
0.17006
0.17244
007549
0.06898
0.14527
0.05407
0.05805
0.14716

Figura 12 - Problem 5, The Scalar flux in two slabs with an incident flux ^ ( 0 , M > = *•*, /! e (0,1)
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12 - THE CASE OF LINEARLY ANiSOTROFiC SCATTERING

Although the analyses for the case of amsotropir. scattering are more involved and the algebra
can be quite tedious, the development of the theory is at about the same stage, at least for the case of
linearly anisotropic scattering, as for isotropic scattering. More recent works in Rets. 3 and 10-13.

Here we summarize basic formulas and report some numerical results.

The general solution of the transport equation

d c 1
H *<x.M) • *(x.p) = - / < I (X ,M ' ) (1 + b w ' ) d / i ' (88)

dx 2 - I

can be given as

x,fi) = A(vo) <i> {i>o. ii) exp(

1 1
/ A(f)<í> (v,/J) exp(x/c) df + / Al-p) 0 ( v, ji)exp(x/p) dv , 189)
o o

where A's are expansion coefficients. ± t>Q are discrete eigenvalues.

<90a)

and

P
R(»M) • \[v)f,(v-n) . yc{-1,1) . (90b)

2 P-M

with

R(x) = 1 + rx , r = b(1 -c) , (91a)

and

M") = 1 - wR^Manrr1 v + crv2 . (91b)

The full-rang* and half-rang* completeness theorems have been eittblMMd and th« half-rang»
orthogonality theorem can be fummarizad, in termi of the ChandraKkhar H function, m



33

I >A"r.») '> W. (J) *'H (u) Oil =• 0

i i . ,, . , l t f j - i I; I . ( ^ 0 . ( 9 2 b )

I iiU'n.,i)vli-o.*i)»iH(/j)dii •• H(i-n) NlKn) (92c)

ami

[ *i*{vt p) *l> iv'. u) i'H ili) clp ~ H(f) N (i') ft {v r') , (92d)

w t̂ere v. v' e (0,1), v > 1 or v - i I f \ and

C d , (B3)

I - rrH,(2 cHo>-' , H( = / l H ( n ) i i ' d p . (94a,b)
o

The functions N(v) and N(f) are known explicity13' and the H function satisfies the equation»*

and

a i 1
— f H I < J I R ( Í I J ) - d j i " 1 - H - ' U ) , i t * M , 0 ) ,
2 o v + t

— / H( Í Í ) R (p2) d/j * 1 -HM X'c) . f i (0,1) , (95b)
2 0 v-M1

- - - r H(w> R(*Ja) - — ~ dp = 1 (96c)
2 0 von

Integral! involving eigenfunctions with negative eigenvalues can be summarized in the following formula:



• ' • •

7 t,*t:

ir.f >-f o r e i |0.l> (96)

• n v n l v t n t j M i j e n t u i i r l i u n i '• i -*•**•

1 v v"P
/ A(t^)
o 2 c - l

' J /.,.<•, i,;« (97a)

iiH (i/| dt) • J , (i £,)."-) , (9 'b)

1 - 1 " i "
l .,'',(>',. <J) ̂ Ix . M) ̂ H.(fi) díi J_(i.t' ;i.r» , 197c)
o ' ' 7 v v l >

* A(v) H (i/) v { X (»>) X. {v) + - c. c, irJ f2 R.ív1) R. [v1)} , (97d)

where subscripts i and ) refer to the media, vj and v are discrete eigenvalues.

. J.,<i,x;i,y) = i i + r ^ v + d j I x - v D R - ' (vMRjlvMH-M-v)

2(1 -c .Ha-CjH, , ,» - 1 y U y l r V ' l v ' H ' i - r » , (98a)

dfX)

J2(U;J,V) = {c. e ) + y 1 [ c j r ( - c j r . - c . c . ( r ) - r J ) | } { 1 + r^y + dj ix y ) } R"1 <vM H/y)

> 2Cj(1 Cj) ( 2 - C j H í o ) - ' y(x y)R t ' (y5) |, - , ; (98b)



To report some numerical examples we rnmnler two \U\n wil^» .in incident flux, the same
riroblem as in Section 11 The analysis is jutt rhr -.ame »•. for mitrnpic iraltwiraj except, of COUTM-.
that relevant formula rmst tie uuxl jnt i th«it t!w tiivil niuatnms ate mote involved. We report '•'
Table XI the transition • ••" for a, "-, ' ft» t l i rw IMW. of <ncirienl flu»

H») (99a)

fJine 2

and

Case "I (99c)

and in Table XII the total Hu» tor dn>- 3.

XI

The C.ISM i*f AnrsofopK

The Tot.tf F UIK (or Case 3 with c. 0.9, c_ 0.6, o

X

0.0
0.1
0.2
0.4
0.6
0.8
1.0
1.2
1.4

1.6
1.8
2.0

b 0.0

b 2 •-= 0.0

2.163458
2.227643
2.179463
2004640
1-792831
1569029
1.332774

1.111723
0.923606
0.752907
0.591327
0.413115

b2 ^ 0.0

b2 0.5

2.146073
2.205926
2.154132
1 972364

1753478
1.522204
1.276094

'. 080908
0.911571

0756258
0.607549
0439349

b, 0.5

b 2 - 0.0

2.112900
2 192401
2.160544
2.016685
1.833099
1.635046
1.422135

1.184632
0.983206
0.BOO88?
0 628622
0 438940

b, 0 6

b7 r 0 5

1
2.093217
2.168329 '
2 1329OS
1.982277
1.791854
1.586629
1.366233
1.153705

0.971915
0.805652

0.646796
0.467462

13 - CONCLUDING COMMENTS

We first not* that our final equations for two media problems reduce to the case of a single
medium if the tickneu of either medium is reduced to zero or in the limit c - * 0 and that in our
method all coefficients are found at the same time, which is not the case with the method of
Ref. 14. In this sense and in that only the half-range orthogonality relations are required, the method
used is a natural extpnv"- •' "<p on? th^t has been established for sinqle-madium (half-space and
slab) problems.
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0.WDH85
0776277
0.276732
0.293484
0.186307
0.195999
0.197650
0.208114
0.145274
0.152037
0.152535
0159721

One. disadvantage of the method is that it does not solve two-half-space problems analytically
in one-group theory, as can b<j done by the use of the two-media orthogonality relations or by the
method of Ref. 14. One may find another in that some of the regularized equations become quite
long, involving all unknown coefficients, as the number of regions incieases. What is ultimately
desired, excluding analytical solutions of multiregion problems, is a sort of two-media orthogonality
relations that regularize all coefficients at an interface resulting in a set of equations in each of
which coefficients for only two adjacent media appear. The two-media orthogonality relations
available at present are short of this goal and, considering the f ict that even the orthogonality
relation of this type have not been found in two-group theory, the prospect for attaining this goal in
various models appears slight.

In conclusion we note that we are concerned here not with analytical solutions but only

with the problem of reducing the set of singular integral equations to one of regular integrals,

onsidering the present situation that single-slab problems in one-group theory have not been solved

•inalytically; that our method can be used for this purpose in various problems, though in some

problems there are simpler ways to achieve it; that numerical solutions of the resulting equations

seem to pose no difficulty; and that our method requires only half-range orthogonality relations

which can be derived by the invariant-imbedding technique.
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