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Abstract

This paper shows contributions from a new, Bond-Graph based, formalism for CFD problems,

through which the state equations are obtained in terms of nodal vectors of mass, velocity and
entropy.

The resulting state equations are presented for a one-dimensional problem with constant piece-
wise shape functions. It is shown that there exist contributions coming from the discontinuities;
these contributions can be taken into account in the integration process by using distributional
derivatives. Although viscous effects cannot be modeled, heat conduction can be rigorously taken
into account with the proper choice of the entropy weight functions.

Based on the linearized expressions of the state equations, a comparison is made with a finite-
volume and with a finite-difference numerical sheme, obtaining an interpretation of the density
and entropy weight functions appearing in the Bond-Graph formalism.

Based on the Second Principle of Thermodynamics, it is also shown that the entropy weight
functions must decrease as the distance to the corresponding node position increases.

Keywords: Bond Graphs, Computational Fluid Dynamics, CFD, Finite Volumes, Finite
Differences.

1 Introduction

1.1 Bond Graphs and Numerical Methods for CFD

In recent years, it was observed an increasing interest in formulating system models in which fluid
dynamic and heat transfer effects are important. In order to solve multidimensional problems with
the aid of computer programs, it is important that these models can be implemented numerically.
This task, main concern of the area of Computational Fluid Dynamics (CFD), is performed by sys-
tematically discretizing the continua, that is, by replacing the continuous variables by a combination
of a finite set of nodal values. The result is a (generally nonlinear) algebraic approximation, in-
stead of the original differential or integro-differential problem. This branch of the human knowledge
has nurtured the development of various numerical approaches, being the most popular ones Finite
Differences, Finite Elements and Finite Volumes.

The Bond Graph formalism allows for a systematic approach for representing and analyzing
discrete (lumped-parameters) dynamic systems [1]. Dynamic systems belonging to different fields of
knowledge, like Electrodynamics, Solid Mechanics, Fluid Mechanics, etc., can be described in terms
of a finite number of variables and basic elements. In this way, the system dynamics can be depicted
in a graph, showing all power interactions.

Once the Bond Graph representation of a system has been obtained, there is a systematic proce-
dure for:

1. Determination of the state variables.




2. Determination of the input variables by means of generalized effort and flow sources.
3. Assignment of causality, which assures the mathematical well-posedness of the state equations.

4. Determination of the state equations and output variables.

In this way, the Bond Graph formalism can be regarded as a filter through which mathematical
inconsistencies can be detected in the modeling process from the beginning.

In the field of Fluid Dynamics, the potential benefits of Bond Graphs have not yet been fully
exploited. Almost all the applications to fluid dynamic systems were not oriented to a systematic
spatial discretization of flow fields, typical of CFD problems.

The first application of Bond Graphs to CFD problems appeared in [2], although the formulation

was restricted to prescribed shape functions and nodalization. Besides, heat conduction (which leads
to convection-diffusion problems) was not modeled.

1.2 The Bond Graph CFD Approach

In a recent work (3] a theoretical development of a general Bond Graph approach for CFD was
presented, which is a result of the right combination of Bond-Graph concepts with elements of
numerical methods. The main characteristics of this new methodology can be summarized as follows:

e Based on the total energy rate per unit volume, a set of independent variables (namely density,
velocity and entropy per unit volume) is defined, as well as associated potentials (namely
linear momentum per unit volume, kinetic coenergy per unit mass, Gibbs free energy per unit
mass and temperature). The potentials are functions of the independent variables through
the constitutive relations, which have restrictions due to the equality of the mixed partial

derivatives (Maxwell relations). The independent variables are discretized in terms of nodal
values and interpolation (shape) functions.

Nodal vectors were defined as Bond Graph state variables, namely mass, entropy and velocity.
The mass and entropy vectors are obtained by integrating the corresponding nodal independent

variables in the support of the shape functions. The corresponding integrated potentials also
satisfy constitutive, as well as Maxwell relations.

The system state equations are obtained by systematically volume integrating three balance
equations corresponding to each port of the IC field representing the total system energy. The
balance equations have terms representing the power coupling between the different ports. In
this way, the inertial and thermal couplings to the mass conservation equation and the trans-

formation of mechanical energy into thermal energy, as well as the generation of irreversibility,
are represented naturally.

e The convective (upwind) nature of the fluid equations is handled through the definition of den-
sity and entropy weight functions, which share the importance of different power terms among
neighboring nodes. This concept was successfully applied to convection-diffusion problems [4].

All kind of boundary conditions are handled consistently and can be represented either as

generalized modulated effort sources at the inertial port or modulated flow sources at the
capacitive ports.

As a consequence, this approach bridges the gap between the continuous formulation of the
conservation equations and a discretized numerical scheme framed within the Bond-Graph theory.



1.3 Discontinuities

The discontinuities present in the description of the flow fields are handled through the use of dis-
tributional derivatives [5]. Consider a function x singular on a fixed surface T', as shown in Fig. 1,

with derivatives of all orders outside I" and boundary values of the function and its derivatives from
both sides of I. The jump across the surface is:

X =x; — X (1)

where x; and x; are the boundary values of x from both sides of T..

I

= (

ij

Xi | X;

Figure 1: Function discontinuity in a surface T'.

If x is a scalar field, it can be shown that the gradient can be written as:

Vx=Vx+[x &§(r—rr) (2)

If x is a vector field, it can be shown that the divergence can be written as:

Vx=V.x+I[x] §(r—rr) . iy 3

where 6 is the impulse (Dirac’s delta) function, r is the position and rr is the position of the
discontinuity surface.
In Egs. (2) and (3), the bars indicate a distributional operation. In this way, the discontinuities

present in the discretized flow fields can be taken into account in the integration procedure by
considering all the operators as distributional ones.

2 One-dimensional flow with constant piecewise shape functions

Consider a one-dimensional discretization, as shown in Fig. 2. The volume within the lines located
midway between the grid points can be regarded as control volumes.
It is interesting to consider also a uniform distribution of the independent variables, because these

are the simplest and because the state variables correspond to the mass, entropy and velocity within
the control volumes.
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Figure 2: Discretization for: (a) an inner node, (b) first node and (c) last node.

2.1 State equations

The Bond-Graph CFD formalism can be applied to a system with the assumptions made above,
obtaining the state equations corresponding to the different nodal state variables. The details of the
derivation won’t be given, but it can be shown that viscous effects cannot be taken into account with
a constant velocity shape function, but heat conduction can be modelled with non-constant entropy
weight functions. The final expressions are given for an inner node (1 < ! < n) and for the first
and last nodes, in which "half ” control volumes result. In these expressions, the following variables
are evaluated at different nodes: mass m, velocity V, entropy per unit volume s, (s, = p s, where
p is the density and s is the entropy per unit mass), Gibbs free energy per unit mass v, kinetic
coenergy per unit mass Kk = % V2, pressure P, absolute temperature 8, entropy S and thermal
conductivity A. The Gibbs free energy, pressure, temperature and thermal conductivity are functions
of the density and entropy per unit volume through the constitutive relations. For the density and
entropy weight functions the following convention is adopted: W, 4, jk and w, ; jr denote weight
functions corresponding to node 7, evaluated at the face separating nodes j and k. The independent

and integrated variables (magnitudes per unit area in the one-dimensional problem) are related as
follows:

1
mi=p; 5 (Azi_1 + Axy) 4)
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1
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Si= 5015 (Ao +Ad) ™
1
S1 =841 3 Az (8)
1
Sn=15yn 5 Aty g (9)

For the mass state equations, we have:

. 1 1 1
iy = ___). <wp 4 &1 3 {Vi—-l [5 (P, — Pi1) — 3 Svi-1 (6 — 6;-1)

(¥ + ki
"% (Pict +p:) (ki — ki) + pict (hica + K:‘—l)]
+Vi [l (P = Pi_y) — z Sy (0:—0;_1)
2 2
+:1{ (Pt +p3) (5 = kica) = p; (95 + i)

1 1

+Wp i, ;i1 {VE [-2- (Piy1— B) — 3 Svi (Oiy1 — 6;)
1

+Z (Pi 4 Pi+1) (Kig1 — ki) +p; (; + Ri)]

1 1
+Vit1 {5 (Pig1 - P) — 3 Svitl (Oig1 — 0;)

+% (P + pig1) (Kitr — ki) = pigy (ig + Kz'+1)] }> (10)

. 1 1 1
™y = g <wp1,12 {Vl ['2‘ (P2_P1)"'§3v1 (62 — 6,)

‘*% (p1 +p2) (K2 — K1) + py (¥ + “1)]
+V; B (P, — Py) - % Sy 2 (02 — 6y)

‘*% (o1 +p2) (K2 — K1) —py (1hy + "’2)] }> | (11)




Ay, = m <wp n, n-1n {Vn—l [% (Pn—P—l)

1
—"2‘ Sy n—1 (gn - gn—-l)

1
+Z (pn—l + pn) (K‘n - K‘n—l) + Pn1 (1/)11—1 + K:n—l)]

1 1
+Vn [5 (Pn—P—l)_‘z‘ Sy n (en‘"gn—l)

1
+Z (pn—l o pn) (K’ﬂ i K"n—l) — Pn ("/}n +* Kﬂ)] }> (12)
For the velocity sate equations, neglecting body forces, we get:
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For the entropy state equations, neglecting heat sources, we obtain:
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In the entropy state equations, 59 )1 and ST )n are entropy rate sources needed to satisfy the
boundary conditions. It can be seen that the state equations are non-linear. The power couplings
between the mass and velocity ports are given through the pressure and kinetic coenergy terms,
while the power coupling between the mass and thermal ports are given through the entropy terms.
Since viscous effects cannot be taken into account with these shape functions, the corresponding

power coupling between the velocity and entropy state equations doesn’t appear in the resulting
expressions.




2.2 Linearized state equations

It is interesting to write linearized expressions of the state equations obtained in Section 2. These
will be valid for problems with small space changes of the state variables and can be compared to
the resulting expressions obtained from other numerical schemes. Considering that:

ki—ki 2V, (V; = V) (19)
and that, for a pure substance:
A Sy i 1
¢j*¢i=—T (Gj—ei)'*"p-_ (P — P) (20)
1 1

we have, for the linearized mass state equations:
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For the linearized velocity state equations, we get:
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For the linearized entropy state equation, we obtain:
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3 Comparison with other numerical schemes

In this Section, a comparison is made between the Bond Graph linearized state equations and the
ones obtained by using a control-volume and a finite-difference formulation. We consider as starting
differential equations to be discretized by using these formulations the continuity, Navier-Stokes

(inviscid and without body forces) and the thermal energy equation (without sources) in terms of
the entropy per unit volume:

op

5= V-l V) (30)
ov 1
—87=—;VP—(V.V)V (31)
08y 1
_Bt = —5 Vq = V-(Sv V) (32)

where V' is the velocity vector and q is the heat flux.

3.1 Finite-volume formulation

In this approach [6], the calculation domain is divided into a number of overlapping control volumes
such that there is one control volume surrounding each grid point. The differential equations are then

integrated over each control volume, assuming convenient profiles for evaluating the fluxes between
the control volumes.

Integrating Eq. (30) over an inner control volume, we obtain:

m; = —(p V)H—% +(p V)i_% (33)

The mass flux p V, evaluated at both sides of the control volume, can be written as:

(o V)i+% = pVituw, i+} (Piy1 Vier — p; Vi)
& pVitw, i+d [o: Vigr = Vi) + Vi (Pig1 — )] (34)

(PV)iir = pVi-w,,;_

PiVE—w,,.i_

(Pi Vi—pi Vi—l)
[p: (Vi—=Vic1) + Vi (0 — piz1)] (35)

(a5
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where w, ;. 1 and w, ;_ 1 are mass flux weight factors. Replacing Egs. (34) and (35) in Eq. (33)
and comparing to Eq. (21), we get:

Wy ipd = Wp i, i i1 (36)

Wy il = Wpi, i=14 (37)



This is, the density weight functions evaluated at the discontinuity surfaces can be regarded as
mass flux weight factors in a finite volume formulation.

The considerations are also valid for the first and last control volumes, in which a finite volume
formulation gives:

m==(p V)1 + (V) (38)

== (p V)a+ (0 V)ny (39)

It is interesting to notice that the mass fluxes calculated in Egs. (34) and (35) are consistent,
since:

Wp i, i itl +Wp it isp1 =1 (40)

Eq. (32) can be written in a conservative form by noting that:

b0 (f)+ ko w

Since:

@ o

it can be written, for ‘—91# <L 1L

%” V. (J+s V) (43)

Integrating Eq. (43) over an inner control volume, we obtain:

2

S‘ig_(%+svv).+l+(%+s,,v). 1 (44)
i+ i

where ¢ and s, V are correspondingly the conductive and convective entropy fluxes. These fluxes
can be evaluated at both faces of the control volume as:

q _ 2 biy1-6;
(0)12-}-% RS 0; A Azx; (45)
q _ 2 0; — 01
(5) i3 — Y} 0; M Ay (46)
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(SUV)' 1 = Sy Vi—w,

1—2 S

(8vi Vi— 8y iz1 Viey)
8vi (Vi=Vic1) Vi (v i — Spi-1)] (48)

R
[ R N

svi‘/i_ws,'_

In Egs. (45) and (46), wy ;41 and wy 1 are factors weighting the mean conductive entropy
2
fluxes, while in Egs. (47) and (48), w il and w, ;_ 1 are convective flux weight factors. Replacing
Egs. (45) to (48) in Eq. (44) and comparing to Eq. (27), we get:

%H%zéA“(%;v”H (49)
Wy i4l = Ws i, i i41 (51)
Wy ;L =Wsi, i-1i (52)

This is, the gradient of the entropy weight functions evaluated at the discontinuity surfaces
are proportional to the corresponding conductive entropy flux factors. Besides, the entropy weight
functions evaluated at the discontinuity surfaces can be regarded as convective entropy flux weight
factors.

In [4], a suitable entropy weight function was determined for a one-dimensional convection-
diffusion problem with constant velocity. It was shown that the weight function is dependent on
the Peclet grid number, with the limit values of w, i, i—13i=1and ws ; ; 441 = 0 for ”full upwind ”
conditions with positive velocities, while w; ;, ;—1 ; = 0 and w; i, i i+1 = 1 for full upwind conditions
with negative velocities.

For the first and last control volumes, a finite volume formulation gives:

é q 0

SR 4 S ol V b
51 (9 o >1+% 01 S b ( 3)
e An q
S 0. Syn Vot (0 + s, V)n—g (54)

The considerations are also valid for these control volumes, since:

o _a 55
Ql 01 ( )

#%:% (56)

It is interesting to notice that the convective and conductive entropy fluxes calculated in Egs.
(45) to (48) are consistent, since:




Ws i, i i+l + Ws it1, i i1 = 1 (87)

(aws i) + (aws i+1> -0 (58)
9z ) ip or )i

Integrating Eq. (31) over an inner control volume, considering a constant velocity profile for the
unsteady term and a linear profile for the convective term, we obtain:

1
7/ 3 (Azio + Az;) = — (P + Pit1) — (Pio1 + B))

5
Pi
(Vi + Viq1) — (Vi1 + V)] (59)

wlr—' w|.—a

which reduces to Eq. (24).

The considerations are also valid for the first and last control volumes, in which a finite volume
formulation gives:

1 1 1
Vi - Awl o [5 (P1+P2)—P1] - [5 % +V2)—Vl] (60)
1
1 1 1
Vn'z‘Axn—l = ——P-,: [Pn—é'(P—l_}'Pn)]
1
_Vn [Vn - '2' (Vn—l + Vn)] (61)

which reduce to Eq. (25) and (26). It is very interesting to notice that, according to this Bond-
Graph formalism, no weight functions result for the velocity state equations.

3.2 Finite-difference formulation

In this approach (7], the derivatives in the differential equations are replaced by truncated Taylor-
series expansions. Expressions coincident with the ones obtained by using this formulation can be
obtained with the appropriate choice of the weight functions.

- For instance, for wp i j iy1 = Ws4 4441 = 1 and Wp i, i—1i = Wsi, i—1: = 0, we obtain the
"forward ” approximations for the first derivatives; for Wp 4, ii41 = Ws 4, ii41 =0 and wp 4 145 =
W §, i1 4§ = 1 we get the ”backward ” approximations, while for Wp 4, 4 it+l = Ws 4, iitl = Wp 4, i—14§ =
W 4, i 4 = — the ”central” approximations result. The forward and backward approximations cor-
respond to the "full upwind” scheme.

Concerning the heat conduction term in the entropy state equation, it can be easily shown that
for (6—13-;—1-) L= —1 and (aw ) =1, and considering a uniform grid spacing, we obtain the
1t i—11

well known ”three-point central ” approximation to the temperature second derivative.

Others approximations can be obtained, of course, with other choices of the weight functions and
their derivatives.




Figure 3: One-dimensional heat conduction in a reservoir.

4 Entropy weight functions and the Second Principle of Thermo-
dynamics

Let us consider the simple case of one-dimensional heat conduction shown in Fig. 3. Two reservoirs
of thermal energy at absolute temperatures 6, and 05 are allowed to communicate through a thermal

resistance, but are thermally insulated from the surroundings at the rest of the surfaces.
The state equations for the reservoirs are:

2 _ 1 1 BW3 1
Sl = —E -2- ()\1 + /\2) (92 — 91) ( 9z )1 , (62)
5 11 Bws 2
S2 = —b—; 5 ()\1 =+ /\2) (92 — 91) ( 3z )1 ] (63)

Since ws 1 +ws 9 = 1, we have:

Ow, 2 _ Ows 1
(8::3 >12__(83’ )12 (4

The system entropy rate S can be written as:

S = 5.'1+S.'2

= 1 (92 — 91)2 8’[1]3 1
== —5 (A] +/\2) 01 92 ( 813 )1 . (65)

Since for the closed system S > 0, the entropy weight functions must be decreasing with respect

to the distance to the corresponding entropy node. Although this proof was made for this simple
example, this property can be generalized.

5 Conclusions

In this paper the resulting state equations, obtained by using a new Bond-Graph approach for
CFD, are presented for a one-dimensional problem with constant piecewise shape functions. This



nodalization and the choice of the shape functions allow to perform a closed calculation of the state
equations. Since for this case the state variables corresponds to the mass, velocity and entropy in
control volumes, it is possible to make a a comparison with other numerical schemes.

The existing contributions coming from the discontinuities in the description of the flow fields can
be succesfully handled in the integration process by using distributional derivatives. Although viscous
effects cannot be modeled with a constant piecewise velocity profile, heat conduction can be rigorously
taken into account with entropy weight functions with non-zero gradients at the discontinuity surfaces.

The density and entropy weight functions, which are elements of this new approach, are capable of
taking into account the upwind nature of the fluid equations. Based on the linearized expressions of
the state equations, a comparison is made with a finite-volume and with a finite-difference numerical
scheme, obtaining an interpretation of the density and entropy weight functions appearing in the
Bond-Graph formalism. It is found that the density and entropy weight functions can be regarded
as weight factors in the calculation of the corresponding fluxes within a control volume, while the
gradient of the entropy weight function come out to be proportional to the weight factors in the
calculation of the conductive entropy fluxes.

Based on the Second Principle of Thermodynamics, it is also shown that the entropy weight
functions must decrease as the distance to the corresponding node position increases.

It is hoped that the findings of this paper encourage other researchers to use this formalism in
other more complex problems.
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