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Three sets of effective kinetics parameters were measured and evaluated for the fuel rod core of the IPEN/MB-01
research reactor. A correlation matrix among all these effective kinetics parameters is taking into account to
reduce the inferred reactivity uncertainties. This work considers the propagation of the uncertainties inherent in
these sets of effective delayed neutron parameters to the inferred reactivities. The comparisons to the reactivity
and its uncertainty values produced by the Inhour Equation came into a very good agreement and reinforces the
validity of the whole procedure for the development of this reactivity meter with uncertainties. The reduction of
the reactivity uncertainty values compared to previous works is significant. The analyses of some specific cases of
the evaluation IPEN(MBO01)-LWR-RESR-015 reveal that its reactivity values are in accordance with those of this
work. However, its reactivity uncertainty values for positive reactivities seems to cancel the uncorrelated
component of the uncertainties.

1. Introduction

Reactivity is an integral reactor response and plays an important role
in the nuclear engineering field. It has important bearings on the reactor
design, on its operational and safety performance and on the fuel cycle
strategy. The importance of its measurements has been recognized since
the first experimental atomic pile in Chicago, which took place on
December 2, 1942 (Fermi, 1946). Since then, the measurements of this
very important integral reactor response have been addressed by several
works such as: (Henry, 1958); in the fifties, (Andersson and Hveding,
1964) in the sixties and more recently by (Marie et al., 2019), (Huo et al.,
2019), and (Vo et al., 2023).

Reactivity is not a quantity that is directly measured. Instead, it is
inferred from the detector signals in conjunction with a set of effective
kinetics parameters and a kinetic model. By kinetics parameters are
meant the whole set of delayed neutron parameters plus the prompt
neutron generation time. There are two major categories of reactivity
measurements: a) Reactivity measurements close to the critical state
which are encompassed by the Inverse Kinetic Method (IKM) (Sastre,
1960) and by the Doubling Time Method or PM - Period Method (DTM)
(Hassan et al., 2010) and b) the Subcritical Measurements which are
encompassed by the Source Multiplication Method (MSM) (Blaise et al.,
2009) and (Krasa et al., 2021), the neutron noise method
(Momura,1966) among several others. This paper concerns the methods
of reactivity measurement closed to the critical state and more
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specifically the IKM model.

The IKM can be considered a dynamic reactivity method (Ott and
Neuhold, 1985) and at the same time an on-line method. The IKM
method infers the reactivity sequentially as a function of time. The
starting point for the IKM method was due to Sastre in 1960 (Sastre,
1960). The main assumptions for Sastres IKM was the validity of the
point kinetics model (Bell and Glasstone, 1979) as they are known
nowadays and the validity of calculated effective kinetics parameters.
Later, the IKM method was subject to several works and improvements
as described in (Andersson and Hveding, 1964), (Suzuki and Tsunoda,
1964) and in (Ott and Neuhold, 1985). Most of the applications
addressed thermal rectors (Kinard and Allen, 2004), (Ball, 2017), (Lee
et al,2005), among several others. However, a few applications
addressed ADS (Munoz-Cobo et al., 2001) and subcritical systems
driving by a neutron source (Tamura, 2003). More recent works can be
found in (Dulla et al.,2017), (Huo et al., 2019), and (Vo et al., 2023). The
IKM method has been extremely benefited from the progress reached in
the computer technology as well as in the signal acquisition systems
which allow it to monitor the reactivity in a nuclear reactor practically
in real time (Dulla et al., 2014).

The effective delayed neutron parameters are the main input data
and the major source of uncertainties for the IKM methodology. They are
reactor dependent data because they are weighted by the adjoint and
direct neutron fluxes of the reactor under analyses (Bell and Glasstone,
1979). The delayed neutrons in a nuclear reactor arise from the
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radioactive decay of specific classes of fission products. These fission
products are referred to as the delayed neutron precursors. An experi-
mental characterization of all these emitters is very difficult due to their
low yield and/or low half-lives and also due to their very complex
transmutation chains. The point kinetics equations employed by the IKM
methodology needs only the aggregate behavior of the delayed neutrons
consisting of a few-group model where the decay constants and abun-
dances are mean values of various precursor emitters with similar decay
constants. A six-group model first introduced by Keepin (Keepin et al.,
1957) was considered a standard for many years. Some recent work
considers an eight-group delayed neutron model based on a consistent
set of half-lives (Spriggs et al., 2002).

The major source of delayed neutron nuclear data is the ENDF
(Evaluated Nuclear Data File) file (Trkov et al., 2018). Examples of such
files are ENDF/B-VIIL.O (Brown, 2018) and JENDL 4.0 (Shibata et al.,
2011). The NJOY system (MacFarlane et al., 2017) is a set of computer
module that process the ENDF files and builds the nuclear data libraries
(multigroup or pointwise) for several applications including those
related to the delayed neutron applications. Most of the delayed neutron
evaluations contained in ENDF files relies either on calculation methods
such as those employed in CINDER-90 (Wilson and England, 2002) and
in (Brady and England, 1989) or on the out-of-pile experiments (Spriggs
and Campbell, 2000). These experiments consider the irradiation of a
specific actinide sample in the reactor core and by means of a fast
removal system this sample is removed and transferred to the out-of-
core neutron detector system. The measured data (basically neutron
detector counts) as a function of time are least squares fitted in a series of
exponentials terms and the delayed neutron abundances and their
respective decay constants are inferred from them. Both the calculated
and experimental approaches may consider the total delayed neutron
fraction normalization from other experiments.

The available experimental support to validate methods and nuclear
data for the determination of the effective kinetics parameters and
consequently the reactivity is scarce and in many cases of very difficult
utilization. The lack of specific benchmarks to verify the quality of the
reactivity determination is a severe problem in the reactor physics area
(dos Santos and Diniz, 2014). Aiming to contribute to this specific need
for thermal reactor application a wide variety of experiments addressing
the effective kinetics parameters were performed at the IPEN/MB-01
research reactor facility. Most of them are available in the IRPhE (In-
ternational Reactor Physics Experiments) handbook as IPEN(MBO01)
contributions. The experiments ranged from the measurements of the
prompt neutron generation time (A) (Diniz and dos Santos, 2006),
(Kuramoto et al., 2007), (Kuramoto et al., 2008) and (dos Santos et al.,
2006a), its lifetime in the core (z.) and in the reflector (z,;) (Santos and
dos Santos, 2021), to the effective delayed neutron data as: the effective
delayed neutron fraction (ﬁeff) (Diniz and dos Santos, 2006), (Kuramoto
et al., 2007), (Kuramoto et al., 2008), the first decay constant (4;) (dos
Santos et al., 2006b), and the delayed neutron abundances (f; /ﬂeff) and
their decay constant (4;) (Diniz and dos Santos, 2006) for group i in a six-
group model. The results of these experiments were all gather to build a
set of six-group kinetic parameters for the IPEN/MB-01 reactor. The
details of this process are extensively described in IPEN(MBO01)-LWR-
RESR-021 (dos Santos, 2021). This evaluation was approved by the
IRPhE and it is available in its website. Finally, a correlation matrix for
the effective delayed neutron fraction (4;) and their decay constant (4;)
(dos Santos and Diniz, 2020) was also developed aiming to reduce the
inferred reactivity uncertainties.

The reported IKM applications share some common characteristics
such as the validity of point kinetics equations, the utilization of
calculated effective kinetics parameters, and neither of them addressed a
very important subject: propagation of the uncertainties of the effective
kinetics parameters to the inferred reactivities. The purposes of the
present work are to develop a method to propagate the uncertainties
arising from the effective kinetics parameters in a six-group model to the
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reactivities inferred by the IPEN/MB-01 inverse kinetic model algo-
rithm. The effective kinetics parameters as well as their uncertainties
arise from the IPEN(MBO01)-LWR-RESR-021 evaluation. The accuracy of
this development will be verified against the results arising from the
application of the Inhour equation model. Furthermore, the procedures
developed in this paper to treat the reactivity uncertainties will be
employed to verify the adequacy of the reactivity and its uncertainty
models employed in IPEN(MBO01)-LWR-RESR-015 (dos Santos et al.,
2014).

2. The methodology for the reactivity meter with uncertainties

The proposed methodology to propagate the uncertainties inherent
in the effective kinetics parameters to the reactivity is based on the IKM
(Inverse Kinetics Method) methodology. Here, the point kinetics equa-
tion is taken into account for the dynamic behavior of the reactor system
and the reactivity is written as an explicit function of time and an im-
plicit function of effective kinetics parameters and the neutron detector
signals. Next, a standard uncertainty analysis for the propagation of the
uncertainties of the effective kinetics parameters to the reactivity values
is employed and the reactivity uncertainty analysis can be performed
accordingly.

2.1. The IPEN/MB-01 inverse kinetic method (IKM) for reactivity
measurements

The inverse kinetic method implemented in the IPEN/MB-01 reac-
tivity meter starts with the point kinetics equations in a six-group
delayed neutron model as:

dN(@) _p(t) = Py 6
=T IN@ Y G, M
and
aci(t) _p _ac

= AN(z) LCi(t), @
where:

N(t) represents the detector signal (ampere) at time ¢,

p(t) represents the reactivity at time t,

p; represents the effective delayed neutron fraction for delayed
neutron group i,

Pegr Tepresents the total effective delayed neutron fraction,

4; represents the decay constants for the delayed neutron group i,

Ci(t) represents the precursor concentration of the ith delayed
neutron group at time t,

and A represents the prompt neutron generation time.

The point kinetics equations represented by Egs. (1) and (2) are a
system of coupled linear ordinary differential equations. The time-
dependent parameters in this system of equations are the reactivity
(p(t)), the detector signal (N(t)), and the concentration of the ith delayed
neutron precursor (C;(t)). All the effective kinetics parameters and the
detector signal (N(t)) in this system of equations are assumed to be
known. Consequently, the only unknown in this set of equations is the
reactivity (p(t)). The basic principle for the IKM methodology considers
this system of equations and solves that for the reactivity (p(t)) in the
following steps. Initially Eq. (2) is solved for C;(t) and the final result is
placed into Eq. (1). Next, the resulting equation is solved for the reac-
tivity (p(t)) and the following equation is found:

A aN() A N
) =N ar +ﬂeﬂfmzizlﬂici(0)e

_L 6 o ot ' R\ AifA 7. X
N(t)zi:l/l,ﬂ,-e /O N(iK)e"" A dik.

The initial conditions for C;(0) is found assuming that the reactor is
critical at t = 0 as:
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A,
a0 =

0), @
where N(0) is the initial value of the detector signal and it is obtained
when the reactor is critical, just before the insertion of reactivity. Egs.
(3) and (4) constitute the starting point for the IKM methodology. The
software designed to solve Eq. (3) is referred to as the reactivity meter
and it is widely employed in research and power reactors.

The approach adopted in the reactivity meter developed in the IPEN/
MB-01 research reactor facility considers that the detector signals are
given in a set of discrete time intervals (t;,t5, -+, bk, te i1, tm)- Here t and
te,1 are two generic and consecutive time intervals and M is total
number of time intervals. Next, Eq. (3) is written in a recursive,
simplified, and compact form for a generic time ¢, as:

6

A 6 1
g = Xpp1 ——— Yijp1 —— ki ls 5
Prr1r = Xinr nkHZi:l Ry SR ()
where:
A [dN
Xy =— | — 6
A (dt>zH + B (6)
Yipn = Yige M4, @)
T+ .,
Zigsr = Zige M 4 et / N(t)eMdt, 8
I
with At = t,1 —t;, and
dN Ny — Ny
(7) _ DV L. 9)
/381 At

Assuming also that N(t) varies linearly inside of the interval At as
N(t) = a + bt, the integral in Eq. (8) yields:

1 e/‘n:’k+l b 6/1,1k b
N(r)e" dr = ——(Nisy — ) ——— (Ni — - 10
AR R a0

and consequently:

o (1 bY e b
eii'tk“ / N(t‘)e’l" dt = {/T (Nk+1 — I) 776 7 <Nk - I) } 11
I i i i i

Finally, Eq. (8) for Zy,; can be written as:

b , b
Zijo1 = Zige +ﬁ,{ (Nk+1 - /1_) —eha (Nk - /1_> } 12)

The recursive way to solve Eq, (3) is noted in Y;j; and Z;;.; which
depends on their previous values. The initialization of the algorithm is
made considering the reactor critical at the beginning of the process or
to = 0. In this case, the initial values for the variables X, Y, and Z, are
given by:

Xo =By (13)
Yio = (B,/AN(0), a4
and

Zio=0 (15)

This is the recursive process for the determination of the reactivity in
the inverse kinetic method employed in the IPEN/MB-01 reactor. The
reactivity at instant ., is obtained from the previous data at instant t.
Eq. (5) for p,, in conjunction with Eqgs. (6) through (15) constitutes the
final set of equations to be employed in this recursive process. This
whole process is referred to as the IPEN/MB-01 reactivity meter.

The IPEN/MB-01 reactivity meter runs in a microcomputer, and it
was written in a graphical language LABVIEW. Its basic input data are
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Table 1
Inferred delayed neutron abundances a; = (f;/fy) and their corresponding
uncertainties.

Delayed Neutron Group ~ CPSD a; APSD1g APSD2g;

i

1 0.0374 + 0.0363 + 0.0381 +
0.0007 0.0007 0.0007

2 0.1919 + 0.1946 + 0.1963 +
0.0078 0.0077 0.0071

3 0.1839 + 0.1981 + 0.1804 +
0.0132 0.0136 0.0123

4 0.4068 + 0.3931 + 0.4051 +
0.0132 0.0133 0.0123

5 0.1147 + 0.1135 + 0.1182 +
0.0066 0.0068 0.0063

6 0.0654 + 0.0644 + 0.0619 +
0.0030 0.0029 0.0028

) APSD1 and APSD2 refer, respectively to the Auto Power Spectral Density for
Detector 1 and 2.

the effective kinetics parameters for its core and the detectors signals
which arises from the detector measurement chain composed of de-
tectors operating in current mode (compensated ionization chambers),
an electrometer (Keithley 614), and a GPIB board. This measurement
chain runs in an acquisition rate of one sample per second.

2.2. The reactivity meter uncertainty analyses

The reactivity uncertainty analysis can be performed considering the
general equation for the propagation of the associated uncertainties
(ANSI, 1997). Let x; be an independent or correlated set of variables and
w(x;) a dependent function of this set of variables. Accordingly, the
uncertainty of w(x;) is:

n

o2 :Z % 2,(;2 +2.i ialala - ~C()rr(x- x~) 16)
" Ox; " ox; ox; Y O

i=1 j=1 i>j

where oy, is the uncertainty of w(x;), x; is a generic independent variable,
o; is the uncertainty of x; and corr(x;, X;) is the correlation matrix for x;
and x;.

The reactivity uncertainty is determined employing Eq. (16). The
dependent function w(x;) is replaced by the reactivity (p) and the generic
independent variables x; are replaced by the components of the Kinetics
Parameter Data Vector (KPDV) defined as:

KPDV = (A, Ay, 46, Py, -+, Bs) a7

The source of the effective kinetics parameter data vector and their
uncertainties as well needed to get the reactivity and its uncertainty
arise from IPEN(MBO01)-LWR-RESR-021. This evaluation derived three
complete set of experimental kinetics parameters to infer reactivities as a
function of the reactor period employing the Inhour Equation (Bell and
Glasstone, 1979). This goal was accomplished employing a least squares
approach to fit the available spectral densities measured at the IPEN/
MB-01 reactor; namely the APSD (Auto Power Spectral Density) and
the CPSD (Cross Power Spectral Density). These raw data (APSD and
CPSD data) arise from the experiments performed during the years 2005
through 2006 at the IPEN/MB-01 reactor employing a macroscopic
noise technique in the very low frequency range (<1.0 Hz) (Diniz and
dos Santos, 2006). The parameters to be fitted were the delayed neutron
abundances (5;/, ﬂeff) and its decay constant (4;.) in six groups of delayed
neutrons. The first decay constant (4;) was kept fixed in the least squares
fitting processes. Its value arises from (dos Santos et al., 2006b) and it is
also available in Table 3.6.5-1 of IPEN(MBO01)-LWR-RESR-001; (kinetics
parameters evaluation) (dos Santos et al., 2012). A modified version of
the least squares code DELAY (Spriggs, 1993) based on the Levenberg-
Marquardt algorithm (Press et al., 1992) was employed to cope with
this task. The least squares approaches were successfully carried out and
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Table 5
Inferred delayed neutron fraction (f;) and corresponding uncertainties for the
APSD2 case.

Table 2
Inferred delayed neutron decay constant (s™*) and their corresponding
uncertainties.
Delayed Neutron ~ CPSD 4 (s 1) APSD1 4 (s ) APSD2 4;(s™)
Group i
1 0.012456 + 0.012456 + 0.012456 +
0.000031 0.000031 0.000031?
2 0.0314 £+ 0.0025 0.0309 + 0.0025 0.0315 + 0.0021
3 0.1096 + 0.0039 0.1129 + 0.0038 0.1110 + 0.0045
4 0.3052 £ 0.0043 0.3044 + 0.0047 0.3078 £ 0.0046
5 1.070 + 0.031 1.048 + 0.032 1.083 £+ 0.029
6 3.21 £0.10 3.288 + 0.087 2.6001 + 0.086

) From (dos Santos et al., 2006b) and from Table 3.6.5-1 of IPEN(MBO1)-LWR-
RESR-001; kinetics parameters evaluation (dos Santos, 2012).

Table 3
Inferred delayed neutron fraction (f;) and corresponding uncertainties for the
CPSD case.

Delayed Neutron Group i B o oo Op;

1 2.723E-04 5.25E-06 1.82E-06 5.56E-06
2 1.460E-03 5.78E-05 9.73E-06 5.86E-05
3 1.486E-03 1.02E-04 9.91E-06 1.02E-04
4 2.948E-03 1.02E-04 1.97E-05 1.04E-04
5 8.513E-04 5.10E-05 5.68E-06 5.13E-05
6 4.830E-04 2.18E-05 3.22E-06 2.20E-05

Table 4

Inferred delayed neutron fraction (f;) and corresponding uncertainties for the
APSD1 case.

Delayed Neutron Group i Bi o o Op;

1 2.723E-04 5.25E-06 1.82E-06 5.56E-06
2 1.460E-03 5.78E-05 9.73E-06 5.86E-05
3 1.486E-03 1.02E-04 9.91E-06 1.02E-04
4 2.948E-03 1.02E-04 1.97E-05 1.04E-04
5 8.513E-04 5.10E-05 5.68E-06 5.13E-05
6 4.830E-04 2.18E-05 3.22E-06 2.20E-05

the outcoming uncertainties were appropriate for a benchmark problem
to test the adequacy of the delayed neutron parameters available in
several nuclear data libraries. The procedure developed in the IPEN
(MB01)-LWR-RESR-021 evaluation to infer the effective delayed
neutron parameters relied only in experimental data and can be
considered purely experimental. The procedure did not employ any sort
of calculated correction factor or similar quantities. The main results
arising from the IPEN(MBO01)-LWR-RESR-021 least squares fitting pro-
cesses of each spectral density are given in a six-delayed group model in
Tables 1 and 2, respectively for the delayed neutron abundances and its
decay constants.

According to IPEN(MBO01)-LWR-RESR-021, the delayed neutron
faction (;) for group i was found as:

pi= /je‘[fah (18)

where q; is from Table 1 and S, and its corresponding uncertainty are
from Table 3.6.5-1 of IPEN(MBO01)-LWR-RESR-001; kinetics parameter
evaluation (dos Santos, 2012). S and op, are, respectively, equal to
0.00750 and 0.00005. The delayed neutron abundances a; and the
effective delayed neutron fraction (f,;) are assumed to be uncorrelated

due to their different origins. Consequently, the f; uncertainty was split
into two components. The correlated component (¢5”") given by g0y,

and the uncorrelated component (0}7‘:‘“’”) given by aiop,,. The total un-
certainty on f; is given by:

2 2
o =) + () a9

Delayed Neutron Group i Bi o o Op,

1 2.858E-04 5.25E-06 2.67E-06 5.89E-06
2 1.472E-03 5.33E-05 1.37E-05 5.50E-05
3 1.353E-03 9.23E-05 1.26E-05 9.32E-05
4 3.038E-03 9.23E-05 2.84E-05 9.66E-05
5 8.865E-04 4.73E-05 8.27E-06 4.80E-05
6 4.643E-04 2.10E-05 4.33E-06 2.14E-05

Tables 3 through 5 show the final results for the delayed neutron
fraction (f;) for group i and its respective uncertainty, respectively for
the spectral densities CPSD, APSD1, and APSD2. According to (ANSI,
1997) the g; uncertainties are classified for each spectral density as Type
B.

Tables 3 through 5 in conjunction with the prompt neutron genera-
tion time (A= (31.96 + 1.06) ps) from IPEN(MBO01)-LWR-RESR-001
(kinetics evaluation) (dos Santos et al., 2012) form a complete set of
kinetic parameters to be employed in the reactivity meter with un-
certainties developed in this work.

The correlation matrix for the components of the Kinetic Parameter
Data Vector is given in Table 6. In this matrix, the prompt neutron
generation time (A) and the first decay constant (1;) are assumed to be
uncorrelated to each other and to the remaining delayed neutron pa-
rameters. The correlation among f;, with i equals to 1 through 6, and 4;,
with i equals to 2 through 6 arises from (dos Santos and Diniz, 2020).

Since the basic input data required for the IPEN/MB-01 reactivity
meter with uncertainties are known and well understood, the question of
the determination of the reactivity uncertainty reduces to the one of
obtaining the reactivity derivatives to the components of the Kinetics
Parameter Data Vector. These derivatives can be found from Eq. (5) as:

0P _ X1 A iy 1 0Zjp (20)
0 oA M Ok M Ok '

P _ X1 A Wiy 1 0Zipsy 1)
aﬂi aﬂi Nt aﬂi Nt aﬁi '

where i =1, ---6 in Egs. (20) and (21) and

1 _ Xt A 6 i1 1 6 Y, 7Lzﬁ 0Zij11

oA - oA Ny =1 gA N g i=1 il Ny =1 gA

(22)

The derivatives of X1, Yix+1, and Zjx.1 to the components of the
Kinetics Parameter Data Vector can be found, respectively from Egs. (6)
through (8) as:

a);zl _o (23)
a)a(;; _ 24
o= (@), -
ag};jl _ t%v;ke,ﬂ,m 27)
agi,/k\ﬂ _ %e’“’ (28)
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Table 6
The correlation matrix for the effective kinetics parameters.
A b 3 B3 Ps Bs Bs M A2 A3 A4 As s
A 1 0 0 0 0 0 0 0 0 0 0 0 0
A 0 1 -0.993 —0.846 -0.725 -0.105 —-0.134 0 0.993 0.848 0.732 0.106 0.134
s 0 -0.993 1 0.901 0.784 0.156 0.169 0 -1 ~0.902 -0.79 -0.157 -0.169
Bs 0 —0.846 0.901 1 0.942 0.374 0.309 0 ~0.902 -1 —0.945 —0.375 —0.309
B4 0 -0.725 0.784 0.942 1 0.621 0.491 0 —0.786 —0.942 -1 —0.622 —0.491
Bs 0 -0.105 0.156 0.374 0.621 1 0.89 0 -0.158 -0.374 -0.616 -1 -0.89
Bs 0 -0.134 0.169 0.309 0.491 0.89 1 0 -0.17 —0.309 —0.488 —0.891 -1
M 0 0 0 0 0 0 0 1 0 0 0 0 0
22 0 0.993 -1 —0.902 ~0.786 -0.158 -0.17 0 1 0.903 0.792 0.159 0.171
A3 0 0.848 —0.902 -1 —0.942 ~0.374 —0.309 0 0.903 1 0.945 0.375 0.309
24 0 0.732 -0.79 —0.945 -1 —0.616 —0.488 0 0.792 0.945 1 0.617 0.488
s 0 0.106 -0.157 -0.375 —0.622 -1 -0.891 0 0.159 0.375 0.617 1 0.891
6 0 0.134 -0.169 -0.309 —0.491 -0.89 -1 0 0.171 0.309 0.488 0.891 1
GZ, k41 aZik QAL y)
S = e 7 Ate ™ + A+ B+ C (29) . . 0
: : n P 1 /’k L
04 0k Covi =2 Z Z —A 03" .05 Corr(i+1,j+7), (38)
i=1 j=itl ]
where
and
1 — At b b
A= +ﬁl( 7 1) { (Nk+1 - JT) —eh (Nk - /1—) } (30)
l ’ l 9yiy ? [ ? ~ 9 :
uncorr __ 2 k+1 __uncorr
O — “oh+ ‘05, + Z( ope) 39
Miteyr — 1 b\ b oA 04y = W
B=+4 — N1 — x +/172 ) (€20)]
' ' ' The final reactivity uncertainty for each spectral density is found as:
Aty — 1 b b
—Ai At itk 2 2
= —fBe " _ Ny, —— | +— 32
e () (w=3) 452 G2 o =) + () (40)
Zir1 _ 02, S b\ sty b (33) Eq. (40) for the final total reactivity uncertainty (s,,.,) in conjunction
ap; op; AY KT with Egs. (23) through (34) for the derivatives of X1, Yix+1, and Zx1,
with Egs. (35) through (38) for a;‘k’:’l, and with Eq. (39) for a;k"ff” form a
and complete set of equations for the determination of the reactivity un-
Zixyy  0Zix _ya certainty as a function of time.
' — K, —AiAL . P o g
oA oA (34) The numerical approach to get the reactivity uncertainties runs

The derivatives of X;_,, Y;x.1, and Z;., at the initial conditions can
be found, respectively from Egs. (13) through (15) in a straightforward
fashion.

The delayed neutron data available in Tables 2 through 5 in
conjunction with the known value of the prompt neutron generation
time A= (31.96 £ 1.06) ps) are the starting point to get the reactivity
uncertainties in the IPEN/MB-01 reactivity meter. The procedure
adopted here to get the reactivity uncertainties as a function of time
follows closely to that described in IPEN(MBO01)-LWR-RESR-021.

The reactivity uncertainty at a generic time step t;,; arising from
each spectral density is split into correlated (o) and uncorrelated

(0},,°™) contributions and they are given by:

sequentially to that implement in the IPEN/MB-01 reactivity meter. The
whole set is referred to as IPEN/MB-01 reactivity meter with
uncertainties.

3. The IPEN/MB-01 reactivity meter with uncertainties
validation

The IPEN/MB-01 reactivity meter with uncertainties given by
described in Sections 2.1 and 2.2 is validated against the corresponding
results obtained from the Inhour equation (Bell and Glasstone, 1979).
According to the Inhour equation the reactivity in a six delayed neutron
group model for a given reactor period T is given by:

6 6
corr 0/7 orr ()p
o = Z ( Hl) (6;, ) + Z ( Hl) 05+ Covf;HI + Cov o+ C"Vﬁm’ (35)
i=1 i=2 '
where
e AL
Col =2 Z Z Pi1 Pul a0 Corr(i+ 1, + 1) (36) p=gt Zl T (41)
i=1 j=i+l
The Inhour equation uncertainty analysis can be performed
0Py 6pk +1 . . employing the same procedure as that described in Section 2.2. The
OV = ; ,IZH 03,-0-Corr(i+ 1,7 +7), G7) Inhour equation is considered for selected reactor periods and employs

the whole set of kinetics parameters given in Tables 3 through 5 in
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Fig. 2. The reactivity results for the period equal to —100 s.

conjunction with the known prompt neutron generation time (A =
(31.96 + 1.06) ps). The comparisons are made for each set of kinetic
parameters giving in these tables. Here the time dependence is ignored,
the reactivity uncertainty is given by Equation (40), and 6., and 6yucorr
are given by Egs. (35) through (39) as before. The reactivity derivatives
to be employed in this set of equations are now given by:
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o 1

a—ﬂi = m, and 43)
op BT

= 44
0k (1+4.1) @4

The consistency between the inverse kinetics model with un-
certainties developed in this paper and that of the Inhour equation
model given by Eq. (41) can be made by assuming that N(t) in Eq. (3) is
given by:

N(f) = Ae', (45)

Figs. 1 and 2 show these model comparisons, respectively for periods
of 80 and —100 s. The reactivity data were built considering the kinetics
parameters for both models from the CPSD case and the correlated un-
certainties ((7;,?”) as given in Table 4. Egs. (35) through (38) are
considered accordingly and the final reactivity uncertainty is just the
correlated component. Figs. 1 and 2 show the reactivity calculated by
the reactivity meter model starts at zero because by hypothesis this is the
initial condition of a critical reactor. Also, these figures show that the
inferred reactivity has a plateau region and stabilizes, respectively at
times longer than nearly 120 and 3000 s for the positive and negative
periods. The average reactivity (p) from the reactivity meter in this time
plateau interval is determined by a weighted average method (Zhang,
2006) as:where A is an arbitrary constant, and t, and T have the same
meaning as before.

NP
Zi:}éfi Wi7 (46)
Do iWi

where NP is the total number de points in a selected time portion of the
plateau interval, p;, and w; are, respectively the reactivity and the
weighting factor both at time t;. The weighting factor (w;) for this
application is giving by:

p=

47)

where o, is the uncertainty of the reactivity p; at a generic time t; and the
uncertainty in p is giving by:

(48)

The reason for the factor +/NP in the numerator of Eq. (48) is to
eliminate the statistical component that is implicit in the weighting
average process. In the limiting case where all uncertainties are equal,
(o) for example, the weighting average method will give rise to an un-

gﬁ = 1 (42) certainty in the parameter under consideration of 6/v/M, where M is the
AT number of samples considered. This uncertainty is referred to as the
standard deviation of the mean. If Egs. (46) through (48) were applied in
Table 7
Comparison between reactivity meter with uncertainties and Inhour equation.
Period (s) p(pcm) (FZG'T pem) rr/”,”“’"(pcm) 6,(pcm)
Inhour Equation Reactivity Meter Inhour Equation Reactivity Meter Inhour Equation Reactivity Meter Inhour Equation Reactivity Meter
CPSD
—100 —206.7 —206.6 6.6 6.7 1.46 1.46 6.8 6.9
80 82.39 82.36 0.47 0.48 0.31 0.31 0.57 0.57
APSD1
—100 —206.0 —206.2 7.1 7.2 1.7 1.4 7.3 7.3
80 83.31 83.34 0.53 0.53 0.32 0.32 0.62 0.62
APSD2
—100 —209.4 —210.0 5.94 5.94 1.51 1.50 6.1 6.1
80 82.98 82.94 0.40 0.39 0.45 0.44 0.60 0.59
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Table 8

Relative contributions of the of the reactivity uncertainty for the CPSD case.
Period (s) RCjeor RCjpuncorr RCy; RC, RC;, RCy
—100 0.09 0.00 —0.66 1.53 0.04 0.00
80 23.33 0.31 —48.37 25.73 0.00 0.00

this case the final uncertainty would be o. This is the desired result for
uncertainties type B.

The uncertainties in the reactivities as a function of time inferred by
the reactivity meter are not of statistical nature. They are classified as
Type B. Adopting the validity of Egs. (46) through (48), the comparison
of the results of the reactivity meter with uncertainties to those of the
Inhour Equation is not only possible but also as shown in Figures 1 and 2
it comes into a very good agreement.

Table 7 shows a complete comparison between these two reactivity
models. Now, the comparison is made for all spectral densities as well as
for the correlated, uncorrelated, and total reactivity uncertainties. Also
here, the agreement between these two models is very good and re-
inforces the validity of the whole procedure for the development of the
reactivity meter with uncertainties.

To give some insight on the relative contribution of the kinetics pa-
rameters employed to get the reactivity uncertainties consider Eq. (40)
for a generic reactivity p and Equations (35) and (39), respectively for
the determination of ¢;"" and 0,"". Now let the derivatives of the
reactivity to the kinetics parameters in Equations (41) be given by
Equations (42) through (44) i.e., the Inhour Equation model. Further-
more, let the relative contributions of the input kinetics parameters to

—>| [*+=5.5mm
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get the reactivity uncertainties be grouped into six broad categories
defined as:
1) the relative contribution of the correlated part of all the delayed

neutron fractions (afjf”/s) and the correlation among them given by:
2 2

ND [ 9, ND

0 (i) (o) +2st

ND— dp Op corr corr P ;
i=i+135,395,%, O, Corr(i+1,j+1)

(Gp)z

RCpor =

(49)

2) the relative contribution of the uncorrelated part of the delayed
neutron fraction given by:

ND (g, corr\ 2
21 (Fope)

RC, puncorr = 5
(6))

(50)

3) the relative contribution of all the terms that are part of the corre-
lation among f; and 4;, being i from 1 to ND, and j from 2 to ND given by:

ND
2im1

ND  dp dp

j:[Hd—ﬁ’.@.G;‘,’".alj.Corr(i +1,j+ND+1)

(0'/7)2

RCy =2 , (61

4) the relative contribution of all terms involving the decay constants 1
through J¢ and the correlation among them given by:

éa‘abABCDEFGH Il JKLMNOPQRSTUVWXY Zzazb
ﬂﬂQOOOOOOOOOOOOOOOOOOOOOOOOOOOOO00
LililioleXelelelelolelelolelolelelolelelololeloloiololololelolele] Ly
02l(HOO0O0O0O00O0O00O0O0O0O0OO0O0O0O0OOO0O0OOO0O0O0O0)|02
ikl ofeXeloleleolololeololololelololelolololololololololololoX0)0) [k
QE hfeJelolelolelolelolelololololelolelolelolo ol lololo o o)o/[
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2
PN (g) (03)" + 20000 S a-03,.0,, Corr(i +1,j + ND + 1)
RC, =

(Gﬂ)z

(52)

5) the relative contribution of the first decay constant (4;) given by:

2
(2) =
RC), = (53)

=——<——, and
(Uﬂ)z
6) the relative contribution of the prompt neutron generation time
(A) given by:

2
(6)=
RC, = W (54)
P

Note that these relative contributions consider all the terms inside of
the square root of Equation (40) and ¢, is the total reactivity uncertainty
also given by this equation. Moreover, the sum of all these six category
contributions is equal to 1.0.

Table 8 shows the values for each of these 6 category contributions
for the two periods of Table 7. Only the CPSD case results are shown in
this table. The APSD1 and APSD2 results follow basically the same
tendency.

Table 8 makes the analyses of the uncertainty in the reactivity more
understandable. Initially, the first decay constant and the prompt
neutron generation time play practically no role for the determination of
the reactivity uncertainty for both periods of Table 8. The first decay
constant is very important for the determination of the reactivity un-
certainty when the period is very close to 1/4;. Conversely, the prompt
neutron generation time (A) is very important for short periods when the
fission chain reaction is controlled by the prompt neutrons. RC., both
correlated and uncorrelated part practically is not important for the
negative period, but it is very important for the positive one. There are
huge cancellations in the uncertainty analysis mainly for RCy, and the
sum of RC; and RCy. The contribution of g; and 4; individually given by
RCgandRC; are positive and the contributions of the correlation among
these two quantities given by RCy, are negative. These explain good part
of the reason why the uncertainty in the inferred reactivity is reduced
when correlation is taken into consideration. These apply to both
negative and positive periods.

4. The reactivity uncertainty analyses application

The reactivity meter with uncertainties model developed in Sections
2.1 and 2.2 was applied to a practical case considering the benchmark
IPEN(MBO01)-LWR-RESR-015 (dos Santos et al., 2014). This benchmark
was approved by the IRPhE (International Reactor Physics Experiments)
and addressed the evaluation of the heavy reflector experiment
composed of Nickel plates in the west face of the IPEN/MB-01 reactor.
The Nickel heavy reflector evaluation comprise a set of critical config-
urations employing the standard 28 x 26-fuel-rod configuration. Up to
32 plates, approximately 3.0-mm-thick each, were used in the experi-
ment. Figure 3 shows the experimental core configuration for the case of
32 Nickel Plates. A complete description of the IPEN/MB-01 reactor core
and of the specific experiment under consideration here can be found in
IPEN(MBO01)-LWR-RESR-015. More details can be found several other
benchmark publications available in the handbooks of the NEA/OECD
projects ICSBEP and IRPhE.

The quantities measured in the Nickel heavy reflector experiments
were the control bank critical positions, the total reactivity (p) relative to
the case without Nickel plates and the reactivity gain (Ap) between the
case under consideration and the previous case. Eighteen cases were
evaluated and approved to be include in the IRPhE handbook.
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Fig. 4. CPSD reactivity measurements for Case 10.

The cases under analyses for the application of the reactivity meter
with uncertainties were Case 2 employing 1 Nickel plate, Case 10
employing 9 Nickel plates both for the total reactivity and the reactivity
gain of Cases 10 and 14. The reactivity gain of Case 10 is relative to Case
9 which contains 8 Nickel plates. Case 14 employs 18 Nickel plates and
the reactivity gain is relative to Case 13 which contains 15 Nickel plates.

The reactivity measuring procedure consists of making the IPEN/
MB-01 reactor critical for the specific number of Nickel plates under
consideration followed by a rapid control bank position changes either
to the critical positions of the case without Nickel plates for the total
reactivity or to the critical positions of the previous case for the reac-
tivity gain. The whole set of experimental values for all evaluated cases
are given in Table 2.4.1-1 of IPEN(MBO01)-LWR-RESR-015.

The main objective here is to verify the validity of the hypotheses
made in this evaluation to get the experimental reactivity and its un-
certainty. According to the IPEN(MBO01)-LWR-RESR-015 evaluation, the
uncertainty in the average experimental reactivity was given by:

_{lp" —pl+lp” —pl}
2.\/§

where p is the nominal value of the inferred reactivity, i.e., inferred with
the nominal values of the effective delayed neutron fraction, decay
constants and the prompt neutron generation time. p~ is the inferred
reactivity when the uncertainty of the kinetic parameters is subtracted
to their corresponding nominal values. Conversely, p* is the inferred
reactivity when the uncertainty of the kinetic parameters is added to

o, ) (55)

their corresponding nominal values. The /3 factor was recommended
by the experimentalists since the relative abundances and the decay
constants were inferred employing only the spectral density CPSD. Two
APSD’s were available at the time of the IPEN(MBO01)-LWR-RESR-015
evaluation but they were not subject to the fitting process to get the
delayed neutron parameters. The inclusion of the results of the fitting for
the other two APSD‘s would reduce the uncertainty in the reactivity in
general by v/3/3 or around 58 %.

The detector signals needed for the IPEN/MB-01 reactivity meter
with uncertainties came from the IPEN/MB-01 Data Acquisition System.
This system collects all the operation data such as: control bank posi-
tions, temperatures, detector signals, reactivities, operation power, etc.
and writes them in a computer file for further utilization. The operation
data are also written in a rate of one set per second.

The IPEN/MB-01 reactivity meter with uncertainties could then be
executed for each one of the three sets of kinetics parameters (CPSD,
APSD1, and APSD2) employing the recovered detector signals from the
Data Acquisition System files for the reactor operations considered here.
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Table 9
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Comparison between reactivity meter with uncertainties and IPEN(MB01)-LWR-RESR-15.

IPEN(MB01)-LWR-RESR-015

Reactivity Meter

IPEN(MBO01)-LWR-RESR-015

p(pcm) of,””(pcm) 6;"C°”(pcm) p * 0,(pcm) p £ 6,(pcm)

Case 2-1 Nickel Plate

CPSD —339.46 19.21 0.69

APSD1 —343.21 20.60 0.71

APSD2 —343.48 16.56 0.81

WeightedArithmeticMean —342.15 10.71 0.81 —342.15 + 10.74 —338.90 + 12.29

Case 10-9 Nickel Plates

CPSD —175.06 7.82 0.73 - -

APSD1 -177.36 8.37 0.74 - -

APSD2 —176.98 6.68 1.03 - -

Weighted Arithmetic Mean —176.47 4.34 1.03 —176.47 + 4.46 —173.49 + 4.66
Reactivity Meter IPEN(MBO01)-LWR-RESR-015
Ap® (pem) 6% (pem) 6o (pem) Ap % 0,(pem) Ap £ 6,(pem)

Case 10 Reactivity Gain 9-8 Nickel Plates

CPSD 50.03 0.31 0.19 - -

APSD1 50.88 0.34 0.20 - -

APSD2 50.27 0.26 0.28 - -

Weighted Arithmetic Mean 50.36 0.17 0.28 50.36 + 0.32 49.37 £ 0.17

Case 14 Reactivity Gain 18- 15 Nickel Plates

CPSD 81.95 0.49 0.35 - -

APSD1 83.39 0.52 0.36 - -

APSD2 82.52 0.41 0.48 - -

Weighted Arithmetic Mean 82.58 0.27 0.49 82.58 + 0.56 81.80 £ 0.18

™) Notation changed to be consistent to IPEN(MB01)-LWR-RESR-015.

Figure 4 shows the inferred reactivity data employing the IPEN/MB-
01 reactivity meter with uncertainties for Case 10. Here, the results are
shown only for the CPSD set of kinetics parameters and their correlated
uncertainties. Also, the inferred reactivities are shown only for the time
interval close to the plateau where the average reactivity was inferred.
These inferred reactivities consist of the total reactivity inserted by the 9
Nickel plates relative to the case without Nickel plates (negative values
in the figure) and the reactivity gain relative to Case 9 (positive values in
the figure). These measurements arose from two different operations of
the IPEN/MB-01 reactor. Figure 4 was built by merging the reactivity
results of these two distinct operations. The time scale (y-axis) in
Figure 4 is not the real time of the operation. The starting and end points
of each reactor operation were chosen so that so that the main experi-
mental data (the reactivity plateau region) were clearly shown. The data
for Case 9 goes up to nearly 200 s while those for Case 10 goes beyond of
that.

Similarly to the cases shown in Figures 1 and 2, it can be noted that
the inferred reactivity as a function of time rapidly stabilizes. Figure 4
clearly shows the two plateaus relative to the reactivity gain (Ap) and
the total reactivity (p). Contrary to that, the same did not occur for the
uncertainty of the total reactivity for negative period. This reactivity
uncertainty in the plateau time region increases up to a certain point and
then stabilizes. The determination of the average reactivity and its un-
certainty was carried out employing as before the average weighting
average mean approach giving, respectively by Egs. (46) for the reac-
tivity and (48) for its uncertainty. The black bars shown in Figure 4
delimit the time interval for the weighting average mean application.

Table 9 shows the comparison of the reactivities, and their un-
certainties reported in IPEN(MBO01)-LWR-RESR-015 to those of the
present paper. Here, the results of the reactivity meter with uncertainty
are shown for all the spectral densities and for the correlated and un-
correlated and total uncertainties. The weighted arithmetic mean tech-
nique was employed for the determination of the reactivity meter
average results for each spectral density similarly to that shown in
Figure 4. The last line for each Case gives the weighted average values of
all three spectral densities. Here the uncertainty of the final average
reactivity follows the normal procedure of the weighted mean average.
NF in Eq. (47) is replaced by 1. The three reactivity estimates (CPSD,

APSD1, and APSD2) can be considered independent among them.
Finally, the highest value of the uncorrelated uncertainty was consid-
ered in the determination of the total uncertainty.

Initially, Table 9 reveals that the reactivity meter inferred reactivities
weakly depend on the type of the spectral density (CPSD, APSDI,
APSD2). This is verified for all cases of Table 9. This is a good finding
since it indicates that the delayed neutron data inferred from these
spectral densities produce consistent results. Consequently, the IPEN
(MBO01)-LWR-RESR-015 hypotheses of using only the CPSD data for
the determination of the average reactivity values can be considered
justified. Further to that, The IPEN(MBO01)-LWR-RESR-015 reactivities
are inside of the 3-0 range of the reactivity meter uncertainties. This is
clearly shown for Case 10. Also, the comparisons shown for Cases 2, and
10 indicates that the IPEN(MBO1)-LWR-RESR-015 reactivity un-
certainties are slightly overpredicted. The same does not occur for the
reactivity gain cases. The uncertainty comparisons reveal that the
approach adopted in the IPEN(MBO01)-LWR-RESR-015 evaluation given
by Eq (49) appears to cancel the uncorrelated part of the reactivity
uncertainty. The reactivity gain for Case 10 shows this tendency. Case 14
has the highest reactivity gain and shows a high uncertainty discrepancy
mostly due to its uncorrelated uncertainty part. This finding seems to be
systematic for all positive reactivity gains.

5. Conclusion

The IPEN/MB-01 reactivity meter with uncertainties was success-
fully developed and implemented in this facility. This work shows that
the model adopted for the reactivity uncertainty propagation was not
only practical and feasible to be implemented but also its uncertainty
results come into a very good agreement when compared to those
originated from the Inhour Equation. The whole set of experimental
kinetics parameters measured at the IPEN/MB-01 reactor and available
to the international community through the NEA IRPhE project is of
excellent quality, is unique in the reactor physics field and shows itself to
be of extreme value to reduce the reactivity uncertainty values. The
practical examples considering IPEN(MBO01)-LWR-RESR-015 and the
analyses preformed with the IPEN/MB-01 reactivity meter with un-
certainties show that the uncertainties, respectively for negative and
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positive reactivities is of the order of 3 % and 1 %. This is a good advance
when compared to the results of previous work (dos Santos and Diniz,
2014) which reported uncertainties as high as 6 %. The uncertainty
values employed in the IPEN/MB-01 reactivity meter have now a
traceable route and although specific for the fuel rod core they can be of
extreme help either to correct or to justify the uncertainty analyses made
in several reactivity benchmarks performed in this facility.
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