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ABSTRACT

A nodal method for the solution of the two-
dimensional two-group neutron  diffusion
equation in rectangular geometry is presented.
The method is based on the expansion of the
group neutron fluxes by hierarchical functions.
The weighted residual procedure is used to
obtain the solution equations. The expansion
functions are Legendre polynomials adjusted
in the rectangular nodes in a novel form, so
that corner, side, and area functions are
distinguished. The order of the approximation
for the side and area expansion functions are
up to desired or necessary degree. This
formalism has been programmed in a
computer code called HEMDC. The two-
dimensional IAEA benchmark problem was
tested, showing the capability of the method to
yield accurate predictions.

Key words: Nodal Methods, Neutron Diffusion,
Hierarchical Expansion.

INTRODUCTION

In the last years, nodal methods were
developed to obtain accurate, fast answers to
the unknown behavior of the neutron flux in
nuclear reactor cores, which means the
solution of the 2D or 3D space-time transport
or diffusion equations, extended over the
whole core domain. Although it is possible to
simplify the core considering that it is

RESUMO

Este trabalho apresenta um método nodal
para a solugdo da equagdo de difusdo de
neutrons em dois grupos e em duas
dimensées. O método baseia-se na expansdo
dos fluxos de neutron, em cada grupo, por
fungdes hierdrquicas. O procedimento dos
residuos ponderados é utilizado para obter as
equagbes e os coeficientes das fungbes de
expansgo. As funcdes de expanséo utilizadas
sdo polinémios de Legendre, ajustados nos
nos retangulares de uma maneira inédita, de
forma a definir fungées de canto, de lado e de
drea. A ordem das fungées de aproximagao
dos lados e das dreas dos nds é ajustada até
0 grau necessdrio ou desejado. Este método
foi programado em um programa de
computador  denominado  HEMDC. O
problema de referéncia em duas dimensbes
da AIEA foi testado e mostrou a capacidade
do método em fornecer resuftados precisos.

Descritores: Método Nodal, Difusdo de
Neutrons, Expansao Hierarquica.

composed by a number of large subdomains
(nodes) with  homogenized  neutronic
properties, the solution is a quite expensive
task, specially in 3D and/or dynamic
problems, because of the large number of
variables involved.

Nodal methods generally discriminate
two levels. The global solution consists in the
determination of coupling  coefficients
(boundary conditions), and the local solution
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adjust the flux shape of each node for the
coefficients given by the global solution.
Thecniques for the lower level, such as,
polynomial expansions [1, 2], Green's
functions [3], response matrices [4], and for
the global level, such as, partial currents [1],
present interesting features. Partial currents at
nodes interfaces usually integrate a set of
appropriated coupling coefficients,
characterized by a small number of
unknowns. Thus, a low iterative effort is
required. Success of nodal methods is based
on less CPU time and machine memory
performance.

In this work a novel method to solve
the neutron diffusion equation is presented.
The method is based on an expansion of the
group neutron fluxes by hierarchical
polynomials associated with the weighted-
residual classical formulation (Galerkin) [5] to
derive the solution equations. The static two
group energy equation and a 2D rectangular
mesh are used to show the applicability of the
method. This method is similar to the nodal
methods were a coarse mesh is used but it is
a one level method that does not require
coupling coefficients at the nodal interfaces.

TWO GROUP NEUTRON DIFFUSION
EQUATION AND THE  WEIGHTED
RESIDUAL METHOD

The static two group neutron diffusion
equations are as follows:

‘D1V2¢1 +Z10y == (VI + VE(0,) (1)

>

-D,V?, + 20, =Zp04 ()

where conventional notations have been used
and external neutron sources have not been
considered. The boundary conditions can be
written in general form as:

DyVog -fi+bog =0 (3)

where, the subscript g is either 1 or 2 referring
to the fast and to the thermal neutron flux
respectively, n is the vector normal to the
boundary pointing outward to the surface, and
b is a constant. Equation (3) allows to
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represent the most used boundary conditions.
For boundary condition of symmetry plane
constant b is zero. For zero net incoming
current at the reactor boundary b is equal to
0.5.

To apply the weighted residual
method the solution domain, i.e., the reactor
is divided in regions, Q. The regions in this
work are rectangles and each region is
assumed to be homogeneous, ie. the
properties are constant. The assumption of
homogeneous regions is not imposed by the
method but it is assumed here for simplicity
and in practice this is almost always the case.
The fast and thermal neutron fluxes in each
region are approximated by a series of
functions as follows: ‘

M
0g = Y agnPm(EM) @)

m=1

where Py, is the m® expansion function, ag, is
a coefficient corresponding fo the mt
expansion function, M is the number of
functions used to approximate the fluxes, and

€ and n are the local coordinates of the
region. The expansion functions are special
polynomials described in detail in the next
section. The local coordinates are related to
the x and y coordinates of the global solution
domain by the following expressions:

o (X=xy)
£= 2_Axu "
iy (y-yy)
Ayj;

where the x;; and y;; are coordinates of the
center of domain region i,j, and Ax;; and Ay;;
are the region lengths in the x and y directions
respectively.

In the weighted residual procedure the
coefficients ag, are the solutions of a set of
equations obtained by weighting and
integrating of the balance equations over the
regions of the domain. The functions used as
weight, in the classical Galerkin method and
in this work, are the same as the expansion
functions. Equations (1) -and (2) can be written
in general form as follows:
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—DgV204 +Zgbg =Fy (6)

where Fy is the fission source for the fast
neutron flux and the neutron downscattering
for the thermal flux. Applying the weighted
residual procedure in equation (6) subject to
the boundary conditions given by equation (3),
gives the following:

~[ PrDgV20,d2 + [ PrZqdedQ +

+ | Pr(Dg¥0g-fi+bg)dl = [ PuFed,
for m=1,...,.M @)

where T" is the boundary of the solution
domain. Observe that the third term is
presented only for the regions at the reactor
boundary. This equation represents a set of M
equations for each region. Substituting
expression (4) in the above equation results in
the following:

-1, DngVz(iagnPn)dQ +

n=1

M

+ [ P ag P+
n=1

+ jr Pm{ogﬁ(iagnpn) A+

M
+b(2agnP )}xr [ P forPrie,
n=1
for m=1 (8)

where f;, represents the source coefficients.
These coefficients are not new unknowns but
algebraic combinations of the fast and thermal
fluxes coefficients and material properties.
Applying the Green's Theorem to the first term
and rearranging equation (8), results in the
following:

"Za J'VP VP, )dQ -
—D"z J' (P VP, -R)T +
# zgi; abl, fn(PmPn )dQ +
+D‘gi agy [ P VP, -R)T +
+b2a o [ PrPn)dT =

= Zf IPmP MQ,
for m-1,...,M (9)

where the superscripts i and j refers to node
i,j. In the above equation the second and the
fourth terms cancel each other. Now,
changing the space coordinates from the
global coordinate system, x and y, to the local
coordinate system, £ and m, using equation
(5), and rearranging results in the following:

M
Du ] (aP BP
g,,g,’a { J .[ 3 3

'111

+LJJ(8P aPn)dgd}

on on

+x} 2 all, j j (PP, )dEdn +

n=1 it

M 1
+bY alf, {J’ [PrPa J_cn +
n=1 =q

+j [PmPn]nﬂd&} S >t j j (PrPr)dEcln,

-1 n= -1-1

for m=1,....M (10)

The last Term of the left hand side is present
only for nodes at the reactor boundary. The
reactor boundary is represented, as an
example in equation (10), located at
coordinates &=1 and m=1. The above set of
equations for each region of the domain can
be written in matricial form as follows:
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d (11)

where a}’ is a Mx1 vector containing the

coefficients a,n for the node ij, £ is a Mx1

vector formed by the group source of the fast
and thermal fluxes for node i,j, and Al isa

MxM nodal matrix, whose element m,n is
given by:

oo 9Py 9P,
Ao, =40 l{ ﬁUf % &

BP aP,

d
Ay” S &dn}

z”H(P P, )dgdn+bj[P Py ..

=1=1

+b I [PePiliagh (12)
=

The mit component of the source vector £
for node i,j for the fast flux is given by:

2 1 o 14
f1'2n = I[WE?{ (a'{’]nJ-J’PmPndE“dnJ.{.
n=1 =1
M
+v,3H (am [ [PuP dédnﬂ (13)

n=1 -1-1
and, for the thermal flux by,

11
- zﬁgi(a:fn i IPmPndidnJ )

n=1 -1-1

Equation (11) represents the neutron
balance equation for energy group g for a
single node. However, more than one node
share the same coefficients agn, as the next
sections explain.

HIERARCHICAL FUNCTIONS

In finite element method the
coefficients ay, are identified with the fluxes
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at specified locations. This identification has
been widely followed in the finite element
literature and has the merit of assigning a
physmal” meaning to the parameters agp.
There is, however, a disadvantage in this
definition. This is apparent if the shape
functions for linear, quadratic, and cubic
polynomials, for one dimensional case, and
the resulting nodal matrices are examined.

Figure (1) shows a typical two node
linear element, the two nodes are numbered
as node 0 and node 1.

1 Ld
o » X
(a) Ax
Bie. R
EXC e
= :;:\'.‘)—"'0 1 3 -:\-\\e:-zih-.'
X
e
(k) AX
R B g
-0'-""&.-"'.: 330:::. SQ--p
0 1 2 3 X
c) Ax

Figure 1: One-dimensional elements and
associated standard shape functions of
(a) linear, (b) quadratic, and (c) cubic
form (from [5]).

With the nodes equally spaced within
the node, the shape functions are normally the
following:

Linear:
Quadratic:

Po=—20 B eonee),

P, - 61 (16}
Cubic:
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Po=- &+ - D -

P=2L 6+ (6 - )& -

27 1 ,
P, = —;g(i +1)(& +§)(§ -1
9 1 1
Py = ﬁ@ +0(E+ E)(E - §) (17)

For these functions the nodal matrix

Aig'j, considering just the & direction in the

coefficients given by equation (12), for linear,
quadratic, and cubic elements are the
following:

Linear:

oy 3 oY
—_——— 2

Al | A3 A

=97 pi oyl pu g
9,79 Mg g

Ax;; 6 Axj 8
Quadratic:

. i o S,
™y ,2%) 8y s Df i

g 15 amd 15 3¢ 30

Au= _iDi.f..z_g. ﬂ_'_ﬂ _8Dlé] +Z_'glj
=4 3Axj 15 3ax3 15 3AxG 15
DY _xf eDy +>:_g‘ 7Ds';i+2z‘gj

3AxZ 30 3Ax2 15 34ax3 15 |
(19)

Cubic

[ &y wn) @ o @y ]
mﬁ'] 105‘ g 50 mﬁj w o qnd 10

W Wy o) oy am) o m =
P A )
m T oml s 54:;;4’272;\; 1an) 3ol
mfj 40 mﬁ B o 0
T I R
(20)

As the nodal matrix in the above equations for
each order of approximation are completely
different, each level of approximation results
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in a completely new nodal matrix, and thus
the equation set has to be entirely reevaluated
if it is decided to resolve a problem using
shape functions of a higher degree. This type
of approximation contrast sharply with the
continuous function approximation given by
equation (4), in which when the solution is
refined by increasing the total number M of
the expansion functions used, the form of the
lower order expansion functions remained
unaltered. In this approach the expansion
functions represent  simply  additive
refinements of higher order. Such expansion
functions are called hierarchical, as their
contribution to the approximation will be of
diminish importance as the order increase.

Further, if the chosen expansion
functions are orthogonal, the nodal matrices
obtained at each stage of refinement ensure a
better conditioning of the system equation to
be solved and show a diagonal structure.
Although completely diagonality of the
approximation is almost impossible to
achieve, it must be attempted to achieve as
weak a coupling as possible between the
various levels of approximation. This has the
numerical  advantage that: (1) the
convergence of the solution is faster; and, 2
because a certain loss of accuracy always
occurs in the computation of large problems
due to numerical roundoff, the successive
coefficients agm, decreasing in importance,
can then tolerate a larger amount of numerical
inaccuracy without seriously affecting the
quality of the total solution.

As mentioned previously, an optimal
form of the hierarchical functions is one that
results in a diagonal equation system. In the
problem of neutron diffusion the predominant
term in the nodal matrix is the diffusion terms
which possesses the following general form:

Py, 9P
D m n
g jﬂ & % dQ (21)

If expansion function sets containing the
appropriate polynomials can be found for |
which such integrals are zero for mzn, then
orthogonality is achieved and the coupling
between successive solution disappears.
Clearly, the linear expansion over a
one dimensional element can only be given |
by the shape function of equation (15) and -
cannot be improved upon. However, |



hierarchical format can be achieved over this
element if higher order polynomials are used
to modify this linear expansion. One set of
polynomial functions which posses this
orthogonality property over the range -1<&<1
is the set of Legendre polynomials Pp(&). The
Legendre polynomial of degree m is given by
the following recurrence formula [5]:

| i L
T (m-1)l 2™t ggm

m

[€-9"] (2

Integrating this polynomial for m=2,3,4,5 in
turn gives,

P,=£2-1 P, =%(15§4 _18E2 +3)
Py =2(8% - ), Ps =78° —108° +38  (23)

A plot of these functions, up to the
third degree, is given in figure (2).

)

Figure 2: Hierarchical element shape
functions of nearly orthogonal form,
(a) linear, (b) quadratic, and (c) cubic.

For these polynomials the nodal
matrix A_ig'j, considering just the & direction in
the coefficients given by equation (12), for

linear, quadratic, and cubic elements are the
following:

Linear:
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ij ij iji 1j
W L
2 2
| Axg 3 AX; 6 (24)
=g = i ij ij ij
A L
AXG 6 Axh 3
Quadratic:
o e N
Ax 3 A 6 3
i i i i i
ai_|_Ds Zg Dg EZg  _Zg
| &g 6 ag 3 3
i
3 m ed) ey
3 3 3ax; 15
(25)
Cubic
B 19 heE 6 3 15
e D B B &
=0 b ) 16D} sz
Ig e g S5
3 3 3Axfi 15
E‘i ._Ez_ié.j_ 0 _164DI91 +___$Eiéj
15 15 SAxf‘- 1(!5A
(26)

In each step above it can be seen
that, as the approximation is refined, the
matrices produced by the previous stage of
approximation reoccur and need not be
recomputed.

Obviously absolute orthogonality is
not achieved but it is easily observed that the
terms of the main diagonal are predominant
over the other terms.

TWO  DIMENSIONAL RECTANGULAR
HIERARCHICAL SHAPE FUNCTIONS

With the one-dimensional hierarchical
expansion functions already established, the
generation of hierarchical expansion functions
for rectangular two-dimensional elements is
trivial. The identification (or connection) of
hierarchical variables associated with any
element side with the same value on the
adjacent element will automatically guarantee
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the uniqueness of the approximation of the
neutron fluxes along that side, and continuity
of the fluxes will be ensured. Any product of a
one-dimensional hierarchical shape function
in the local element variable along a side, say
&, with a linear (or hierarchical) function in the
other local element direction, n, proves to be
acceptable, and polynomial terms (of any
degree) can be obtained by forming such
simple products. Using the one-dimensional
functions of equation (23), the expansion
functions for the element shown in figure 3
can be written as follows.

Typical corner node (3):

PG =5 (1400(-8 @)

Typical side (2-3):

P& =5 (1+1E -1 (28)

Pa-a &M =<1+ ME -8 (29

Observe that the value of these
functions is zero in the two comers 2 and 3,
and in the other three sides.

Figure 3: Hierarchical element expansion
functions on a rectangular node.
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Expansion functions to improve the solution in
a single node can be obtained by the product
of two functions of degree greater than two in
the both directions. For instance,

Paren) 1) =3 €2 = Dn* =1 (30)

provides a suitable expansion function which
will be associated with a parameter that is not
connected between nodes, i.e., a parameter
that is internal to a single node. This
parameter can be thought as representing the
nodal area. Observe that the value of this
function is zero in the four comners and in the
four sides of the node.

The numbering of nodal and
hierarchical parameters in a logical sequence
presents interesting problems as the label
corresponding to a hierarchical degree of
freedom can be associated either with an
element side or with a single element. Figure
4 shows a node with the parameters
associated with its corners, sides, and area.

| Figure 4: 2D rectangular node and its
associated parameters.

In figure 4, ¢; are the comer
parameters associated with the linear
expansion functions, a¥;, and a’;. are the
side parameters associated with. the side
expansion functions, and a";, are the area
parameters associated with the area
expansion functions. The order of the
approximation for the side and area
expansion functions are up to desired or:
necessary degree.

In passing it should be observed that
it is very easy to add polynomial expansions
locally to achieve a refinement in the region
where the neutron fluxes varies most rapidly




and where the approximation is therefore
prone to the largest errors.

Observe that the corner parameters
are physically associated with the group flux
at the corner points. The parameter ¢ is
associated with expansion function P, in node
i,j. Also, this same parameter is associated
with function P, in node i,j-1, with function P,
ih node i-1,j-1, and with function P, in node
i-1,j. Therefore, the corner parameters are
connected to four different nodes through four
different expansion functions. The side
parameters a%j;, and @'j;, are connected to
two nodes and they do not have a physical
meaning as the corner parameters. The area
parameters are connected to a single node
only.

‘ As  mentioned, equation (11)
represents the neutron balance for energy
group g for a single node, and as observed
the corner and side parameters are shared by
more than a single node. Therefore, before
these coefficients can be calculated, there
must be an assembly process to add up the
contributions from the nodal matrices into the
global system matrices.

The assembly of the nodal matrices
into the global system matrices results in a
homogeneous system of equations whose
solution is a classical eigenvalue problem.

NUMERICAL RESULTS

The method presented in the
previously sections were implemented in a
computer code denominated HEMDC. The
procedure used to calculate the coefficients
agm, i.e., the neutron fluxes, is the normally
used in neutronic codes. The process consists
of an internal and an external iteration. In the
internal iteration the source is fixed and the
Gauss-Siedel relaxation method is used to
solve the system of equations. The outer
iteration step is used to update the source
given the new solution obtained from the inner
iteration step. The method of Chebyshev
Polynomials applied to the coefficients agm is
used to accelerate the convergence of the
solution. For the results presented in this work
one inner iteration is used for each outer
iteration.

In the present work the 2D
International Atomic Energy Agency (IAEA)
Benchmark Problem have been calculated
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and related to other results reported. This
problem is a 2D simplified four-zone LWR,
consisting in 177 20 cm X 20 cm fuel
assemblies, and reflected radially and axially
by 20 cm of water [6].

Results from the code HEMDC of
three solutions for an octant with square mesh
of 20 cm and 10 cm are given. For the 20 cm
mesh 39 and 5% order polynomial expansion
are used. For the 10 cm mesh only a 39 order
expansion is performed.

Table 1 presents the k-effective for
the three solutions together with results from
other codes, obtained from [6].

Table 1: Results of k-effective from several
codes and conditions

Code (mesh size, K-effective
order)

HEMDC 20 cm, 3 1.029606
HEMDC 20 cm, 5" 1.029553
HEMDC 10 cm, 3° 1.029582
MEDIUM-2 [7] 31/3¢cm 1.029585
MEDIUM-2 [7] 10 cm 1.029611
FEMB [8] 4.7 cm, 2™ 1.0296
FERM [4] - 1.02961
RHENO [9] - 1.029565
VENTURE [10] | Extrapolated 1.02959

Figure 5 shows the solution for the
thermal flux distribution for the line x=0.
Figure 6 shows the thermal flux deviation in
percent for the three solutions with respect to
the solution of the code MEDIUM-2 with a
mesh size of 3 1/3 cm [6]: figure 6(a) is for the
solution with 20 cm mesh and 39 order
expansion; (b) is for the 20 cm mesh and 5%
order expansion; and, (c) is for the 10 cm and
3 order.

—
h

Py
[
T

th

Thermal Neutron Flux

(]

(i g
' [}
(] 1
' 1
' ]
]

8

o

50 100 150
Dimension x (cm)
Figure 5: Thermal neutron flux at the line x=0.

o
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0 100
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Figure 6: Relative deviation in percent of the
thermal neutron flux at x=0, for the three
solutions; (a) 20 cm, 3" order: (b) 20 cm, 51
order; and, (c) 10cm, 39 order.

200

Figure 7 shows the HEMDC solution
for the thermal flux distribution for the main
diagonal (line y=x). Figure 8 shows the
thermal flux deviation in percent for the three
solutions with respect to the results of the
code MEDIUM-2 with a mesh size of 3 1/3 cm
[6]: figure 8(a) is for the solution with 20 cm
mesh and 3" order expansion; (b) is for the 20
cm mesh and 5% order expansion; and, (c) is
for the 10 cm and 3" order.

><15 1 1
= : i
g ; '
c [ ]
S0F-4-- N - fommee-
5 .
@ ]
= '
i o o e
2 L]
g ; :
0 50 100 150

Dimension x (cm)

Figure 7: Thermal neutron flux at the main
diagonal (line y=x)
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Deviation (%)
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100
(b)  Dimension x (cm)

150

[8)]

50 100
(c) Dimension x (cm)
Figure 8: Relative deviation in percent of the
thermal neutron flux at y=Xx, for the three
solutions; (a) 20 cm, 3“ order; (b) 20 cm, 5%
order; and, (c) 10cm, 3% order.

o

150

Form figures 6 and 8 we observe that
the relative deviation between the local fluxes
calculated from the codes HEMDC and
MEDIUM-2 are very small, less than 5% for
the solution with a’ mesh of 10 cm and 3¢
order expansion.

Table 2 shows the number of

unknowns per group for the code HEMDC for
the three cases.

Table 2: Number of unknowns per group for
the three solutions of the code HEMDC

Case Number of Unknowns |
20cm, 39 365 B
20 cm, 58 725 F
10 cm, 39 1301 3
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1/8" of the core.

The convergence criteria used is as

follows,
1 ~t-1
Ma4 Paiij) ~ g

<Eg
Tt-1
b




where 6;“'” is the average group flux for

node ij, and t is the t® outer iteration. The
numerical value used for ¢ was 10,

The CPU time used for the code
HEMDC is not compared with other codes in
this work, because no attempted was made to
develop a computational efficient code, only
the method has been evaluated.

CONCLUSIONS

A nodal method for the solution of the two-
dimensional two-group neutron diffusion
equation in rectangular geometry has been
developed and numerically evaluated. The
method is based on the expansion of the
group  neutron fluxes by Legendre
polynomials. The polynomials are adjusted in
the rectangular nodes in a novel form, so that
corner, side, and area functions are
distinguished. The order of the approximation
for the side and area expansion functions are
up to desired or necessary degree. Numerical
results for the two-dimensional IAEA
benchmark problem have shown high
accuracy for very coarse-mesh.

The simplicity of the method and the
versatility of HEMDC enable the extension of
the methodology to three-dimensional cases
and to space-time diffusion applications,
which are under development.
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