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ABSTRACT
This study provides accurate results for the electronic stopping cross sections of H, He, N, and Ne in silicon in low to intermediate energy
ranges using various non-perturbative theoretical methods, including real-time time-dependent density functional theory, transport cross
section, and induced-density approach. Recent experimental findings [Ntemou et al., Phys. Rev. B 107, 155145 (2023)] revealed discrepancies
between the estimates of density functional theory and the observed values. We show that these discrepancies vanish by considering the
nonuniform electron density of the deeper silicon bands for ion velocities approaching zero (v → 0). This indicates that mechanisms such
as “elevator” and “promotion,” which can dynamically excite deeper-band electrons, are active, enabling a localized free-electron gas to
emulate ion energy loss, as pointed out by Lim et al. [Phys. Rev. Lett. 116, 043201 (2016)]. The observation and the description of a velocity-
proportionality breakdown in electronic stopping cross sections at very low velocities are considered to be a signature of the contributions of
deeper-band electrons.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0218226

I. INTRODUCTION

Recent studies on the interaction of various ions with solids in
the low- and intermediate-energy ranges provide new and relevant
insights into various aspects of the interaction process, including
important nonlinear and band-structure effects.1–9 In particular,
recent experimental studies on the stopping power of light and heavy
ions in TiN and Si targets10,11 have reported significant discrepancies
in electronic stopping cross sections compared to the standard esti-
mates of density functional theory (DFT).12,13 The reported effect
strongly enhances the experimental values relative to the DFT pre-
dictions (assuming uniform electron density conditions).10,11 In a
previous study,14 we provided quantitative analysis of the exper-
imental results reported in Ref. 10 for TiN using two alternative
theoretical frameworks, namely, (i) a self-consistent model for a
nonuniform electron gas together with quantum scattering and
transport cross section (TCS) calculations and (ii) a Penn-type

ensemble of electrons also using TCS calculations. It is important
to note that in both non-perturbative methods, a nonlinear descrip-
tion of the interaction between incident ions and target electrons was
applied.

In the present study, we extend the previous theoretical anal-
ysis to the most recent experiments on Si targets,11 showing that
these results can be quantitatively described using the theoreti-
cal approach previously proposed.14 In this study, we extend the
methodology described in Ref. 14, incorporating the induced-
density approach (IDA) and real-time time-dependent density func-
tional theory (TDDFT) to calculate the local electronic stopping
power.

In the IDA, the stopping force (or stopping power) is calcu-
lated based on the electron density that is induced in the medium
due to the presence of the moving charged particle. This displaced
electron density creates a space charge and, thus, a force on the
projectile, namely, the stopping force. Traditionally, the response
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of the electron gas (or electron density) to the perturbation caused
by the moving charged particle has been treated linearly. However,
a recently developed formula allows for non-linear calculations,
although it applies to central electron–ion potentials.7,8

Real-time TDDFT is a state-of-the-art methodology for calcu-
lating non-perturbative electronic stopping power. However, apply-
ing real-time TDDFT to atomistic models can be computationally
demanding. Multiple trajectories must be considered to accurately
sample all possible electron-density regions to obtain a random (or
average) stopping power.15,16 Moreover, heavy projectile descrip-
tions require the explicit inclusion of core electrons, which play a
significant role in the projectile’s energy loss.9 Real-time TDDFT
applied to a uniform electron gas is more computationally effi-
cient; however, it is more suitable for free electron metals. To
describe more complex targets, one has to account for density
nonuniformities.

Combining real-time TDDFT with the Penn model has suc-
cessfully predicted the electronic stopping power of various targets
with high accuracy.17 Such an approach incorporates the efficiency
and accuracy of real-time TDDFT for a nearly uniform electron gas,
with the Penn approach describing the electron density in different
regions of the target material.

Thus, in this work, we employ three methods for calculating
the electronic stopping power, namely, the real-time TDDFT (an
ab initio method), TCS (based on the transport theory), and IDA
(an analytical method). Each method has unique advantages and
limitations, which we leverage for a comprehensive analysis and
comparison. All the three methods are combined with two different
ways of describing the nonuniform electron density in the target.
The first is the local-density approximation (LDA) based on the
Lindhard theory, which assumes a locally uniform electron gas. The
second method is the Penn algorithm, which uses optical data to
derive an energy-loss function and employs the dielectric function
to describe the electron density. A detailed description of the LDA
and Penn models and the combination of those with the real-time
TDDFT, TCS, and IDA methods to calculate the electronic stopping
power is provided in Sec. II.

Atomic units (a.u., e = me = h = 1) are used throughout the text
unless otherwise stated.

II. THEORETICAL PROCEDURES
The theoretical formulation contains some important physical

ingredients, as follows:

(1) Nonlinear screening (Friedel sum rule): the interaction of
slow ions with solids requires a quantum mechanical anal-
ysis even for light ions, such as H and He;12,13 the nonlinear
character of the electron–ion interactions becomes increas-
ingly relevant for heavier ions.13,14 DFT provides a useful
tool for accurately describing the interaction of target elec-
trons with intruder ions.12,13 An alternative method, first
used by Ferrell and Ritchie18 and followed by Cherubini and
Ventura19 and Apagy and Nagy,20 consists of using ana-
lytical models for the screening potential, which contain a
screening parameter whose value is adjusted self-consistently
using the so-called Friedel sum rule (FSR).21,22 This rule was
originally derived for the case of static impurities in a free

electron gas (FEG); an extension of this rule for the case
of moving ions was obtained later.23 The extended FSR was
applied to light and heavy ions in an extended range of veloc-
ities, showing excellent agreement with the experimental
values.24–26

(2) Local density approximation (LDA) describes the nonuni-
form electron density in the target for calculating electronic
stopping power (not to be confused with the local density
approximation used in density functional theory to describe
exchange–correlation effects). This approximation is long-
standing, following a set of pioneering studies by Lindhard
and Scharff,27–29 who obtained very good agreement with the
experimental values of stopping powers and energy strag-
gling for protons and helium ions in solid targets. Using the
LDA method, Rousseau et al.30 successfully explained the
oscillatory dependence of the stopping cross section (SCS)
of alpha particles with the target atomic number Z2. These
studies were performed for intermediate- and high-energy
ranges, where linearized models are applied. However, the
case of slow heavy ions in solids is a much more complex
problem. Using a combination of FSR with LDA, Calera-
Rubio et al.31 provided a consistent description of the oscil-
latory dependence of the stopping power on the atomic
number of ions Z1. An important difference between the
latter work and the previous ones is that the calculation of
Ref. 31 applies in the non-perturbative range where quan-
tum cross-section analysis must be considered. In contrast,
previous studies27,30 relate to the range of linearized models.

(3) Penn algorithm: Penn32 introduced an algorithm to deter-
mine the inelastic mean free paths (IMFP) of electrons
employing a model dielectric function. This function can be
derived from the experimental optical data of the specific
material under investigation, utilizing the Lindhard model
dielectric function and considering various plasmon energies
or electron densities. Furthermore, the same model has been
used to estimate the stopping power of electrons in different
materials33 and extended to calculate the nonlinear stopping
power of ions.34 This extension involves using the energy loss
function (ELF) to weigh the contributions of different com-
ponents of the electron gas within a statistical ensemble that
characterizes the material of interest.

In this work, we combine the LDA and Penn algorithms for
describing nonlocal electron density with three non-perturbative
methods for calculating the electronic stopping power, namely,
real-time TDDFT, TCS, and IDA, as described in the following.

A. Real-time TDDFT-, TCS-, and IDA-LDA approaches
The first approach considered here is based on the method pro-

posed in Ref. 14, which consists of using the LDA method to describe
the nonuniform electron density in the Si target, together with non-
linear calculations of the energy loss of ions in a uniform (locally)
electron gas. The target is described by its local density values n(r)
or equivalently local rs(r) values, related by 1/n(r) = (4π/3)r3

s .
For calculations using the LDA method, prior knowledge of the

electronic density of the Si target is necessary. In this paper, the the-
oretical electron density of Si was extracted from the Ziegler tables.35

The atomic density of Si is ρ = 2.33 g/cm3. For the sake of reliability,
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we analyzed the normalization of the electron density to the number
of electrons in the Si atom, calculated as

Ne = 4π∫
rcell

0
n(r)r2dr. (1)

Equation (1) was applied by assuming an atomic Wigner–Seitz
sphere (WS) around the atom of Si. The solution of this equa-
tion was obtained by integrating until the radius of the atomic cell
rcell = 3.195 a.u. (vertical dashed violet line), resulting in 14.017
electrons.

In this approach, the final step is to integrate the stopping
powers over the WS cells corresponding to the Si atom using the
following expression:

[
dE
dz
(v)]

X−LDA
= 4πNa∫

∞

0
r2dr[

dE
dz
(v)]

X
(v, rs(r)), (2)

where Na = 1/Va is the number of Si atom per unit volume:
Va = (4π/3)r3

cell. In Eq. (2), X ≡ TDDFT, TCS, or IDA. The values
of rs(r) are shown in Fig. 1.

Figure 1 shows the electron density in relation to the radial dis-
tance r from the Si nuclei (blue dashed line) and the rs (r) values (red
dashed–double-dotted line).

The theoretical electron density multiplied by 4πr2 as a func-
tion of the atomic cell radii of Si is shown in Fig. 2 (solid line).
The vertical solid lines represent the integration ranges for the
calculations converged of Eq. (2). The knowledge of these inter-
vals was obtained from the convergence of Eq. (2) in v = 0.1 a.u.
These ranges correspond to the electrons that effectively con-
tribute to the electron–projectile interaction, namely, 6 electrons
for H0 (0.65–3.195 a.u.), 10 for He0 (0.35–3.195 a.u.), and 12 elec-
trons for N0 and Ne0 (0.17–3.195 a.u.). We also show the radial
interval corresponding to 4.2 electrons, in analogy to the uni-
form FEG (4.2 electrons) with the experimental density parameter,
rs,exp = 1.97 a.u.36

FIG. 1. Radial electron density (blue dashed line) within the WS sphere encom-
passing the Si atom. The radial distance rcell = 3.195 a.u. represents the atomic
cell radius of Si. The values of the local electron-gas parameter rs are shown by a
red dashed–double-dotted line. At the cell boundary, rs = 2.384 a.u.

FIG. 2. Electron density multiplied by 4πr2 as a function of the atomic cell radii
of Si. The spacing between each solid vertical line and the dashed vertical line
(atomic cell radius of Si, rcell) indicates the number of electrons that effectively
contribute to the nonuniform FEG in electron–projectiles interaction, namely, six
for H0, eight for He0, and ten for N0 and Ne0. We also show the radial interval
corresponding to 4.2 electrons (nonuniform FEG), in analogy to the uniform FEG
(4.2 electrons) with the experimental density parameter, rs,exp = 1.97 a.u.36

B. Real-time TDDFT-, TCS-, and IDA-Penn approaches
Recently, a new non-perturbative method has been intro-

duced to characterize the electronic stopping power of light and
heavy ions in materials.34 The Penn approach has been success-
fully utilized in the TCS for low-energy protons with velocities
lower than the Fermi velocity (v < vF, the concept used for met-
als to define the electron velocity at the Fermi surface, here used
to express the velocity relation to the electron–gas parameter
rs: vF = 1.919/rs a.u.).14 This approach has been successfully applied
to predict the accurate electronic stopping power of protons in
polymers using real-time TDDFT over a wide range of proton ener-
gies (0.25–10000 keV).17 This method considers the combination
of electron gas responses characterized by nonuniform densities. It
is similar to the approach outlined in the Penn method.32 To ana-
lyze each free-electron density, the ELF of the material is used at the
optical limit,

g(ωp) =
2

πωp
ELF(ωp). (3)

Figure 3 shows the optical-ELF data of Si, as presented in Ref. 37. As
discussed later, these ranges correspond to the deeper- and valence-
band electrons that effectively contribute to the electron–projectiles
interaction, namely, 9 electrons for H0 and H+ (0.32–260) eV, 12
for He0

(0.32–1000) eV, 13.3 for N0
(0.32–2700) eV, and 13.7 elec-

trons for Ne0
(0.32–3600) eV. As shown in Fig. 2, we also show the

experimental valence band range (0.32–100) eV corresponding to
4.2 electrons, analogously to the uniform FEG (4.2 electrons), with
these, the density parameter rs,exp = 1.97 a.u., a value calculated from
the experimental plasmon energy, ωp,exp = 17 eV.36 The sum rule34

gives 14 electrons with the full ELF (0.32–5000) eV.
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FIG. 3. Optical-ELF data for Si obtained from Ref. 37. The spacing between
each solid vertical line and the dashed vertical line (ω1 = 0.32 eV) indicates
the number of electrons that effectively contribute to the nonuniform FEG in the
electron–projectile interaction, namely, 9 for H0 and H+, 12 for He0, 13.3 for N0,
and 13.7 for Ne0. These ranges correspond to the convergent values of stop-
ping power obtained using Eq. (8) in v = 0.1 a.u. We also show the valence band
range (0.32–100) eV corresponding to 4.2 electrons (nonuniform FEG), in anal-
ogy to the uniform FEG (4.2 electrons) with the experimental density parameter,
rs,exp = 1.97 a.u.36 The intervals from ω1 to ωmax yield 14 electrons from applying
the sum rule.34

The stopping power depends on the plasmon energy ωp deter-
mined by the contributions of individual electron gases obtained
from rs: ωp =

√

3r−3/2
s . Hence, the method for calculating the

stopping power is as follows:

[
dE
dz
(v)]

X−Penn
= ∫

∞

0
dωpg(ωp)[

dE
dz
(v)]

X
(v, ωp), (4)

where X ≡ TDDFT, TCS, or IDA; the electronic stopping [ dE
dz (v)]X

is given by Eqs. (6) and (8), respectively (see Secs. II C and II D).
Due to their unique characteristics, we have named these approaches
TDDFT-Penn, TCS-Penn, and IDA-Penn.

C. Real-time TDDFT method
Real-time TDDFT is a highly accurate tool ab initio to describe

electronic stopping power in spherical jelliums. The jellium model
assumes a positive background (representing the ion cores) that pro-
vides a charge balancing for the electron gas. Compared to fully
atomistic models, the advantage of jellium representation is the
computational efficiency. Real-time TDDFT in an FEG has shown
accurate results for near-free-electron systems.

The approach adopted in this work reflects the methodology
used in Refs. 2, 8, and 38–43 and will be briefly explained in this
section. In this approach, the time evolution of the electron density
incorporates, in a non-perturbative manner, the complete dynamic
interaction between an external field and the medium. This compu-
tational framework has been used to analyze various issues in con-
densed matter systems, such as dynamic charge screening in metallic

media,44 energy loss of atomic particles in matter,2,8 and many-body
effects associated with hole screening in photoemission.42

A static density functional theory (DFT) calculation is per-
formed to obtain the system’s ground state. The time evolution of the
complete electron density, n(r, t), in response to an external field (in
this case, a proton) is conducted within the framework of real-time
TDDFT in the Kohn–Sham scheme. The moving ion is modeled as
a bare Coulomb charge, i.e., an external Coulomb potential in the
time-dependent Kohn–Sham equations (see the details in work of
Koval et al.43).

The energy loss is calculated by integrating the time-dependent
induced force F over the proton,

Eloss(v) = −v∫
+∞

−∞

F(t)dt, (5)

where v is the (constant) velocity at which the proton traverses the
jellium. Once the induced force on the proton is calculated, the aver-
age (or effective) stopping power is computed as the energy loss per
unit path length, i.e.,

[
dE
dz
(v)]

TDDFT
=

Eloss(v)
D

, (6)

where D is the diameter of the jellium sphere.
Real-time TDDFT is applied only to the electronic stopping

power calculations for protons in matter because the current code
considers only bare ions as projectiles. Extending this method to
heavier ions, including charge states in the electron–ion process,
requires substantial effort. Therefore, self-consistent methods based
on the FSR and analytical screening potentials currently represent
the most convenient approach for studying nonlinear effects in the
electronic screening charge and energy losses of heavier ions in
matter.

D. IDA and TCS methods
Within the framework of stationary states, the electronic stop-

ping power is also calculated using two theoretical models: the TCS24

and the induced-density approach (IDA).7,8

TCS method was first introduced by Finnemann45 and was
applied by Briggs and Pathak to explain the oscillatory dependence
of the stopping power on the atomic number Z1 for channeled
ions with low velocities.46 Significant contributions were made by
Echenique, Puska, Nieminen, Ashley, and Ritchie following the
development of DFT methods.12,13 As indicated above, a simplified
nonlinear approach was proposed, which uses parametric screening
potentials in conjunction with the FSR. The extension of the FSR to
finite ion velocities24 opened the way to self-consistent calculations
for light and heavy ions in a wide range of velocities.

The calculations of TCS24 and IDA7,8 use a model potential
with parameter α, as detailed in Ref. 8. Through the numerical
integration of the Schrödinger radial equation, the phase shifts of
scattering δℓ(v) were determined for a large number of values ℓ,
depending on both the density parameter rs and the potential para-
meter α.8 The value of α (for each rs) was determined iteratively to
satisfy the FSR,

Z =
2
π

ℓmax

∑

ℓ=0
(2ℓ + 1)δℓ(v), (7)
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requiring multiple iterations for a self-consistent solution. We
derived the ultimate phase shift values for each combination of Z, rs,
and v through an iterative process. The range of the rs values consid-
ered ranged from 0.1 to 2.384 a.u., which covered the relevant range
of this study (see Fig. 1). Once we obtained the δℓ values, we used
them to calculate the TCS, using the following equation:

[
dE
dz
(v)]

X
= n0me⟨

∣v⃗e − v⃗∣
v

v⃗ ⋅ (v⃗ − v⃗e)σX
tr(∣v⃗e − v⃗∣)⟩

v⃗e

, (8)

where me is the electron mass, ⟨⋅ ⋅ ⋅ ⟩v⃗e stands for the average over
the electron velocities v⃗e, v⃗ is the ion velocity, n0 is the undisturbed
electron density, σX

tr is the transport cross section, and X ≡ IDA or
TCS. For X ≡ TCS, σTCS

tr can be expressed by phase shifts δℓ at the
relative speed v′, according to Ref. 47,

σTCS
tr (v

′
) =

4π
v′2

∞

∑

ℓ=0
(ℓ + 1)sin2

[δℓ(v′) − δℓ+1(v
′
)]. (9)

For X ≡ IDA, the electronic stopping power of ions is estimated
by Eq. (8) with the effective transport cross section, according to
Ref. 7,

σIDA
tr (v

′
) =

2πZ
v′3

∞

∑

ℓ=0
sin (2[δℓ(v′) − δℓ+1(v

′
)]). (10)

We highlight that the IDA and TCS methods yield the same results
for neutral projectiles. See Refs. 7 and 8 for more details on the IDA
model.

III. RESULTS
The results are presented as the electronic stopping cross

section (SCS), i.e., the electronic stopping power normalized by the
atomic density of the target material.

The electronic SCSs of H, He, N, and Ne in Si are shown in
Figs. 4–8. The letters represent the experimental IAEA database.48

Furthermore, we have included recent data from the Uppsala
group,11 represented by star symbols. In Fig. 4, the black open cir-
cle and the cyan diamond symbols represent the experimental data
from Japan25 and Bariloche49 groups, respectively. The red solid
line represents the semi-empirical predictions of SRIM-2013.50 The
observed anomalies in some SRIM curves are artifacts resulting from
overfitting. We employed three non-perturbative methods to com-
pute the SCS of ions: real-time TDDFT, TCS, and IDA, combined
with Penn or LDA. The results obtained using Eqs. (2) and (4) are
shown in Fig. 4. The results show that for v > 1.0 a.u. (25 keV),
the real-time TDDFT-Penn and IDA-Penn approaches are highly
similar and are in excellent agreement with the experimental data,
especially those from the Uppsala group.11 Nevertheless, for veloci-
ties between 2.0 and 3.2 a.u., the real-time TDDFT-Penn approach
agrees better with the Uppsala data.

For v < 1.0 a.u., the real-time TDDFT-Penn and the real-time
TDDFT-LDA approaches tend to overestimate the stopping power.
One plausible explanation for this discrepancy is to consider the
inclusion of the neutral H0 charge state. In this velocity range, this
charge state is predominant. For v < 0.6 a.u., the estimation of the
CasP 6.0 program indicates a 100% probability of H0 presence.8,52

The charge state is taken into account in the TCS and IDA calcu-
lations as H0, while in the real-time TDDFT, the projectile is H+.

FIG. 4. Electronic SCS for H+ ions on Si as a function of velocity. TCS-LDA
(olive dotted line), IDA-LDA (blue dashed–dotted line), real-time TDDFT-LDA
(cyan dashed–double-dotted line), TCS-Penn (magenta short-dashed line), IDA-
Penn (green dashed line), and real-time TDDFT-Penn (orange short-dash–dotted
line) results are shown. Our results are compared to those of the semi-empirical
SRIM-2013 model (red solid-line),50 and experimental data available in the
IAEA database (uppercase letters).48 Real-time TDDFT results (light-red short-
dashed–dotted line with triangles) by Yost et el.,51 scaled to account for the
core correction, are also presented. The experimental data from the Japan group
(black open circle symbols)25 and the Bariloche group (cyan diamond symbols)49

are also shown. The royal star symbols represent recent data from the Uppsala
group.11

Therefore, these observations suggest the importance of consider-
ing the appropriate charge state for this velocity range in electronic
stopping power calculations.

As observed in Fig. 4, it is evident that the TCS-Penn results
are lower than the actual values in the Bragg peak region. At high
velocities, the TCS-Penn results slowly converge to the experimen-
tal results. This is a fundamental feature of the TCS method, as it
does not precisely converge to the Bethe formula, which has been
discussed in previous studies.7,8

The results of H+ obtained from real-time TDDFT-LDA and
IDA-LDA (Fig. 4) show that the LDA tends to overestimate the
SCS compared to the average values of the experimental data in the
velocity range vF < v < 5 a.u., where vF = 1.919/rs a.u. In the LDA
approach, the SCS is overestimated throughout the v < 5 a.u. range
for He, N, and Ne. For this reason, the results based on the LDA
approach are not presented for Z > 1. This overestimation of the
stopping power using the LDA approach may be related to the use
of the electron density of Si (Fig. 2), as was theoretically determined.
At the same time, the ELF was obtained from the experimental data.
Therefore, to avoid excessive information, in Figs. 5–11, we will
present only the results based on the Penn approach.

The Penn approach, combined with the real-time TDDFT and
IDA methods, provides accurate results that agree with the experi-
mental data. The IDA-Penn results show excellent agreement at all
the velocities shown in Fig. 4. Although IDA has shown excellent
agreement with the experimental data, its use in electronic stopping
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FIG. 5. As shown in Fig. 4, but in linear scale, electronic SCS for H+ ions on
Si is presented as a function of velocity. The IDA-Penn (green dashed line) and
real-time TDDFT-Penn (orange short-dashed–dotted line) results are shown. For
comparison, we plot the original uniform nonlinear DFT estimates (violet short-
dashed line) for the proportional SCS to the velocity.53 Proportional SCS to the H+

velocity (S = Q ⋅ v), calculated from the IDA-Penn approach, is shown for two
cases: the cyan dashed–dotted line is the result for 4.2 electrons per Si molecule
contributing to the nonuniform FEG (see Fig. 3); the dark yellow short-dotted line
is the result with full ELF, in which nine electrons effectively contribute to the
nonuniform FEG in the electron–H+ interaction.

power estimates for Z > 2 leads to underestimated results.8 For this
reason, only the TCS results are presented for Z > 2 and v ≤ 0.8 a.u.

The real-time TDDFT results obtained from plane-wave pseu-
dopotential calculations and scaled by a velocity-dependent factor to

FIG. 6. Electronic SCS averaged over the charge states for Heq+ ions on Si as
a function of velocity. The IDA-Penn (green dashed line) results are compared to
the original uniform nonlinear DFT estimates (short-dashed line),53 proportional to
the He0 velocity. As shown in Fig. 5, IDA-Penn for the linear SCS is presented:
the dark yellow short-dotted line is the result with full ELF, in which 12 electrons
effectively contribute to the nonuniform FEG in electron–He0 interaction.

FIG. 7. As shown in Fig. 6, we present the electronic SCS averaged over the
charge states for Nq+ ions on Si as a function of velocity. TCS-Penn results (green
dashed line) are shown. TCS-Penn results for the SCS proportional to the N0

velocity (IDA-Penn = TCS-Penn, for q = 0)7,8 are presented: the dark yellow short-
dotted line is the result with full ELF, in which 13.3 electrons effectively contribute
to the nonuniform FEG in electron-N0 interaction.

account for the absent core electrons51 agree with our results of IDA-
LDA and TDDFT-LDA (Fig. 4) at v > 2 a.u. However, the results of
Yost et al.51 show the stopping maximum shifted to higher veloc-
ity compared to our results, and below the maximum, it is closer to
IDA-Penn and TCS-LDA.

In Fig. 5, we show the same as in Fig. 4 but in linear scale
and including the original nonlinear DFT estimates to SCS,53 which
are proportional to the H+ velocity, dE/dz ≡ S = Q ⋅ v, where Q
is a velocity-independent friction coefficient by Echenique et al.13

FIG. 8. As shown in Figs. 6 and 7, electronic SCS averaged over the charge
states for Neq+ ions on Si as a function of velocity is shown. TCS-Penn results
for the linear SCS are presented: the dark yellow short-dotted line is the result with
full ELF, in which 13.7 electrons effectively contribute to the nonuniform FEG in
electron-Ne0 interaction.
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The DFT calculations for the friction coefficients are expected to
agree with our calculations at v → 0. Still, the velocity-proportional
stopping extrapolation can overestimate or underestimate the stop-
ping power for finite ion velocities. This will be important when we
analyze the SCS for heavier ions at low velocities.

The predominant charge states for He, N, and Ne projectiles
at v < vF are q = 0, 1 for He and q = 0, 1, 2, and 3 for N and Ne.
Although the real-time TDDFT method is considered a benchmark,
it was not used in calculating the electronic stopping of He, N, and
Ne in Si because the current code considers only bare ions.43

In Figs. 5–8, the proportional SCS to the He, N, and Ne velocity
was determined from the values of the friction coefficient Q. Stop-
ping power values were obtained using the IDA-Penn (for H+, H0,
and He0) and TCS-Penn (for N0 and Ne0) approaches at v = 0.1 a.u.
CasP 6.0 program52 shows that the projectiles have neutral charges
at this speed. Therefore, we consider only the charge state q = Z − nb
= 0, where nb represents the number of electrons bound to the ion;
as mentioned in Sec. II D, the IDA and TCS methods yield the same
results for neutral projectiles:7,8 IDA-Penn(q = 0) = TCS-Penn(q
= 0). The values of Q for H+, H0, He0, N0, and Ne0 are 0.2337,
0.1958, 0.3612, 0.8959, and 1.0224 a.u., respectively.

The DFT results shown in Figs. 5–8 were obtained assuming a
uniform FEG for the Si valence band.53 We used an electron–gas
parameter rs,exp = 1.97 a.u. for this uniform FEG obtained from
the experimental plasmon energy of Si.36,54 This rs value was used
in the DFT calculation, corresponding to 4.2 valence electrons.

The DFT results (violet short-dashed line) show that the assump-
tion of uniformity in electron density fails for electronic SCS
estimates of N and Ne in Si, as pointed out in the experimental
work.11

When considering the nonuniformity of electrons in the calcu-
lations of IDA-Penn (or TCS-Penn) using the (0.32 ≤ ω ≤ 100) eV
range (4.2 electrons), as shown in Fig. 3, we determined the pro-
portional SCS to the estimation of the velocity of neutral projectiles,
as shown by the cyan dashed–dotted line in Figs. 5–8. The dark
yellow short-dotted line represents the IDA-Penn (Figs. 5 and 6)
and TCS-Penn (Figs. 7 and 8) results for the effective electrons in
a nonuniform FEG. Therefore, based on the ranges shown in Fig. 3,
we can draw the following conclusions: the calculations of IDA-Penn
(or TCS-Penn) suggest that the H+ [or H0, see Fig. 9(a)] projec-
tiles interact with a nonuniform FEG of nine electrons, which is
higher than the prediction of 4.2 electrons (uniform FEG).36 Simi-
larly, the He0 projectiles interact with 12 electrons, while the N0 and
Ne0 projectiles interact with ∼13 electrons from Si. As the projectile
nuclear charge increases, this discrepancy may stem from increased
electron–hole pair excitations from the inner shells11 However, this
phenomenon is not adequately described in FEG-based models
due to the absence of binding energy in the model, which rapidly
decreases as the velocity approaches zero. Another notable phe-
nomenon is the electron elevator mechanism observed in ab initio
calculations for Si in Si, as discussed in Ref. 55, where excitations are
present between energy gaps via a dynamical gap state.

FIG. 9. Electronic SCS results for (a) H and (b) He calculated using the IDA-Penn approach. In panel (a), the green solid line is the result of the nonlinear SCS to the H+

velocity; the dark yellow short-dotted line is the result of the proportional SCS to the H+ velocity (QH+ = 0.2337 a.u.) performed at v = 0.1 a.u. The results of proportional
SCS to the H0 velocity (QH0 = 0.1958 a.u.) are presented in an orange short-dashed–dotted line. The result for He is presented in panel (b): the green solid line is the result
of the nonlinear SCS, and the dark yellow short-dotted line is the result of the proportional SCS to the He0 velocity (QHe0 = 0.3612 a.u.). The letters are experimental data
available at the IAEA database,48 and the royal star symbols are the Uppsala group results.11
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FIG. 10. As shown in Fig. 9(c), electronic SCS results for N0 (QN0 = 0.8959 a.u.) and (d) Ne0 (QNe0 = 1.0224 a.u.) are presented, recalling the IDA-Penn = TCS-Penn
for q = 0.7,8

The nonlinear SCS results for He, N, and Ne are shown in
Figs. 6–8, respectively. The IDA-Penn results (green dashed line)
for He show an excellent agreement with the experimental data.11,48

FIG. 11. Electronic SCS results for H0, He0, N0, and Ne0. The not-continuous
lines are the results of the electronic stopping coefficient (S = Q ⋅ v) performed
in the IDA-Penn (or TCS-Penn) approach at v = 0.1 a.u.: H0 (black dashed line,
letters A), He0 (red dotted line, letters B), N0 (green dashed–dotted line, letters C),
and Ne0 (blue dashed–double-dotted line, letters D). The DFT results53 are shown
for comparison: H0 (black solid line, letters a), He0 (red solid line, letters b), N0

(green solid line, letters c), and Ne0 (blue solid line, letters d). Z∗1 represents the
effective charge values for each neutral atom.53

The slope coefficient of the linear SCS (dark yellow short-dotted
line) provided by IDA-Penn is much more accurate than the uni-
form nonlinear DFT results. It should be noted that this discrepancy
does not come from nonlinear DFT but rather from the assump-
tion of uniformity in the electron density. The results for Ne in Si
have the greatest discrepancy between the results with uniform and
nonuniform electron density, as shown in Fig. 8.

As evident in Figs. 5–8, the dependence of electronic stopping
on the nonuniformity of the electron density increases as the atomic
charge of the ion increases. The consequences of these effects will be
discussed in relation to Figs. 9 and 10.

Figures 9 and 10 show the comparison between the nonlinear
SCS and SCS proportional to the neutral projectile velocity, both
calculated from the stopping coefficient, S = Q ⋅ v; we calculate Q
considering the value of the stopping power at v = 0.1 and then
we extrapolate electronic stopping proportional to velocity for
v > 0.1 a.u.

We note a velocity-proportionality breakdown in SCS that
occurs at velocities of 0.40 [for H, Fig. 9(a)], 0.35 [for He, Fig. 9(b)],
0.20 [for N, Fig. 10(c)], and 0.15 a.u. [for Ne, Fig. 10(c)]. More-
over, we observe a pattern for these breaks: the SCS range (linear
to velocity) decreases as the atomic charge of the ion increases.
This indicates that the velocity range is influenced solely by weakly
bound electrons from the valence band, which contribute to stop-
ping and become narrower with increasing projectile charge. The
uniform FEG approach fails to consider all potential excitations.
Deeper electrons can be dynamically excited through alternative
mechanisms, such as the “elevator” and/or “promotion,” enabling
physical scenarios where a localized free-electron gas can emu-
late ion energy loss. This localized free-electron gas describes how
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electrons, although bound within localized regions, behave similarly
to a free-electron gas when excited. This aligns with the observations
of Refs. 11 and 55 Therefore, it is crucial to consider electron density
nonuniformity in these calculations, as it significantly improves elec-
tronic stopping and allows for the emulation of effects beyond the
simple electron-hole excitation.

In Fig. 11, an interesting result is presented, which is similar
to Figs. 5–8 in terms of the DFT and IDA-Penn (or TCS-Penn)
estimates. The uniform DFT results (solid lines) are presented for
H0 (a), He0 (b), N0 (c), and Ne0 (d). On the other hand, the
IDA-Penn results for the SCS proportional to the velocity of the
neutral projectile are shown as A (H0), B (He0), C (N0), and D (Ne0).

In the uniform nonlinear DFT predictions, we observed a rela-
tionship between the inclinations of the SCS lines. In particular, we
have found that a < b < c and a < d < b. The figure showing the
SCS results also includes the effective charge values for each pro-
jectile.53 It is worth noting that the effective charge values increase
from H0 to N0, but the effective charge value of Ne0 is slightly
higher than that of H0. These oscillations in effective charge val-
ues of the atoms are well known and can be confirmed in Fig. 15
of Ref. 53.

When we consider the nonuniform FEG and account for the
inner shells’ electron contributions, we notice that the slopes of
the SCS lines increase as the ions’ atomic charge increases. This
nonuniformity of the electron density and the contributions of inner
electrons to the SCS alter the slope pattern: A < B < C < D.

IV. CONCLUSIONS
Our findings emphasize on the importance of considering

nonuniform electron density, shedding new light on local density
approximations, particularly their ability to dynamically incorpo-
rate contributions from deeper-band electrons. Furthermore, we
observe a breakdown in the proportionality relationship between
stopping power and velocity as v approaches zero. The higher the
projectile charge, the lower the velocity at which this breakdown
occurs. This phenomenon, explaining the findings observed in Ref.
11, probably arises from the possibility of dynamic changes in deep
energy levels due to the “elevator” and/or “promotion” mecha-
nisms. These mechanisms can create scenarios resembling a local
free-electron gas.

Although the standard DFT approach proved inadequate for
these calculations, a nonuniform DFT approach, or ideally full
ab initio calculation, is expected to produce results consistent with
the estimates of IDA-Penn/TCS-Penn for electronic stopping. Using
a local density approximation contributes to a better understanding
of the complexities in electron–ion interactions in this context.
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