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A B S T R A C T

A fractional order model for supercapacitors and a method for obtaining its parameters were proposed based in 
the association between a simplified model of one integer order capacitor (RC) with a fractional order parallel 
RLC impedance. Like all parallel RLC impedances, the fractional order parallel RLC impedance has a resonance 
frequency, however its response depends substantially on the fractional order, making it an important parameter 
for fitting the model to experimental data. Through the analysis of experimental galvanostatic charge and 
discharge curve and the application of a heuristic optimization algorithm, the parameters of the proposed model 
were obtained, pursuing to remove the main frequency component of the error between the data and the RC 
simplified model. The results demonstrated that the model obtained actually minimized the dominant frequency 
of the error and also resulted in a decrease in components at other frequencies, highlighting the advantage of the 
fractional order applied in the RLC proposed model.

Introduction

Understanding and accurately modeling the behavior of super
capacitors is essential for optimizing their performance and ensuring 
their reliable integration into various systems, whose security may 
depend primarily on a sufficiently accurate prediction of the behavior of 
its components, like the control of complex energy grids. Traditionally, 
supercapacitor modeling has been primarily approached using conven
tional differential equation-based methods in the time domain. While 
these models provide valuable insights into the dynamic behavior of 
supercapacitors under different operating conditions, they often fail to 
capture frequency-dependent impedance and nonlinear characteristics, 
which are crucial for comprehensive analysis and design.

Like presented in [1], a review about the challenge to model the 
different behaviors of supercapacitors, those models go from simple 
equivalent circuits to more sophisticated electrochemical models that 
aim to accurately predict voltage response, charge/discharge dynamics 
and the impedance variation under various operating conditions.

Fractional order calculus extends the concept of differentiation and 
integration to non-integer orders and offers a powerful framework for 
modeling the dynamics of complex systems. For instance, by incorpo
rating fractional order calculus into a device modelling, this can inte
grate extra information about its characteristics because the fractional 

order introduces additional degrees of freedom, allowing for more 
flexibility in shaping a model to the available data.

In recent years, there has been a growing interest from the academic 
community in studying the possibility of inserting Fractional Order 
Calculus theories to solve engineering problems, mainly in modeling and 
control. To exemplify some advances in control: in [2] an optimized 
cascade control system based on Fractional Order Calculus is proposed, 
seeking to better deal with disturbance rejection in unstable industrial 
processes, in [3] and [4] a tri-parametric fractional order controller 
(FOIλD1− λ) has shown superior performance in comparison to several 
contemporary double-loop control schemes in integration-type pro
cesses (like continuously stirred tank reactors) which present a 
non-self-regulating behavior, in [5] and [6] are described fractional 
augmented control strategies by associating integer and non-integer PID 
controllers with fractional order filters, in [7] another approach (Frac
tional Order Lyapunov-Based Model) for the control of continuously 
stirred tank reactors is presented and in [8] and [9] are presented two 
distinct approaches, applying fractional order calculus, to optimize the 
control of "inverted pendulum" type systems. Additionally, in [10] is 
showed that power quality was improved after considering the frac
tional order nature of passive components in the modeling and control of 
a Photovoltaic Inverter System and [11] demonstrates that 
power-sharing performance was improved after adding an extra degree 
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of freedom from the implementation of a fractional order derivative 
droop-control.

Regarding the recent advances in modeling complex systems using 
fractional-order calculus: In [12] a study is carried out seeking to 
represent the non-linear characteristics of parallel AC/DC transmission 
systems from the development of an incommensurate fractional-order 
model, [13] proposes a fractional calculus-based parameter estimation 
strategy for a block-oriented Wiener system that aims at increased ac
curacy with reduced complexity, [14] demonstrates the potential of 
fractional-order calculus in advancing the modeling and characteriza
tion of arterial compliance in human vascular aging and in [15] a new 
incommensurate order fractional-order neural network model is used as 
a carrier to design an image encryption scheme.

An important contribution to studies in modeling, analysis and 
control of fractional-order systems is presented in [16], where the au
thors present a toolbox (FOMCON), developed for MATLAB environ
ment, intended for fractional-order modeling and control. This toolbox 
provides easy-to-use, convenient and useful tools for researchers, mak
ing it possible to address the particularities of several problems without 
the time-consuming implementation of basic fractional-order calculus 
operations, allowing practical results to be obtained quickly.

It is proposed in this work to associate a fractional order parallel RLC 
impedance in series with a simple RC model, aiming to represent the 
non-linear characteristics of commercially available supercapacitors. 
The RC model parameters are going to be obtained directly from the 
galvanostatic charge/discharge curve and the fractional order RLC will 
be optimized through a Particle Swarm Optimization Algorithm, in 
order to minimize the error between the model and experimentally 
obtained data.

Supercapacitor modelling

The specific properties of supercapacitors, such as: very high-power 
density, easy maintenance, reliability and durability, in addition to 
progress in the development of materials and manufacturing processes, 
have provided a broad growth in their applications in various areas 
(integration of alternative energy sources, electric vehicles, power 
quality, embedded electronics, intelligent systems, for example) [1, 
17–19]. However, to make the most of its properties, it is necessary to 
develop models capable of faithfully represent the behavior of the 
supercapacitor according to the requirements of the system in which it is 
inserted.

With the aim of improving existing ones and developing new models, 
the Fractional Order Calculus has been applied in the modeling of 
supercapacitors [20,21], due to its ability to represent non-linear 
behavior, such as memory effects, using linear equations.

Several works have developed fractional order models of super
capacitors based in different approaches [1,20]. As presented in [20], 
one of the bases for constructing fractional order models for super
capacitors, in the frequency domain, is the block called CPE (Fractional 
Order Constant Phase Element), characterized by the impedance ZCPE =

(1/Ca.sα). This component is capable of aggregating supercapacitor 
characteristics such as: Non-Ideal Capacitance, Phase Angle Deviation 
and Interfacial and Porous Structure Effects. For example, a common 
model is the CPE in parallel with a resistor, which can represent the 
overall impedance behavior more accurately than a simple 
capacitor-resistor model.

In [22] it is introduced the non-integer order model α = 0.5 (half 
order) for supercapacitors, capable of representing their behavior with 
low computational demand. However, the order of fractional differen
tiation was fixed in the model, removing the degree of freedom as a 
benefit from the computational cost caused by fractional order calcu
lation. Some works have applied the method of obtaining a fractional 
order model for supercapacitors by mimicking the impedance mapping 
for different frequencies [23–25]. However, this dependence on 
impedance mapping for different frequencies restricts obtaining results 

to having a specific experimental apparatus and does not establish a 
direct relationship with variables of interest to designers that are 
commonly in the time domain.

Seeking to guide the supercapacitor modeling process towards its 
response in the time domain: [26] proposed a simplified model based on 
data obtained from cyclic voltammetry and triangular current sweep 
chronopotentiometry; [27] proposed a flexible impedance model that 
adapts to different impedance structures using the time domain charging 
data when the input is a step voltage and in [28] the supercapacitor 
equivalent circuit model takes the operating current as the input, the 
terminal voltage as the output, and the parameters of the fractional 
equivalent circuit are iteratively estimated by a genetic algorithm. In 
[29] a time domain analysis is performed in order to obtain an imped
ance model capable of representing the galvanostatic charge/discharge 
curves of a supercapacitor, applying a time-dependent capacitance. 
However, this method means that a nonlinearity is inserted into the 
model, which makes it difficult to design traditional control systems for 
plants that consider this model for a supercapacitor.

This work proposes also a time domain analysis, however, main
taining the linearity of the proposed model based in the integration of 
the CPE (Fractional Order Constant Phase Element) with the priority 
reduction of the error dominant frequency. The objective of this method 
is to obtain a fractional order model, in the frequency domain, simpler 
than those presented in the current literature, from experimental data in 
the time domain, with an optimized error reduction approach.

Fractional Order Calculus – basic definitions

Fractional Order Calculus is as old as Classical Calculus, however, 
only after the evolution of computational tools it has been possible to 
explore the opportunities for applying this mathematical theory. The 
first important definition is the differential-integral operator D, which 
represents the generalization of the order of integration and differenti
ation operations from the domain of integer numbers (Classical Calcu
lus) to the domain of real or even complex numbers (Fractional Order 
Calculus).

The differential-integral operator represents the integration and 
differentiation in the time-domain, when the orders are defined in the R 

domain according to (1). Where a and t are the differential-integral 
limits, D is the differential-integral operator and r is the arbitrary 
order in the R domain as described by [30]. According to (1), the 
operator D assumes three different functions, i.e., if r = 0 the 
differential-integral operator is equal to the identity, if r > 0 the dif
ferentiation is selected, otherwise the integration is the function 
performed. 

Dr
t =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

dr

dtr r > 0

1 r = 0
∫ t

a
(dτ)− r r < 0

(1) 

In [31] is proposed a study describing the fundaments to calculate 
the differentiation of exponential function (2) with real or complex or
ders (r ∈ Rorr ∈ C). In this solution, x ∈ R, cn and an are gains also in the 
R or C domains. 

Dr
∑∞

n=0
cneanx =

∑∞

n=0
cnar

ne
anx (2) 

The operator Dr in (2) for sine and cosine functions is given by (3) 
and (4) with cn = 1 and anx = jωxt. In the sine and cosine functions, θx =

ωxt is the phase with ωx (angular frequency) constant in the R domain, j 
is the imaginary term and t is the time-indexer in the R domain, 
respectively. 
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Drcos(ωxt ) = ωx
rcos

(
ωxt −

rπ
2

)
(3) 

Drsin(ωxt ) = ωx
rsin

(
ωxt −

rπ
2

)
(4) 

In this type of procedure, the amplitude of f(t) is increased or 
decreased by ωx

r according to the order r ∈ R, while Dr provides a 
continuous passage between the integration and differentiation pro
ducing a displacement of rπ/2 on f(t).

Following the definition presented in (1), i.e. the Fractional Order 
Calculus core proposal to generalize integration and differentiation 
operations through the Dr operator, several methods were developed in 
the literature. In this context, the ones that stand out the most in 
generalizing these operations for an arbitrary fractional order r are the 
Grünwald-Letnikov method and the Riemann-Liouville method [30]
[32].

In the technique proposed by Grünwald-Letnikov, the differential- 
integral operator of an arbitrary function f(t) is represented by (5) 
when the order r ≥ 0. 

Dr
t f(t) = lim

h→0

1
hr

∑[g]

k=0
( − 1)k

(r
k

)
f(t − kh) (5) 

where, 
( r

k

)
=

Γ(r + 1)
Γ(k + 1)Γ(r − k + 1)

(6) 

Γ(g) =
∫ ∞

0
e− t tg− 1dt (7) 

and [g] =
[

t− a
h

]
is the integer part of g.

This type of procedure is useful because of its simplicity to obtain 
numerical solutions for fractional order derivatives in differential 
equations. However, it is necessary to define a minimum value of h (limit 
of discretization) in the interval [a,t] to obtain real solutions, considering 
that the computational system has a limit of memory, and (5) depends 
on the previous values. Therefore, the error associated to (5) can be 
obtained according to (8), where it is known that | f(t)| ≤ M [6], i.e. M is 
the borders of f(t), and ε(t) is the error associated to the interval [a, t] . 
Considering sine or cosine functions, M assumes the maximum or min
imum values 1 or − 1 when their amplitudes are equal to 1. 

ε(t) ≤ M(t − a)− r

|Γ(1 − r)|
(8) 

The fractional order integrator from Riemann-Liouville is defined by 
(9), considering r < 0. 

aD
r
t f(t) =

1
Γ(− r)

∫ t

a
(t − τ)− r− 1f(τ)dτ (9) 

On the other hand, the Riemann-Liouville’s definition used in (9) can 
also be extended for fractional order differential operations (10), when 
an arbitrary order r satisfies n − 1 < r ≤ n, where n is an integer and f(t)
is at least n-times differentiable. 

Table 1 
Pseudo-algorithm of the selected optimization method – Particle Swarm Optimization.

Representative pseudo-algorithm of the Particle Swarm Optimization method from [35].
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aD
r
t f(t) =

dn

dtn
[
D− (n− r)

t f(t)
]

=
1

Γ(n − r)
dn

dtn

[∫ t

a

f(τ)
(t − τ)r− n+1 dτ

]

(10) 

Additionally, integral-differential operations with fractional order 
can be approximated in the frequency-domain by transfer functions with 
integer orders. One of the well-established methodologies is the Refined 
Oustaloup Recursive Filter (RORF) [30,33]. For an arbitrary fractional 
order r, the approximation for frequencies in the interval [ωb, ωh] can be 
written as (11), where 2N+2 is the order of the RORF [33]. 

sr ≅

(
dωh

b

)r( ds2 + bωhs
d(1 − r)s2 + bωhs + dr

)
∏N

kr= − N

s + ώ kr

s + ωkr

(11) 

where, 

ώ kr =

(
dωb

b

)r− 2kr
2N+1

(12) 

ωkr =

(
bωb

d

)r+2kr
2N+1

(13) 

and b and d are parameters calculated through experimental and theo
retical analysis proposed in [33], i.e. b = 10 and d = 9.

Particle swarm optimization

The chosen optimization algorithm, Particle Swarm Optimization 
(PSO), is an optimization technique based on the behavior of flocks of 
birds or schools of fish in search of food or escape from predators. It was 
developed by [34] and its objective was to simulate population dy
namics, however, at a certain point in the development, it was observed 
that the algorithm worked as an optimizer [36]. Table 1 presents a 
pseudo-algorithm for PSO

Essentially, this algorithm uses the movement of particles xi through 
the search universe, each one having its movement speed v(xi) influ
enced by its best recorded position p(xi) and by the position of the 
particle that presents the best evaluation g(xi). It was chosen due to its 
simplicity of implementation and straightforward interpretation of the 
algorithm adjustment variables (ωPSO, φ1 e φ2) impact in the optimi
zation process.

Method description

The data to support the analysis of this work are the galvanostatic 
charge and discharge curves of two commercially available 

electrochemical supercapacitors. Table 1 presents the datasheet infor
mation of these two capacitors. The first supercapacitor (KAMCAP 1 F 
5,5 V) is built by the manufacturer by combining two coin-cells in series. 
Only one coin-cell was used to obtain the results in galvanostatic charge- 
discharge measurements. Therefore, the standardized specification for 
the first supercapacitor is 2 F (one coin) and a maximum operating 
potential of 2.75 V.

The galvanostatic cycles were carried out using Arbin BT4 equip
ment with MITSPRO with charge and discharge current of 1 mA for the 
2 F supercapacitor and 10 mA for the second 10 F supercapacitor 
(VinaTech 10 F 2.5 V). These currents were maintained until the elec
trical potential at the supercapacitor cell terminals reached a value of 
1.0 V and 1.1 V for the first and second supercapacitor, respectively ( 
Table 2).

The inversion of the electric current flux occurs automatically, with 
the discharge current having its absolute value equal to the value of the 
charge current, and this condition remains until the moment the elec
trical potential between the device terminals reaches 0 V, starting a new 
charge and discharge cycle.

Measured data

The Fig. 1 presents a simple impedance model for the supercapacitor, 
bringing its behavior closer to the ideal behavior considering just one 
capacitor Cα plus a series loss resistance R1. The equivalent series 
resistance R1, presented in the model of Fig. 1, is obtained through the 
analysis of the abrupt voltage variation at the point that the current flux 
is inverted at the galvanostatic charge/discharge cycle and the equiva
lent capacitance Cα is obtained by the linearization of the discharge 
curve approximately in the range between 0.8 V and 0,4 V. This method 
results in the Eq.14 e Eq. 15, respectively. 

Cα =
Δt • I
ΔU

(14) 

R1 =
UtfC− UtiD

2 • I
(15) 

Where: I is the current absolute value; Δt is the time interval associated 
with the voltage values at which the discharge curve is linearized; ΔU is 
the voltage variation between the two points established as limits for 
linearization, UtfC is the maximum charging voltage value and UtiD is the 
voltage value at the supercapacitor terminals immediately after the 

Table 2 
Information from the datasheet of the supercapacitors used to obtain the gal
vanostatic charge/discharge curves.

Supercap. Datasheet Information

Part Number SE− 5R5-D105VYC3G
Capacitance (F) 1.0
ESRmax(Ω) 22.0
Manufacturer KAMCAP
Rated Voltage (V) 5.5
Part Number VEC 2R5 106 MG
Capacitance (F) 10.0
ESRmax(mΩ) 120.0
Manufacturer Vina Tech
Rated Voltage (V) 2.5

Fig. 1. Simple model for the supercapacitor - capacitor in series with a resis
tance (One capacitor model).

Fig. 2. Galvanostatic charge/discharge curve of the 10 F supercapacitor with a 
current magnitude I = 10mA.
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current flow is reversed.
The Fig. 2 presents the experimental data obtained for the 10 F 

supercapacitor, with the points used in Eqs. (14) and (15) highlighted, 

and Table 3 presents the results for the simplified model with just one 
capacitor. The α suffix is defined as equal to 1.0 and is used to demon
strate that the capacitor considered at this moment is of integer order.

In Fig. 3 is presented a graphical comparison between the measured 
voltage at the terminals of the 10 F supercapacitor and a simulation 
applying the parameters from Table 3, and Fig. 4 presents the error 
between these two curves.

By Fig. 4 is evident the oscillatory characteristic of the error between 
the experimental data and the simplified model for the 10 F super
capacitor. In Fig. 5 is shown the decomposition of the error in the fre
quency domain using the Fast Fourier Transform (FFT). The data in 
Fig. 5 highlights the dominant frequency component in the error.

The same procedure is carried out for the 2 F capacitor. Fig. 6 pre
sents the experimental data collected, highlighting the points applied in 
(14) and (15) to obtain the parameters from the simplified model for this 
supercapacitor, which are presented in Table 4.

In a similar way, Fig. 7 presents the graphical comparison between 

Table 3 
Parameters for the One Capacitor Model obtained from the gal
vanostatic curve (Fig. 2) and Eqs. (14) and (15) – 10 F
supercapacitor.

Model Parameter One Capacitor Model

Cα (F) 8,8332
α 1
R1(Ω) 2,9617

Fig. 3. Measured Voltage and voltage obtained in the simulation of the One 
Capacitor Model for the 10 F supercapacitor.

Fig. 4. Error between measured data and voltage obtained through the One 
Capacitor Model for the 10 F supercapacitor.

Fig. 5. Frequency spectrum of the error of Fig. 3 obtained by Fast- 
Fourier Transform.

Fig. 6. Galvanostatic charge/discharge curve of the 2 F supercapacitor with a 
current magnitude I = 1.0mA.

Table 4 
Parameters for the One Capacitor Model obtained from the gal
vanostatic curve (Fig. 6) and Eqs. (14) and (15) – 2 F
supercapacitor.

Model Parameter One Capacitor Model

Cα (F) 0,8855
α 1
R1(Ω) 29,8

Fig. 7. Measured Voltage and voltage obtained in the simulation of the One 
Capacitor Model for the 2 F supercapacitor.

Fig. 8. Error between measured data and voltage obtained through the One 
Capacitor Model for the 2 F supercapacitor.

Fig. 9. Frequency spectrum of the error of Fig. 8 obtained by Fast- 
Fourier Transform.
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the experimental data and the model simulation results, and Fig. 8
presents the error between these two curves for the 2 F supercapacitor.

For the 2 F supercapacitor, the error has a larger amplitude when 
compared to the 10 F and a difference in the shape of the curve, which is 
expected since, by the graphical comparison of Fig. 7, it is observed a 
more pronounced non-linear behavior for the 2 F. Fig. 9 presents the 
frequency spectrum of the error from Fig. 8, and it is evident from the 
FFT results that the error has significant contributions of multiples of the 
dominant frequency.

Proposed model

The aforementioned oscillatory characteristic of the error for the two 
supercapacitors leads to the hypothesis that the inclusion of an RLC 
impedance, designed so that the dominant frequency of the error is 
nullified, is capable of considerably reduce the error amplitude, and 
consequently its average value. Therefore, the model proposed in this 
article is presented in Fig. 10, which is summarized in the insertion of a 
fractional order parallel RLC impedance in series with the simplified 
model. Fig. 11 shows the circuit that represents the galvanostatic 
charge/discharge method with the proposed model, and Eq. (16) shows 
the fractional order transfer function obtained from this circuit applying 
the properties of fractional order calculus in the frequency domain [28]. 

V(s)
I(s)

=
R1

CαR1sα + 1
+

LγR2sγ

CβR2Lγsβ+γ + Lγsγ + R2
(16) 

Where: s is the Laplace Transform variable; β is the fractional order of 
the capacitor Cβ, γ is the fractional order of the inductor Lγ and γ, β, Lγ,

Cβ ∈ R.

To demonstrate the impact of inserting the fractional variables β and 
γ in the transfer function given by (16), the gain and phase variation 
curves are analyzed, in the frequency domain, considering the variation 
of these real orders in the interval [0 1]. The FOMCON toolbox devel
oped and described in [16] was used in MATLAB environment to analyze 
the proposed fractional order transfer function (16). This tool will also 

Fig. 10. Proposed model for supercapacitor – association of the simple model 
with a fractional order parallel RLC resonant impedance.

Fig. 11. Circuit to obtain the galvanostatic charge/discharge curves with the 
proposed model for supercapacitors.

Fig. 12. Fractional order parallel RLC circuit from the proposed model.

Fig. 13. Bode Diagram of the fractional resonant circuit (magnitude in dB) 
considering β = 1, Lγ = 100mH, Cβ = 10F and R2 = 1kΩ.

Fig. 14. Bode Diagram of the fractional resonant circuit (magnitude in dB) 
considering γ = 1, Lγ = 100mH, Cβ = 10F and R2 = 1kΩ.

Fig. 15. Bode Diagram of the fractional resonant circuit (magnitude in dB) 
considering γ = β, Lγ = 100mH, Cβ = 10F and R2 = 1kΩ.

Fig. 16. Bode Diagram of the fractional resonant circuit (phase in degrees) 
considering β = 1, Lγ = 100mH, Cβ = 10F and R2 = 1kΩ.

Fig. 17. Bode Diagram of the fractional resonant circuit (phase in degrees) 
considering γ = 1, Lγ = 100mH, Cβ = 10F and R2 = 1kΩ.
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be used in the PSO optimization algorithm. .
Eq. 12 and Eq. (17) are the RLC circuit representation and the frac

tional order transfer function from this circuit. Figs. 13 to 15 show the 
amplitude in dB and Figs. 16 to 18 show the phase in degree according to 
the variation of the frequency, β and γ. 

Vres(s)
I(s)

=
LγR2sγ

CβR2Lγsβ+γ + Lγsγ + R2
= Tres(s) (17) 

To obtain the frequency responses presented in Figs. 13 to 18, the 
approximation for integer orders is used through the Refined Oustaloup 
Filter defined in (11), with N = 3, and the following values for the 
passive components: Lγ = 100mH, Cβ = 10F and R2 = 1kΩ, aiming to 
analyze only the impact of order variation on the transfer function (17) 
response.

The Fig. 13 demonstrates that the decrease in γ order in the interval 
[0 1] promotes an increase in gain for frequencies below the resonance 
frequency, transforming the RLC impedance into a low-pass filter. 
Similarly, decreasing the value of the β order (Fig. 14) there is an in
crease in the gain for frequencies above the resonance frequency, and 
decreasing these two orders at the same time there is an increase in the 
frequencies above and below the resonance frequency (Fig. 15).

Similar to the result presented for gain, it shows that there is a linear 
dependence between the phase variation according to the order varia
tion. By varying only the γ order, there is a change in the phase value for 
frequencies below the resonance frequency (Fig. 16), while by varying 
the β order there is a change only for frequencies above the resonance 
frequency (Fig. 17). The results presented in Figs. 13 to 18 show that 
when the fractional orders tend to zero, the inductor and capacitor from 
the fractional order RLC impedance tend to behave like a resistance, 
both in terms of gain and phase.

Based on the diagrams from Figs. 13 to 18, the effects of the variation 
of the fractional order in the RLC parallel impedance were presented. It 
is clear a direct response in the frequency selectivity of this circuit, 
demonstrating how it can be configured to respond as a low-pass filter, a 
high-pass filter or a simple resistance. In addition, it was observed in the 
phase diagrams that the effect observed in the CPE transfer function [5, 
6], of proportional change of the phase according to the variation of the 
orders, was maintained.

Optimization – objective function

Finally, the objective function to be minimized by the PSO optimi
zation algorithm is given by (18). During optimization, each particle xi 
= [λi] generates an objective function f(xi)

f(xi) = f1 + a • f2 (18) 

where, 

f1(xi) =

100 •

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑tf

t= Ts , 2Ts ,3Ts…
(E(t))2

√

n
(19) 

f2(xi) = max(|E(t)|) (20) 

E(t) = ErrorEX(t) − lsim(Tres(s), i(t)) (21) 

In (19), TS is the discretization period of the variable t (time regis
tered in the experimental data) and tf is the final simulation time, which 
must correspond to the final time of the experimental data. In (21) the 
function ErrorEX(t) is the error presented in Fig. 4 for the 10 F super
capacitor and in Fig. 8 for the 2 F supercapacitor and the function 
lsim(Tres(s), i(t)) is the simulation of the response of the transfer function 
(17) when subjected to the experimentally measured current i(t) as 
input.

The functions f1 and f2 mean that the objective function f seeks to 
minimize, respectively, the quadratic error between the voltage value 
experimentally obtained from the galvanostatic charge/discharge with 
the result obtained from the transfer function (16). Furthermore, a is a 
weight (designer adjustment variable) to adjust the influence of each 
portion of the objective function, here, established as a = 10 to scale f2 
to values close to f1.

Results and discussion

The items below present the results obtained after optimizing the 
parameters of the transfer function defined in (16) from the minimiza
tion of the error function. The optimized parameters are: γ, β, Lγ , 
Cβ and R2, and the parameters of the simplified model are the same as 
those presented in item 2.

Fig. 18. Bode Diagram of the fractional resonant circuit (phase in degrees) 
considering γ = β, Lγ = 100mH, Cβ = 10F and R2 = 1kΩ.

Fig. 19. Objective function – PSO 10 F.

Fig. 20. Measured Voltage, voltage obtained from the one capacitor model and 
from the Fractional RLC model - 10 F supercapacitor.

Fig. 21. Measured Voltage, voltage obtained from the one capacitor model and 
from the Fractional RLC model - 10 F supercapacitor (zoom).
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First Supercapacitor – 10 F HyCap

Figs. 19 to 23 present the results for the 10 F supercapacitor. Fig. 19
shows the values assigned to the objective function at each iteration of 
the PSO algorithm, demonstrating that there was a rapid convergence, 
stabilizing after the 30th iteration. Table 5 presents the values obtained 
for the parameters of the fractional order RLC model.

The data presented in Table 5 allows the following conclusions: for 
the 10 F capacitor, substantially close values were obtained for γ and β, 
and, since the error oscillation frequency is low, the values for capaci
tance and inductance of the RLC model were high. Fig. 20 shows the 
graphic comparison between the one capacitor model and the fractional 
order RLC model proposed.

In the Fig. 21, where a zoom of Fig. 20 is shown, it is noticeable that 
the proposed fractional model gets closer to the values obtained by 
measurement. However, only in Fig. 22, where the error for the two 
models is plotted, does the reduction provided by the insertion of the 
RLC impedance becomes clear.

In order to complement the analysis, Fig. 23 shows the error fre
quency spectrum for the two models. And, from this result, it is possible 
to verify the effectiveness of the optimization, since the dominant fre
quency of the error (0.55mHz) was minimized, reducing the amplitude 
of the dominant frequency by 96.94 % (from 0.04170 to 0.00128) and 
the mean absolute error by 61.65 % (from 0.0289 to 0.0111).

Fig. 22. Error between measured data and voltage obtained from the one 
capacitor model and from the Fractional RLC model - 10 F supercapacitor.

Fig. 23. Frequency spectrum of the errors of Fig. 22 obtained by Fast- 
Fourier Transform.

Table 5 
Results - proposed model for the 2 F supercapacitor – Particle Swarm Optimi
zation (PSO) Algorithm.

Model Parameter One Capacitor Model Fractional Resonant Model

Cα (F) 8,8332 8,8332
α 1 1
R1(Ω) 2,9617 2,9617
Cβ (F) – 6,7481
β – 0,5730
Lγ (H) – 116,9495
γ – 0,5729
R2 (kΩ) – 13,777

Fig. 24. Objective function – PSO 2 F.

Fig. 25. Measured Voltage, voltage obtained from the one capacitor model and 
from the Fractional RLC model - 2 F supercapacitor.

Fig. 26. Measured Voltage, voltage obtained from the one capacitor model and 
from the Fractional RLC model - 2 F supercapacitor (zoom).

Fig. 27. Error between measured data and voltage obtained from the one 
capacitor model and from the Fractional RLC model - 2 F supercapacitor.

Fig. 28. Frequency spectrum of the errors of Fig. 27 obtained by Fast- 
Fourier Transform.
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Second supercapacitor – 2 F KAMCAP

Figs. 24–28 present the results for the 2 F supercapacitor. Fig. 24
shows the values assigned to the objective function at each iteration of 
the PSO algorithm, demonstrating that there was a convergence, stabi
lizing after the 45th iteration. Table 6 presents the values obtained for 
the parameters of the fractional order RLC model.

When analyzing the optimization results presented in Table 6, we see 
that for the 2 F capacitor the values obtained differ from those obtained 
for the 10 F capacitor in value and in order of magnitude, for example: 
for the 2 F capacitor different values were obtained for the γ and β or
ders; a value of 5.25kH for the inductor and a parallel resistance R2 of 
0.2kΩ. Fig. 25 shows the graphic comparison between the one capacitor 
model and the fractional order RLC model proposed for the 2 F 
capacitor.

In the Fig. 26, where a zoom of Fig. 25 is shown, the improvement in 
the result is more evident when compared with the results for the 10 F 
capacitor. Again, Fig. 27, where the error for the two models is plotted, it 
is clear its reduction for the fractional order RLC model. In order to 
complement the analysis, Fig. 28 shows the error frequency spectrum for 
the two models. And, from this result, it is possible to verify the effec
tiveness of the optimization, since the dominant frequency of the error 
(0.60mHz) was minimized, reducing the amplitude of the dominant 
frequency by 92.48 % (from 0.08459 to 0.00636) and the mean absolute 
error by 77.28 % (from 0.0561 to 0.0127).

For this supercapacitor, the effect of the optimization is most notable 
on multiples of the dominant frequency (1.8mHz, 30mHz, 42mHz) and 
the most expressive reduction in the mean absolute error demonstrates 
this. Fig. 29 shows that effect.

Conclusion

This study presents a new fractional-order resonant model (RC +
fractional order parallel RLC) for supercapacitors, demonstrating supe
rior accuracy compared to simpler integer-order models. Employing 
experimentally obtained galvanostatic charge-discharge curves and a 
particle swarm optimization algorithm, the model parameters were 
optimized to minimize the error, specifically targeting the dominant 
frequency component. The analysis reveals a significant reduction in the 
error: a decrease in the dominant frequency amplitude of 96.94 % and in 
the mean absolute error of 61.65 %, for a 10 F supercapacitor, and a 

reduction in the dominant frequency amplitude of 92.48 % and the in 
mean absolute error of 77.28 %, for the 2 F supercapacitor. The last 
result is particularly notable, indicating the effectiveness of the model in 
capturing the more pronounced nonlinear behavior observed in the 2 F 
device. This improved model, characterized by the incorporation of 
fractional order calculus and its linear structures, provides a more ac
curate and efficient representation of supercapacitor behavior, particu
larly advantageous for applications requiring high fidelity modeling, 
such as control systems applied in power electronics.
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