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Higher Order Sampling and Recovering of Lowpass Signals where:i = 1,2,---, N,n = =1, £2,---, ¢, are amplitudes
) _ _ (nonzero real values)[" is the sampling period of each uniform
Gessé Eduardo Calvo Noguelra and Ademar Ferreira samp”ng sequence, each one presenting a de|aand 6(t) is the

Dirac delta function.

Abstract—A higher order sampling function applied to lowpass signals Ihe average sampling frequency in (1ﬂ§ = N/T.Here, we refer
is described. To recover the original signal from its periodic nonuniform to f s as minimum when itis equal to the Nyquistrate, i.e., wien=

samples, a formulation of the sampling function is introduced, based on 2B. To simplify the following analysis, we impoga = 0 and( <
the occurrence of local gaps in the sampled signal spectrum. As a result, k; < T for i # 1. The following notation is usedi( f) designates the

the interpolant is greatly simplified. Fourier transform of(¢); sinces(t) is real and lowpass, its spectrum
Index Terms—High order sampling, nonuniform interpolators, nonuni- ~ can be represented () = ST(f) + 5 (f), whereS*(f) and
form sampling. S~ (f) occupy, respectively, positive and negative frequencies, from

here on referred to as upper and lower bands, correspondindly/of
or any of its replicas. The Fourier transform of (1) is
I. INTRODUCTION R
The Nth-order sampling of lowpass signals is used in several areas, Sy (f) = Z ¢
such as in medical pulsed Doppler ultrasonic velocimeters [1] and in i=1 T

multirate systems [2]. In the literature, known methodlsr signal re- The replicas of(f) in (2), in general, aré/T spaced apart. Fo¥ =
construction from its periodic nonuniform samples are often aCCOT'(uniform sampiing case), obviously, the recovery6f) is possible
plished by interpolators (see, e.g., [3]). The implementation of sucp p 1/2T.ForN > 1,if éhe spaciné between consecutive replicas,
inte_rpolators,_ which are often approximated by FIR filters, reqmree?/en_locally, can be made larger thefT", then the band of(¢) can be
various considerations. Vayghen al.[4], for example, showed that jncreased. We discuss now some conditions to obtain this enlargement
the length and the dynamic range (number of bits) needed for dig- generating gaps between consecutive replicas.

ital implementation O.f the interpolators proposed by Kohler_1berg [5 Notice in (2) that at every frequenay'T', the phases and magnitudes
(second-order sampling) for the lowpass case, are progressively Iar(gle{he N replicas can be such that the resulting sum is constructive

as t_?e Kohlenbfrg’;Tfaptcdeeparts 1|‘_rom_|ts optllml;m VaILUé:_:]( T/2 or destructive, depending on the amplitudesand delays:;. When
(uniform sampling),T" is the sampling interval of each uniform se- estructive, that is, when

quence, where the interpolator becomes a lowpass filter. Although,
to our knowledge, a comparative study on the performance of such i ¢ g 7 n 5 Ri\ 0
T ( T) exp J2mn; =

Z 5(f—n/T)exp<—j27Tn%>. @)

n=—oco

@)

interpolators, concerning filter length, computational efficiency, etc.,
is not found in the literature, one can verify that the known periodic S ] )
nonuniform interpolation methods require considerably more compi€ say that a gap occurs in this location of the spectrum. In this case,

cated processing than the one for uniform sampling. the gmpty spgctral spacing between the two remaining replicas adjacent

This correspondence describes in Section Il a new higher order sgfthis gap, situated at — 1 andn + 1, is magnified t2/T'. For two
pling function and restrictions to this sampling pattern intended to sifionsecutive gaps, the empty spacing /", and so forth. Once one
plify the signal reconstruction. In Section I, restrictions are derive@@P iS produced, to recover the original signal, the selection of bands
to recover second-order sampled lowpass signals at minimum avergféhe replicas adjacent to the generated gap is affected by spectral
sampling rate by using only lowpass filters and a frequency shifté¥indowing, as will be shown in the next section.
Third and fourth-order sampling cases are also discussed in Section
IV, where the signal reconstruction is accomplished using only low- [ll. RECOVERY OF SECOND-ORDER SAMPLED SIGNALS
pass filters but with average sampling rate larger than the minimum. 1, originate one gap at a specific frequency’, one can impose

the condition (3) to this position. Instead of this, in the cAse= 2,
Il. HIGHER ORDER SAMPLING it is easy to search for all possible gaps at all positiefs (2), as we

show next.
For second-order sampling, the spectrum of (2) is

i=

Given a real and lowpass signglt) bandlimited to the frequency
interval | f| < B Hz, i.e., its highest spectral component is located at

B' < B, we define theVth-order sampling of this signal as j— . ko n
v Sg(f)zf Z |:el—|—ezexp<—]2ﬁn?>:|5(f—T). 4)
N oo n=—050
sn(t)=s(t)-Y e > 8(t—nT —k) (1) Tofindey, e, andk, for all possiblen positions in (4) that satisfy (3),
=L n=—oo we impose in (4)
. ko
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will be further discussed. On both the above cases, becausg’she one. In these conditions more than one consecutive gap must be pro-
are real values, the gaps are placed symmetrically with respect to theeed at positiongz| > 0, giving rise to an empty regio® in the

n = 0 axis of the spectrum (4). To simplify the recoverys«gt), the spectrum (2) between the remaining replicas. This redids the fre-
preferred case is the one that produces gaps at £1 because the quency range from = 0 (the replica being selected) to the first re-
needed interpolator is a single lowpass filter. In both cases, regardingining replica after consecutive gaps at a positioRor example, for

e;, however, one can verify that there is a unique choicé-gfl' to gaps at» = 1 andn = 2, the frequency range separating the adjacent
produce gaps at = 1. That is, the gaps at = %1 (as well as at replicas at: = 0 andn = 3isR =3/T.IngeneralR = ({+1)/T,

n = #£3, &5, --- because they are periodic) take place only whemherel = 0, 1, 2, -- - is the number of gaps. To avoid spectral over-
e1 = es andk. /T = 1/2, which is a case of uniform sampling. Whenlapping between the bands of the adjacent replicas at the eddes of
e1 = —ey, there is a gap at the origin for any delay, as mentionethe condition? > 2B must be verified. Combining this condition with

Excepting this gap at = 0, the closest gaps to the origin can onlythe other one above\/T' = 2 B) gives the minimum number of gaps

occur atn = £2 (and atv = +4, £6, ---) whenk, /T = 1/2, which in R, aSlmi» = N — 1. The conditionV — 1 gaps, when applied in (3),

is also uniform sampling. For other positiomsthere is some freedom yields the same number of complex equations ®ith — 1 real vari-

in the choice of the delay. In the case = —e2, for example, gaps ablesey, ---en andks, -- -, kx with &1 = 0. Once the solutions are

take place ak = +3 (as well as at. = 0, £6, £9, ---) by choosing found, itis also necessary to verify if the replicazat 0 has a nonzero

ko/T =1/3 orke/T = 2/3 . These cases are not explored here. value or, alternatively, if it is necessary to impose one more equation to
Since only wherk, /T = 1/2 ande; = e is it possible to recover ensure a nonzero value for the replicaat 0. That s, let the left part

s(t) using a single lowpass filter, we discuss now the ecase —e», 0f (3) equal a nonzero value (and real becau&eare real). Itis known

where a gap occursat= 0 for any delayk: . To simplify the following that trivial solutions for the required gaps &1 = (i—1)/N ande;

analysis, lek; = 1 ande; = —1. Under this condition, consider the equal to a constant, i.e., uniform sampling (as verified in Section Ill for
spectrumS: ( f) of (4) multiplied by an ideal spectral windo@®(f) = second-order sampling). F&F > 2, the search for the existence (or
T with passbandlf| < 1/T. This filter selects the lower bands of thenonexistence) of solutions other than the trivial ones leads to increasing
replicas ate = +1. The resultant spectrum after filtering is algebraic difficulties. Hence, only the ca3e= 3 is discussed in the
Appendix, where we show that the unique solution is also the trivial
F(f)=5"(f = 1/T)[1 — exp(—ja)] one (uniform sampling). An alternative procedure is discussed next to
+ ST(f+1/T)[1 = exp(ja)] (6) find e;’s for certain delays valuégs's for the casesV = 3 andN = 4,

. . . o where the number of gaps is less than the minimum necessary, implying
to B' < 1/T, the lower bands of the replicas at= 1 andn = For third-order sampling, if only one gapat= 1 is desired in the
—1 can occupy the frequency interat1/T', 1/T] without spectral - sampled signal spectrum (2), implying nonminimum sampling rate, and
overlapping the replica at = 0 (which was suppressed). The inversgyredetermining a nonzero value to the replica at 0 (equal to one),

Fourier transform of (6), written in a more convenient form, is these restrictions can be written as
) ! 5 N AR 5 L Wyt Wit e 0
F(t) =2c |s(t)cos | 27 Tt — B} + 5(t)sin 277Tt —/ @) 1 1 1 | len| =1 ©)

o . , ) 1 Wi Wi es 0
wheres(t) is the Hilbert transform of(¢), ¢ = 2 - sin(«/2), and

3 = arctan[sin(a)/(1—cos(a)]. Torecoves(t), afrequency shifting WhereW;" = exp(—jna;), anda; = 2k;/T. We have added the

followed by lowpass filtering is necessary, as follows: first row in the square matrix in (9), imposing a gaprat= —1,
only to allow this matrix to be invertible, thus facilitating computa-
s(t) = {f(t) 1 cos <27rlt _ J)} % g(t) 8) tions. By using a similar proceduas in the Append_ix1 one can verify

2¢ T that there are always;, ¢, andeg real for any distinct delay$.

L . ' ' . andks, i.e., ko /T, k3 /T # 1/2. For example, by directly computing
wherey(t) is the inverse Fourier transform of a lowpass filter with pasig) with ks /T = 1/10 andks/T = 1/7, we havee; — 3.6954,

band|f| < B’. In this case, the average sampling rate is minimu ~ .
—— . . 2o = —10.8602, andes = 8.1647. To reconstruck(t), the unique
= 2/T,andB < 1/T. -0 e . '
becausef s /T, andB < 1/T. Notice that although this recov filter needed is a lowpass one with passbifid< B’. However, the

ring meth nl low filter modulation pr L ;
ering method uses only two lowpass filters, a modulation p Ocesss@mal bandwidth must b&’ < 1/T because there are no gaps at

necessary. Thus, this method can be easily implemented only in si A except itks /T = 1/3 andks /T = 2/3, as shown in the

tems where an oscillator is available, as in weather radar and Dopp %rpendix. Since for¥' = 3 the average sampling rate 37, this

ultrasonic systems. For Doppler velocimetry, howev&(if) contains sampling rate i8/2 times higher than the Nyquist rate. The advantage

aII.reIevz?mt |nform§tlon about(?), W.hlch In this case is the Doppler of this method is the simplicity of the interpolation for any delay
shifted signak That s, for these applications, the most relevant data are . . .
For N = 4, to select the replica at = 0 if only two gaps at» = 1

the mean velocities and the velocity distribution widths. These data can o (2) are desired (whereas for minimum sampling rate, three

be digitally computed (estimated) directly from the nonuniformly sam- L .
. ) . ; . gaps are needed) and predetermining a nonzero value to the replica at
pled signal spectrum (6), i.e., neither signal reconstruction nor del

y_
knowledge are necessary [1]. = 0, we have
I A 7 A e N
IV. RECOVERY OF N TH-ORDER SAMPLED SIGNALS 1 1 1 1 e =

: ) . ) 1 Wy Ws Wi es
For Nth-order sampling the average sampling frequency is equal 1 w2 ow?: w2 . 0
to the Nyquist frequency itV/T = 2B. Now we considet > 2, . ? 3 * “
B > 1/T andN/T = 2B. Only the recovering of(t) by selecting Similarly, as in previous cases, there are always real values; fibr
the replica at. = 0 is discussed, because the filter needed is a low-paks/T = 1 — k2/T for k2 /T, ka/T # 1/2 (distinct values) and
ks /T = 1/2 (other delays were not searched for). Directly computing
2The quadrature detected Doppler signals, after being range-gated, are often
at a lowpass position. 3The procedure is to search for delays to allovio be real.

o = O

(10)
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higher sampling rate3(2 and4/3 times the minimum, respectively). Filters”

APPENDIX Miroslav VIgek and Rolf Unbehauen

For N = 3, two gaps are neededat= 1 andn = 2 to recover
s(t) sampled with minimum average sampling rate, as already shown |. INTRODUCTION
in Section IV. Entering these conditions in (3) and writing it in a more

. In the above papérthe following corrections need to be made.
convenient way, we have

» Equation (21) should read
‘1 W, Wy ‘

|0 sn(ug)en(uo
SRR (A1) e = w, 4 22000 (0)

dn(ug)
» The equations on p. 722 should read

e3
whereW = exp(—jna;), anda; = 2wk; /T or W - ¢; = 0, where
W is the2 x 3 matrix in (A.1), anck; is the amplitude vector. Letthe  b(3)A = (w, — wy) (1 + wswy) + (1 —wy) — (1 — w?)

matrix W be written ad¥V = Re(W) + jlm(W). Forey, e2 andes b(2)A = —wgwp(wﬁ _ LL;)) — w1 wﬁ) +ws(l— w?)

to be real, it is necessary that (i) - ¢; = 0, or . . 5 . .
sin () ' sian(c)l )e e 0 H(A = wp — w4+ wiwy (ws — wp) = (1 —wy) + (1 = w?)
— (2 —-s '3 2 : : : :
e Bl b b ‘0 : (A2)  b(0)A =wswy(w? = wy) + wp(l = wy) = ws(l = w?).

For distincta; # =, for the determinant of the square matrix in (A.2) * n Tables IV.and V, instead of

to be zero, it is necessary that dn(uo)

Wy = Ws + ZfZ(uo) (19)
sin(2a2)  sin(2a3) (A3) sn(uo)en(uo)
sin(az) ~ sin(az) ’ there should be
Remembering that < k; < T or0 < «; < 2w, then (A.3) is W = w, + 2s”(uo)m(uo)Z(u‘o). @1)
always true whemvs = 27 — a3 for distincta;’s, hence excluding dn(uo)
ag, ag = w. Solving (A.2) for these values, we find = e; = e. * In the design procedure, the equation under item 5 on p. 727
Taking these values into R&"), we have should read
1 2cos(az) er| |0 W = coswn T = w. + 2S’N(UO)CN('LLO)Z(UO)'
1 2cos(2az) e | ‘0 ‘ ’ (A4) dn(ug)

The determinant of the square matrix in (A.4) is zeredf(az) =
— cos(2a»), and the unique possible angleds = 27 /3 (for as < Manuscript received August 17, 1999; revised September 6, 1999. The asso-
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