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Abstract. The £, method is used to solve, in a concise manner, the complete problem concerning the
diffusion of polarized light in a plane-parallel Rayleigh and isotropically scattering atmosphere.
1. Introduction -
In the classical treatment of the scattering of polarized light established .by
Chandrasekhar (1950), the three-vector L(t, u, ¢), with components (1, u, ),

L(t, i, ¢) and Ulr, u, @), satisfies for a Rayleigh and isotropically scattering atmos:
phere the equation of transfer N

Mo )+ e $) =
T

w 2r 1
=i j J P, popd, o)z, o', ¢') dp’ dop’ (1
o J-a
and, typically, boundary conditions of the form

10, 1, ¢) = ndlu — po)d(ep — dJF,  upe>0;9¢,00€[0.2n], (2a)

and
,“0 In 1 . ’ :
I(TO. —H ¢} =—E I{rﬂvﬂ » ¢,}.u' d;" d¢ »
n o Jo

u>0;¢€l0,2n], (2b)

where t € [0, r,] is the optical variable, u is the direction cosine as measured from the
positive t-axis, F with components £, F, and F_ is a prescribed constant, 4, is the
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coefficient for Lambert reflection at the ‘ground” and

1 1 0
E=;110‘ (3)
0 0 0 '

Note that we have changed u to — u in regard to Chandrasekhar’s notation and that
I(t, u, ¢) is the complete fizld and not just the diffuse component.
Thus we use Chandrasekhar’s phase matrix in the form

Plu, ¢:p', ') = QLeP V') + (1 = IE + ol — ) 2(1 = w?)!2 x
x PO, @', @) = P g, 40)], 4)
where

l -3

The depolarization factor cin also be expressed (Chandrasekhar, 1950) in terms of
¥ - 1.e.,

2y
Gisie (6)
with 7 < 1. In addition.
2 =g =gy + it @d 0
POu:y') =2 s 1 0. (7)
0 0 0
duup'cos (¢ —or 0 =2usini¢’ — ¢)
P‘"(p.¢:p',¢'|=§ 0 0 0 . ®)
u'sin(¢p’—or 0 cosig’ — )
P, ¢y, @) =
Wt cos U@ — @) —picos o — @) —piu'sin 2(¢’ — @)
= g —p'?cos ¢ — @) €os 210 — Q) p'osin 2(¢" — ¢) ’
pptsin 2 — ) —psin 2o = o) i’ cos (¢ — ¢)
9)
and
1 0 0
Q=101 0 (10)
0 0 2
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As observed by Chandrasekhar, the fourth component of the radiation field
V(t, u, ¢) is uncoupled from the three elements of I(r, u, ¢). In fact, to establish

V(t, u, ¢) we must solve only the scalar equation of transfer

H (—% Vit,u, @)+ Vit u, @)=

, in ) |
- ;?:? G- 2’,[ _[ L’ + (1 = )31 = )2 cos (¢ — ¢7)] x
0 -1

x Vir,p',¢')du’ d¢’,
subject to the boundary conditions

V0, u, ) = nF,olu = po)dled — ¢y),

.

opg > 05 ¢, ¢ € [0, 2::]:
and
Vitg, —p, ¢) =0, p:-O.le_[O.ZH].

If we express V(t, u, ¢) as I e e e

Vit u, @) = 3F Lupo V', 1) + (1 — )21 = pd)V'? x

x €os (¢ — Po)V'(z, u)] + nF, 3 — pp) x
11 3
=ty 5 _ —_ e — - K
xe [0(46 ¢o) 3 = 7 €08 (¢ %}}

then it is apparent that V‘"’(r,',u} and V'"(t, u) are solutions of

- 1
H :—r VO, u) + V'Ot ) = (;;i (5¢ - 2}'[ WO, wydu'

with
10y 4 5
VOO )= 353 0w = o) papio >0,
Ho
and
yim{.ro. —'jl] — 0‘ u > 0.
and
€ i) ) i ' 2y : ’
’”_‘rl (tp)+ ) (r.,u}:EISC—Z] (1= WP, ') dy',
{ =1
with
VOO, ) =800 = pd) "0l — o)y ppe >0,
and

VW, —u) =0, u>0.

(1

(12a) e

(12b) _

(13)
(14)

(15a)
(15b)
(16)

(17a)

(17b)
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The radiative transfer problems defined by Equations (14)-(17) are of the general form

we consider in Section 3.
Chandrasekhar (1950) also deduced that the problem for the three-vector I(1, u, ¢)
could be reduced to one two-vector problem and two scalar problems. We therefore

write

where

I(z, p. ) = ZW(t, n) +
+§Q[“ _ﬂzjl.d“ —}I%)“z(ﬁ“'{f.ﬂ)l’“'[ﬂ,¢f}10.¢0} +

+ @21, )PP, @ o, $o)IF +

: . 1 2
+ ndlp — pole” l:f){‘i’ = ¢o) — 37 U~ In (1 + 2u8)7" x

4 i
x QP u, ¢:pg, o) — el L +43)" x

x QP2 (u, ¢:1‘0»¢0)}:9 (18)
1 0 1 0 0
==1l0 1|]- uU=|0 1 (19a, b)
0 0 0 0 0

and I(r, u) is a two-vector that satisfies

with

and

where

and

“‘. 1
Mo Nr,p) + Hr,p) = ‘;u Qlu) j QT Mt p')ydy', (20)
. -1
1[F].

10, u) = 3| E Sl — po)e M o >0, (21a)
1

Nig, —u)=2,D J. Mg, p' ) dyt’, >0, (21b)
(4]

cud + 31— o) ud”u_ﬂ”J (22)

e +2) 0

|
o=[‘ } 23)
1 1

Qu)=3c+2)"! 1[

[ TR T
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In addition, ¢'"(t, u) and ¢'¥'(z, u) satisfy
= i
B ) + ¢ ) =

.
et (1= )1 + 20)p V) (x, ) Ay, (24)

8 J.

with

@0, ) = §0(1 + 2ud)(1 — p3)] "ok — pg)y  HMoBo >0,  (25a)
and

¢t —u) =0, u>0, : (25b)
and .

12) (2) 3we [! 212 4(2) Ny )
pmcb (t,u)+ ¢, )= e (1 + p 2y ez, p)dy, (26)
=1

with

IO, p) =1 + pd) 2 = o), g (27a)
and .

¢|2Ih. _1-‘) = U = 0. /‘_ ’ (2‘”)]

We note that ¢'*'(z, u)and ¢”'(r ) are also defined by radiative tra:lsfcr problems of
the general form considered in Section 3. .

It is apparent that the formulation of the basic problems to be solved given here
difTers from that of Chandrasekhar only in that we allow w to be less than unity and we
work in terms of the complete intensity rather than the diffuse field.

2. The Two-Vector Problem

From the foregoing section it is clear that the most difficult task in constructing the
solution we seek is that of solving the two-vector problem defined by Equations (20)
and (21). The solution by the F, method of this problem has recently been reported
(cf. Siewert, 1979; or Maiorino and Szcwert 1980), and thus here we give only a
summary of the basic equations.

If the exit distributions are approximated (cf. Maiorino and Siewert, 1980) by

1O, — ) = Q(u) Z ay',  u>0, (28a)

1=0
and

1
Nty pt) = i[ ]o[p — Ho)e o 4+ Q(u) Z b, 'ﬁ"}l?'ﬂ- (28b)

a,i$\'_-_ ¢
; q‘.‘




194

C. E. SIEWERT AND J. R. MAIORINO

.then the constants a, and b, can be found by solving the following F equations at
selected values of { € 5y w (0.1):

and

where

and

where

Z AS)a, + ek Z (1) = 2oB{EIDY,Ib, = K,() (29a)
=0
Z [AL(§) = 70AG(E)DY,]b, + ¢ w0 ): (S, = K,(&), (29b)
1=0
Y, = ! Q, + Q,. ° .
T \a+2/7° :-{»4 o (30)
T T
K,(§) = %po{[l — et ven MU Uo)
¢ + o
+ / e't:)(l Ho lslBT( }D}[?J {313]

MT £ T
Kz(f] — ‘}ﬂo{[c_'”" —e 0 .uo] {_’Q (o) + ioe—fo#ﬂoAg(g')D}l:?];

¢~ Ho

(31b)

Aoll) = [Qo +3Q + & -HQ, —¢In (1 4 4 )Q(tf):lM(f} (32a)

2
Bo(¢) = [a A¢) - 2Q, — §Qz]M{c'J + Aol$), (32b)
AG) = QTN + w&*QQ, + 1Q,)]. 33)
Fo(é) = Mr(f)[Ro - ¢K($)]. (34a)
(&) =~¢r,_ )+ M¢)R,, (34b)
2
Aol$) = M’{:)[‘—U I1-R, - éK(;’lJ. (35a)
AE) = EA, (&) - MR, (35b)
Q) =Q, +¢%Q,, (36a)

R, = ( )ngo+( )(o'oo+ooon+( ! ) Q,  (36b)




THE COMPLETE SOLUTION FOR THE SCATTERING OF POLARIZED LIGHT 195

and

K(\,I-QE oln( :,)HQI wQSQ;{é‘ln(H;) ; d‘]+

1 1 ¢ f’
r ‘ — ——— —_—
+Q;Q;[£ In (l +¢)+4 3 13 J (37
Weuse M(&) = 1, ¢ € (0, 1); whereas M(n,) is a null-vector of the dispersion matrix (cf.

Bond and Siewert, 1971)
Alno)M(ng) =0, (38)

where

A dx
Aiz)=1+}w:z Q7(x)Q(x) . . (39)
o x—-2z .

As discussed previously (Maiorino and Siewert, 1980), the set of linear algebraic
equations obtained by evaluating Equations (29) at selected values of { € 5, (0, 1)can
be solved economically to yield, by way of Equauons (28) accurate numerical results

for l{O ﬂ) and l(ro,ﬂ’. H > 0. P T ey B

3. The Scalar Problems

In order to develop solutions by the F, method for the required scalar functions
Ve, w), V'V(1, ), ¢'V(1, p) and ¢*¥'(t, u) discussed in Section 1 we Qow consider the

general class of problems defined by the equations N
l Y ! ‘
ﬂ;;:'(r,u)+-'(r.u)=5I_Ifw'u(r‘y'ldp'. (40)
HO, p) = No(u — pg), U, o >0, (41a)
and
I(tg. —p) =0, u>0, (41b)

where N is an arbitrary normalization factor, and we consider that f(u) = f(— ), f(u)
= 0. for u € [0, 1], and that

1
Al)=1- (U'[ S)dp = 0. (42)
0

By analogy with other scalar problems (McCormick and Kus¢er, 1973)itisclear thata
solution to Equation (40) can be expressed as
I(x, p) = [A(no)b(no, ) e™ "™ + A(=no)dl—no. j1) €0, 1 +

1
+ J A(n)p(n, p)e~""dn, (43)

=1
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where

._.“’é 1 -
¢(¢.#)——*2—'f(5)Pv(c—:—‘“)+4(‘f)0{¢ H) (44)

and

: (45)

! d
i) =1 +%’nPJ- Sx) —
-1

xX—=n

We note that f(1) >0=x =1, and if f{1) =0, then x = 1 if (1) <0 and x =0 if
A(1) > 0. We do not consider here the possibility that A(¢) and f{r) can simultaneously
be zero for some 1, € (0, 1). When x = | we note that 5, is a zero of

w ! dx
A(z)=1+-izj_1f(x)x_z- (46)
and that 1, can be expressed (Siewert, 1980) as
1
no = [A(0)] ™2 e:)(p[—l f 9[!}2]- 47
o t
where
_ _, [wrnf(r)
s ( gt ) (48)

is cog(inuous for t € [0, 1] and such that (1) = =n.

The expansion coefficients A(+ &), E€ P—-ie.fenyu (0, 1)ifxk =lorée (0, 1)if
x = 0 - in Equation (43) are to be determined by the boundary conditions given as
Equations (41); however, the fact that the functions ¢(¢&, u) are orthogonal, i.e.,

1
j W), ol ) du=0, £+, £eP, (49)
1

can be used, as discussed by Grandjean and Siewert (1979), to deduce the singular
integral equations and constraints for the surface intensities /(0, — y) and [(z,, ),
u >0,

1
J W), M0, —p)dp + €77 x

0

1
x J W) =&, il (g, p)dp = L, (&) (50a)

]
and

1
J‘ WG, p(to, p)dp +e7%% x
0

1
x I W (=&, )0, —pu)du = Ly(£). (50b)
o .
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In Equations (50) the known terms, after we make use of Equations (41), are

Li(&) = pof(o)d(— &, 1o)N

and
Ly(8) = poSfluole” O D&, Ho)N.

If we now introduce the approximations

N

10,-p)= Y aup’, u>0,

a=0

and

'N .
Itg, p) = No(u — po)e ™"+ § by, p>0,

a=0

into Equations (50) we find the basic F, equations to be

Mo S (po) = e R T L) N
S+ g

Y [a,B,(¢) + e % A,(6)] =
1=0 et %

T e e—————y P -

and -
A i ) c—,o,r.{ — @~ foiKo
Y [5,B.AE) + e a, A ()] = poSlpo) —5—— [N,
1=0 C — Ho e
where ;.}_,
1 d“ o7
Aglé) = — -
ol$) J‘o ﬂf(ﬂ)”‘_’_é
1
A,($)=—§A,-|li)+j wu)dy, xzl.
4]
) 2
By(S) = —A(0) + Ap({)
w
and

1
B,(§)=5B=—:(€}*J‘ wf)du, az1.
0
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(51a)

(51b)

(52a)

(52b)

(53a)
(53b)

(54a)
(54b)

(55a)

(55b)

It is apparent that we now can readily solve the system of linear algebraic equations
obtained by evaluating Equations (53) at selected values of £ € P to find the constants

a, and b, and thus to establish the surface results given by Equations (52).

4. Numerical Results

In order to evaluate the effectiveness of the F, method for solving the complete
problem for Rayleigh and isotropic scattering in a planetagpal.r.ngsphcre we now

. .f_- :

N
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would like to report some numerical results. Since the atmosphere is illuminated by a
beam of natural light, we have £, = F, = }and £, = F, = 0, and thus here V(r, u, ¢)
= 0. Since the solution, by the F, method, of the two-vector problem has been
discussed recently (cf. Maiorino and Siewert, 1980) we comment here only on the two
scalar problems, for ¢'"(t, u)and ¢'¥'(r, u), required to complete the solution given by
Equation (18). Thus, for the ¢ problem, i = 1 and 2, we have used

f.hu)=i—c(l = w1+ 24%), (56a)

Ny =13 —pé)u +2u3)]7", . (56b)

FANME 3—; (1 +p) (56¢)
and _

Ny =1801 + 43]72 ‘ (56d)

to establish the F, equations

Z (a, B‘”({ ) + e ol h AN )] ._C"L.to_ {1 — e rotlrése tiwon (57a)

1=0 J’ + Ho
) and
N . . e“ to/4) - = to/MO .
Zo [6,B(¢)) +e™ " a,40())] = 2"#0[—“‘-;":”—“]' (57b)
= J [1]

The required functions AY"(¢) can readily be generated from

3c | 1 2
Atll = n el —
)= =AM (6 + [a+l+:¢+3 a+5] (58a)
with
Ic 1 q
Ape ==l -2 -om(1+ +5+-‘— +E3 =284,  (58b)
4 15 3
and
3¢ 1 2 1
2HE) = (2) sl
AYNE) = —EAY 1{5]+3[a+l+‘1+3+1+5] (59a)
with

3¢ ) 1\ 28 s¢ 718* &
A =" —(£3 =3 iU o A I SRS 4|
0 (&) 8[ (&* + 2 +:)ln(l-+-c,)+ls 4+3 2+,5
The functions BY(&) follow from Equations (55), (58) and (59). with

Alo) = 1 — ppwe. (60)
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TABLE |

Thchlokcs parameters {{0, — u, @), Q(0, —pu. ¢) and UV(0, —u, ¢)

199

p ¢=0 ¢ =90 ¢ = 180
0.06 0.3952 0.2849 0.4080
-0.1291 (- 1) 0.1110 —08(-4)
0.0 -0.1069 00
0.10 0.3763 0.2778 0.3963
~0.1475 (= 1) 0.1059 0.5296 (—2)
0.0 ~0.1002 0.0
0.20 0.3320 0.2584 0.3662
-0.2146 (- 1) 0.9388 (- 1) 0.1278 (=1}
0.0 —0.8559(—1) 0.0
0.32 0.2871 0.2371 0.3327
—0.3036 (- 1) 0.8185(—1) 0.1526 (—1)
0.0 -0.7128 (- 1) 0.0
0.52 0.2291 020827 ~.... ___ 02833
—04387 (=1} 0.6687 (—1) 0.1041(—1)
0.0 -0.5219(-1) 0.0
0.72 0.1867 0.1857 0.2382
—0.5378 (— 1) 0.5616 (- 1) —0.2356 (=2)
0.0 —0.3571 (- 1) 00 .
0.92 0.1592 0.167¢ 0.1917
~0.5647 (- 1) 0.4819(-1) —0.2440°(— 1)
00 -0.1743 (= 1) 0.0
1.00 0.1616 0.1616 0.1616
—~0.4556 (—1) 0.4556 (— 1) —0.4556(—1)
0.0 0.0 0.0

To define the values of ¢ in Equations (57) we have selected, fork = 1, &, = 5, and the
remaining {; = (2/ — 1)/2N), j=1,2,...,N; for x =0 we have used ¢;_, = (2
— 1)/[2(N +1)],j=1,2,.. ., (N + 1). Thus, for each problem we solved a set of 2(¥
+ 1) linear algebraic equations to deduce {a,} and {,} and thus to establish ¢'*’ and
¢'?' at the boundaries.

The quantities 10, — ), I(tg, ), (0, = 1), ¢ (10, 1), @0, — u1) and ¢*?'(14, p1).

u# > 0, can be used with Equation (18) to deduce /,. [, and U, o#the Stokes parameters

I=5L+1,Q=1I-1 and U, at the boundaries. In Tables I and II we list the
‘converged ' £ results for the Stokes parameters correspondingto ty = 5,15 = 0.4, ¢
=0° 4, =0.2,¢c =08 and w = 0.9. We note that our *convefged "' results (typically
obtained from N ~ 10-12) in Table I agree. to the number of significant figures

. Wi alculati ' ¢ K - .
reported, with a calculation communicated by Kawabata (1980) e
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TABLE 11
The Stokes paramcters (o, u, ), Q(ro. p, ) and Ulto, u, )

-

u =0 ¢ =90° ¢ = 180°
0.06 0.8330(-2) 0.8113(-2) 0.8320(-2)
-0.7270(-3) -0.5177(-3) —0.7365 (- 3)
0.0 ~0.788 (—4) 0.0
0.10 0.8753 (-2) 0.8521 (-2) 0.8736 (-2)
-0.7266 (-3) - -0.5069 (- 3) —0.7434 (- 3)
0.0 -0.8437(-4) 0.0 .
0.20 0.9804 (- 2) 0.9534 (-2) 0.9764 (—2)
—~0.7283 (- 3) -04773(-3) ~0.7680 (- 3)
0.0 -0.9927 (- 4) 0.0
0.32 0.1115(—1) 0.1083 (—1) 0.1107 (- 1)
~0.7250 (- 3) —04197(=3) -0.8028 (- 3)
0.0 —-0.1215(=3) 0.0 .
0.52 0.1383(~1) 0.1340 (- 1) 01363 (-1) =
- 0.6846 (—3) ~0.1985 (- 3) —-0.8858 (- 3)
00 -0.1934 (-3) _ 0.0
0.72 0.1730 (—1) 0.1668 (—1) 0.1682 (-1)
—-0.6353(-3) 0.3088 (- 3) ~0.1116(-2)
0.0 -0.3337(-3) 0.0
0.92 0.2106 (- 1) 0.2052 (- 1) 0.2039 (- 1)
-09187(-3) 0.1138 (-2) —0.1585(-2)
0.0 —0.3621 (- 3) nn
1.00 02212(-1) 0.2212(-1) 0.2212(-1)
—0.1540 (- 2) 0.1540 (- 2) -0.1540 (- 2)
0.0 0.0 0.0
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