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Multigroup Energy Representation for Fast Monte
Carlo Estimation of Radioisotope Yields From
Electron-Beam Spectra

Bruno Silveira Nunes, Nilson Dias Vieira Junior

Abstract—Monte Carlo (MC) simulations are widely used
to estimate radioisotope production through nuclear reactions.
However, achieving high accuracy typically requires simulating
more than 10® particles, which is computationally demanding,
particularly when many simulations are required, such as in
optimization loops. In a previous study, we demonstrated that
molybdenum-99 yields from bremsstrahlung-driven photonuclear
reactions induced by laser accelerated electron beams can be
estimated up to four orders of magnitude faster by employing
a multigroup energy representation, in which a limited set of
MC precomputed group yields is used to reconstruct the total
yield for an arbitrary source spectrum. This work expands this
approach by showing that the multigroup representation also
provides a deeper understanding of the relative contribution of
different electron energies to the final isotope yield. Applying
the method to 640 different spectra revealed how the choice of
group structure—such as the number of groups and their energy
widths—affects both accuracy and efficiency. The results show
that the proposed approach reproduces full MC yield estimates
with median errors below 5%, reaching values as low as 0.3%.

Index Terms—Laser wakefield acceleration (LWFA),
molybdenum-99, Monte Carlo (MC) simulation, multigroup
energy, radioisotope production.

I. INTRODUCTION

URRENTLY, the global supply chain of radioisotopes

for nuclear medicine relies heavily on nuclear research
reactors [1], which generate radionuclides from the uranium-
235 (3U) fission [2]. Particularly, ~6% of the 2>U fission
products are molybdenum-99 atoms (°’Mo, half-life of 66 h),
which decay into technetium-99m (99‘“Tc, metastable, half-
life of 6 h). ®™Tc is the most widely used radioisotope in
nuclear medicine, with over 40 million single-photon emission
computed tomography (SPECT) [3] procedures annually. The
relatively long half-life of Mo facilitates worldwide distribu-
tion via “Mo/**™Tc generators [4], implying in a centralized

Received 13 March 2026; accepted 17 March 2026. Date of publication
20 March 2026; date of current version 24 April 2026. This work was
supported in part by the Conselho Nacional de Desenvolvimento Cientifico
e Tecnolégico (CNPq) under Grant 405143/2021-4 and Grant 140941/2023-1
and in part by the Fundag¢do de Amparo a Pesquisa do Estado do Rio Grande
do Sul (FAPERGS) under Grant 24/2551-0001552-3. (Corresponding author:
Bruno Silveira Nunes.)

Bruno Silveira Nunes, Nilson Dias Vieira Junior, and Ricardo Elgul Samad
are with the Nuclear and Energy Research Institute, IPEN-CNEN, Sdo Paulo
05508-000, Brazil (e-mail: brunosnunes@usp.br; rsamad @usp.br).

Alexandre Bonatto is with the Federal University of Health Sciences of
Porto Alegre (UFCSPA), Porto Alegre 90050-170, Brazil.

Color versions of one or more figures in this article are available at
https://doi.org/10.1109/TNS.2026.3675947.

Digital Object Identifier 10.1109/TNS.2026.3675947

, Alexandre Bonatto", and Ricardo Elgul Samad

production. However, Mo production depends on highly
enriched uranium (HEU), and many of the reactors responsible
for its supply were built in the 1970s and are at the end of
their useful lives, demanding constant maintenance and raising
concerns about aging infrastructure [5].

In 2009, the simultaneous shutdown of the two largest
research reactors caused a global shortage of Mo, high-
lighting the fragility of the radioisotope supply chain [6].
To address this vulnerability, alternative production methods,
especially those that avoid the use of HEU [7], have been under
development. One promising strategy to decentralize produc-
tion and reduce reliance on research reactors involves using
accelerated electrons to induce nuclear reactions that produce
“Mo from the naturally-occurring, stable isotope Mo [8].
When electrons with energy of tens of megaelectronvolts hit
a converter made of a large atomic number material such as
tantalum (Z = 73), bremsstrahlung-generated gamma rays can
induce the 'Mo(y, n)**Mo photonuclear reaction on an Mo
target [9], [10], [11], [12].

A promising approach to accelerate electrons is the use
of laser wakefield acceleration (LWFA) [13], [14] driven by
few-terawatt, high-repetition-rate ultrashort laser pulses. In this
process, a laser pulse is focused in a gas jet in a vacuum envi-
ronment, creating a plasma capable of sustaining longitudinal
electric fields that can reach TV/m [14], [15] and accelerate
electrons to high energies over short distances. By impinging
these high-energy electrons on a converter, bremsstrahlung
photons are produced that can, depending on their ener-
gies, trigger photonuclear reactions that convert '’Mo atoms
into ®Mo. This process involves complex interdependencies
among multiple parameters, such as laser pulse intensity and
focusing, gas target density and dimensions, and converter
and target geometry. Given that experimental optimization
is both laborious and time-intensive, this physical system is
particularly suitable for numerical simulation approaches.

An effective strategy for investigating how variations in ini-
tial laser and plasma conditions affect the electron beam—and,
consequently, bremsstrahlung and radioisotope production—is
to combine particle-in-cell (PIC) [16] and Monte Carlo (MC)
simulations [17]. PIC simulations solve the equations of
motion for charged particles under the Lorentz force, using
self-consistent electromagnetic fields computed on a spatial
grid by discretizing and solving Maxwell’s equations. This
approach enables accurate modeling of laser-driven electron
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acceleration, providing as output, for example, the energy
spectra of LWFA-accelerated beams. These spectra can then
be used as radiation sources in MC simulations, which model
the interaction of particle and radiation beams with matter
using a probabilistic approach to trace potential outcomes
in the history of a particle or a photon. By evaluating
reaction cross sections, MC simulations estimate the number
of bremsstrahlung photons and radioisotopes, such as *’Mo,
produced by nuclear reactions [18]. Since finding optimal
conditions for Mo production with the proposed combined-
simulation framework requires exploring a large parameter
space and each simulation is computationally expensive, an
effective strategy to reduce this cost is to integrate the frame-
work with Bayesian optimization.

Optimization algorithms, particularly Bayesian ones, effi-
ciently navigate the vast parameter spaces characteristic of
the physical systems under study by iteratively sampling and
converging on promising regions [19]. By stating the problem
as the maximization of an objective function that rewards
desirable outcomes and penalizes undesirable ones, these
algorithms can identify optimal parameters through iterative
simulation-optimization cycles.

In a previous work [20], Bayesian optimization was applied
to iterative PIC simulations to maximize the energy and
charge of LWFA-accelerated electron beams. After identifying
optimal beam parameters, the resulting electron spectra were
used to compute the bremsstrahlung photon production in a
tantalum converter and subsequently calculate the yield of
Mo through the Mo (y, n)°**Mo nuclear reaction induced
by these photons. While adding the MC simulations to the
optimization loop would allow for the direct use of the
Mo vyield as the objective function to be maximized, this
strategy would significantly increase the computational cost.
Depending on the available hardware, simulation domain, and
so on, even GPU-accelerated PIC codes can require hours
to days of runtime, and CPU-bound MC simulations—often
tracking 108 particles for statistical accuracy—also take many
hours per run. As a result, each optimization iteration is costly,
and the full simulation-optimization cycle can demand a long
computation time.

To address the computational time challenges in MC simula-
tions, a previous study from our group [21] demonstrated that
a multigroup energy representation can be used to estimate
MC results of radioisotope production from electron beam
energy spectra in a fraction of a second, providing results
equivalent to those obtained with a large number of particles.
This work expands the previous study discussing the size of
the multigroup, presents a deeper error analysis, and shows
that this approach highlights the contribution of each electron
energy to the final isotope production.

II. SIMULATIONS AND METHODOLOGY

In this study, 640 electron energy spectra with varying
shapes, charges, and maximum energies were obtained from
PIC simulations using the Fourier-Bessel PIC (FBPIC) code
[22]. The simulations explored different initial conditions
for the gas jet and laser focal position. Each employed a
10 TW peak-power Gaussian laser pulse with a full-width
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Fig. 1. Beam-target configuration (not to scale).

at half-maximum (FWHM) intensity duration of 35 fs, with
a wavelength of 800 nm, linearly polarized along the x-axis
and propagating along the z-axis, focused to a 7 um beam
waist. The laser propagates through a gas jet with a trape-
zoidal density profile [23], composed of a helium-nitrogen
mixture with varying total and relative densities (relative mass
ratios from 0% to 100%) [24], and different lengths. These
parameters were chosen in accordance with the design of a
laser-plasma accelerator currently under development at the
Center for Lasers and Applications of the Nuclear and Energy
Research Institute (IPEN-CNEN, Brazil).

The electron energy spectra were used as inputs for MC sim-
ulations in openTOPAS v4.0.0 (Tool for Particle Simulation)
[25], [26], a Geant4-based toolkit [27]. In these simulations,
electrons were generated from a particle source defined with a
Gaussian spatial distribution, specific divergences, and particle
energies determined by the FBPIC generated spectra. The
source produces cylindrical electron beams with a Gaussian
radial distribution f(r) = ¢/%, where o = 30 um is the
standard deviation. The beam radius is defined as 20", encom-
passing approximately 86% of the electrons, and has 3.2 mrad
of angular divergence in both the x- and y-directions. The
beam propagates through 15 cm of vacuum before reaching a
cylindrical tantalum (Ta) converter with a radius of 1.25 cm
and a thickness of 1 cm, as illustrated in Fig. 1. At the point of
impact, the beam has a diameter of 1.92 mm (corresponding
to 40 of the transverse distribution), consistent with typical
LWFA beam characteristics. Immediately after the converter,
a cylindrical natural molybdenum (™Mo, which contains
9.7% of '"“Mo) target with identical transverse dimensions
and a thickness of 5 cm is positioned. Although '"Mo-
enriched is available, its cost is significantly higher than that
of natural molybdenum. Considering the 9.7% abundance of
100Mo in Mo, the yield from a fully enriched target may
be approximated by scaling the ™Mo results by one order
of magnitude. The radii of the Ta and ™Mo targets were
chosen to balance realistic dimensions with minimal electron
losses from large-angle scattering. The converter thickness was
chosen to enable the analyses of production and absorption of
photons for different electron beams, while the ™Mo target
thickness was designed to maximize the **Mo yield.

Let ¢/(£) represent one of the 640 input spectra, used as the
radiation source in an MC simulation to estimate the Mo
yield, Yypee. By choice, ¢/(&) begins at 8 MeV since electrons
below this threshold cannot produce bremsstrahlung photons
energetic enough to trigger the '’ Mo(y, n)°*Mo reaction. The
cross section of this reaction becomes significant between 8
and 20 MeV, reaching its maximum at 14.5 MeV [9].
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Although each input spectrum carries a total charge (Qo) on
the order of nC, i.e., about 109 electrons, it can be efficiently
modeled in an MC simulation using N, = 10® histories, each
representing the evolution of one electron, with a weight factor
Wumc to scale the simulation results accordingly

Ql()l
eN,

where e is the elementary charge. In this way, every MC result
is multiplied by Wy to obtain an estimate of the result for
the correct number of particles.

A good approximation of Y., the “Mo vyield obtained
from the MC simulation of an electron beam with an energy
spectrum (&) can be achieved using a multigroup energy dis-
cretization method. In the approach presented here, the energy
domain is divided into discrete groups of constant width A&,
and each group is independently propagated through the same
physical system by an MC simulation. This procedure returns
a corresponding ?Mo production yield y; for the ith energy
group. The total multigroup yield is then computed as

Ye=> ay, i=0,12,... )

Wme = (D

where a; corresponds to the number of particles contained
in the ith energy group, obtained by integrating the spectral
distribution over the group interval [28], [29]

(i+DAE
a; = / Y (&)de. 3)

AE
Further details on the multigroup discretization and its phys-
ical interpretation are provided in the Appendix for readers not
familiar with this formalism.
For a given multigroup, the accuracy of Y, can be evaluated
by comparing it with the reference Y. The relative error
between these two yields, €, is calculated by

€ [%] = 10078 Yoeee. )
Y, spec
A negative error value indicates that the multigroup underesti-
mates the ’Mo production, while a positive error denotes an
overestimation.

To assess the accuracy and limitations of the multi-
group energy representation method, five energies groups
with different resolutions, AE = {0.25, 0.5, 1, 2, 5} MeV,
were precomputed through MC simulations, providing the
corresponding y; values [in (2)]. The 640 spectra were then dis-
cretized onto each multigroup, and the results were analyzed
as a function of AE. The discretizations and yield estimates
Y, [in (2)] were carried out using a Wolfram Mathematica
14.0 script.

While the multigroup with A€ = 5MeV spans the energy
interval from 8 to 258 MeV, the remaining multigroups extend
from 8 to 260 MeV, covering the energy range of all projected
spectra.

For each element of every multigroup, an MC simulation
was performed with p = 10 particles uniformly distributed
over its energy width (IAE < € < (i+ 1)AE). For a multigroup
with k elements, the total number of simulated particles per
group amounts to k- p ~ 107 — 10° particles, depending on
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Fig. 2. Discretization of an electron spectrum (gray shaded area) onto

(a) 1 MeV multigroup and (b) 5 MeV multigroup, with the corresponding
discretizations shown as a black line. The resulting Mo yields for each
group are depicted in red.

AE. The cost of precomputing all elements of a multigroup
is comparable to that of performing a few conventional MC
simulations with 108 histories. However, since the optimization
process may require hundreds of iterations [20], the use
of a precomputed multigroup can substantially reduce the
computational time needed to reach the optimal solution.

III. RESULTS AND DISCUSSION

Fig. 2 shows a representative spectrum of the 640 obtained
from the PIC simulations (gray shaded area) and the results
of discretizing it onto the multigroups with AE of (a) 1 MeV
and (b) 5 MeV. In both figures, the black line represents
the spectrum discretization onto the multigroup, while the
red line shows the corresponding yield for each group, a;y;.
The total yields from the spectrum (Y;pec) and those estimated
from the multigroup (Y, with g being the group width AE)
are also shown. The values estimated from the multigroups
differ from the reference yield Yspec by —1.1% and 0.5% for
the 1 and 5 MeV multigroups, respectively. While running
an MC simulation with the original spectrum yields the
reference *Mo production, Y, the discretization of the
spectrum onto a precomputed multigroup provides a deeper
understanding. In this approach, a yield is obtained for each
group, and the resulting set of yields can be interpreted as
a yield function—or the multigroup representation of the
energy-dependent importance function for the production of
Mo nuclei from source beam electrons [30] (red curves in
Fig. 2)—which highlights which energies contribute most to
the ®*Mo production. This decomposition reveals a threshold
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Fig. 3. Cumulative photon production along the tantalum converter, nor-

malized by the number of electrons of the multigroup element (a) all
photons, (b) photons with energies between 8 and 20 MeV (resonant with the
lOOMO()/, n)**Mo reaction), and (c) fraction of photons within this resonant
range. Each line represents the simulation of a 1 MeV multigroup element
using 10° electrons, with the color scale indicating their initial energy.

at approximately 13 MeV, below which electrons do not have
sufficient energy to produce bremsstrahlung photons capable
of triggering *Mo production. Above 20 MeV, the yield
function exhibits a strong correspondence with the electron
spectrum: all spectral peaks, including minor ones, give rise
to counterpart peaks in the yield function, as indicated by
the vertical dashed lines in Fig. 2(a). In Fig. 2(b), the
broader multigroup reduces the energy resolution, making
the correspondence less distinct but still evident. The results
in Fig. 2 also demonstrate that higher-energy electrons are
more efficient at producing **Mo: despite their smaller charge
compared to lower-energy peaks, their contribution to the total
yield is greater. This trend extends up to ~ 80 MeV, beyond
which the efficiency of Mo generation decreases due to the
declining number of electrons at higher energies.
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Fig. 4. Violin plots of the errors in yield estimation: comparison between the
spectral yield and the estimated yields of the five multigroups’ discretization.

Fig. 3 shows the number of bremsstrahlung gamma photons,
N,, as a function of the tantalum converter depth, taking
into account their production and absorption. Each curve
corresponds to an element of the A = 1 MeV multigroup.
This subset spans the full energy range and was chosen to
avoid clutter. The curves were obtained using 20 phase-space
detectors positioned along the converter thickness from 0.05 to
1 cm. In Fig. 3(a), each curve represents the total number of
gamma photons at a given depth, normalized by the initial
number of electrons N, in the corresponding group (with
initial energy &;, indicated by the color scale). Fig. 3(b) shows
the number of photons generated per incident electron in the
820 MeV, N; /N,, which corresponds to the resonance range
of the '“'Mo(y, n)*Mo reaction [9], [12]. These graphs show
that as the electron energy increases, both the total photon
yield and the photon yield in the resonance interval grow. This
yield boost occurs because the electron bremsstrahlung cross
section has a complex dependence on the electron energy,
rising with it [31], which, in turn, increases the total number
of photons produced. Furthermore, bremsstrahlung photons
can interact with the converter atoms, generating secondary
electrons by the photoelectric absorption, Compton scattering,
and pair production, with each process probability depending
on the photon energy [32]. These secondary electrons generate
additional bremsstrahlung photons. Consequently, the proba-
bility of producing a 14 MeV photon (the '’Mo(y, n)*’Mo
cross section peak) through multiple interactions of a high-
energy electron is significantly higher than the probability of
a single 14 MeV electron producing an equivalent photon
by a direct collision—an extremely rare process. Fig. 3(b)
illustrates this by revealing that while two electrons with
energy of approximately 75 MeV are needed to produce one
resonant photon (8-20 MeV) at the converter exit (1 cm
depth), a single 250 MeV electron generates two resonant
photons at this position. In addition, the electron penetration
depth in the converter rises with its energy, and therefore, the
converter’s optimal thickness depends on the energy of the
incident electrons, balancing increased photon production with
absorption losses inside it. Finally, Fig. 3(c) displays the ratio
of photon counts in (a) and (b), N;/Ny. For initial electron
energies above 70 MeV, this fraction converges to about 7.5%
with little dependence on energy, while it decreases sharply at
lower energies.
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Fig. 4 shows the distributions of relative errors between the
multigroup-estimated **Mo yields (Y, ), obtained using the five
different multigroups, and the reference yields from standard
MC simulations (Ygpec), as defined in (4). Each distribution,
constructed from the relative errors of the 640 input electron
spectra, is presented as a violin plot. The central hollow dot
indicates the median, horizontal lines represent the first and
third quartiles and distribution bounds, and outliers appear
as black dots. Looking at the violin plot, the accuracy of
multigroup-estimated **Mo yields shows a complex depen-
dence on the multigroup width (AE). For A€ = 0.25 MeV,
the distribution exhibits a negative bias with a median error
around —1% and a small spread, with outliers extending to
approximately —10%. For A = 0.5MeV, the distribution
becomes more asymmetric and is centered farther from zero,
showing a slight negative bias around —3%. The distributions
for A = 1 and 2 MeV show improved centering with
medians near 0%, similar narrow spreads, with errors ranging
from —-6.0% to 5.3% and fewer outliers, suggesting better
overall accuracy at these intermediate resolutions. However,
at the coarsest resolution (A€ = 5 MeV), the accuracy and
dispersion deteriorate significantly. The median error increases
to almost 5%, representing the largest systematic bias among
all tested multigroups. In addition, this configuration shows
increased positive outliers extending beyond 15%, and the
overall distribution width is approximately double that of the
other multigroups. This degradation at the coarsest multigroup
width suggests that while the multigroup energy discretization
method shows robustness across a range of energy resolu-
tions, excessive coarsening of the resolution leads to loss
of important spectral information needed for accurate yield
estimation. Nevertheless, even with this smaller accuracy, the
error between the first and third quartiles is under 10%,
providing good estimates of the *Mo yield.

The optimal results occur at intermediate bin widths
(1-2 MeV), where the balance between spectral resolution and
statistical stability produces the most accurate and consistent
yield estimates with minimal systematic bias and reduced
scattering.

The main advantage of using multigroup energy discretiza-
tion to estimate spectral yields is the substantial time savings in
repetitive or recursive calculations, such as solving optimiza-
tion problems iteratively. The average runtime of a full MC
simulation for the set of 640 spectra—each of them executed
with 10% electrons, on 24 threads of an AMD Ryzen 9 12-core
processor (@ 4.8 GHz) with 64 GB RAM—was 33 min.
In contrast, once the multigroup energy representation had
been precomputed, and the corresponding y; yields obtained,
discretizing a spectrum onto the multigroup and estimating
its yield required only 0.65, 0.38, 0.23, 0.16, and 0.12 s
for A& = 0.25,0.5, 1,2, and 5 MeV, respectively, when
executed via a Mathematica script on the same machine. The
execution time scaled approximately with A£~!, corresponding
to speedups of ~ 3000x, 5200x, 8600x, 12400x, and
16500x compared with a full openTOPAS simulation.

The average time to compute a single group with 10°
electrons on the same machine is about 2 min, regardless of
the multigroup size. Hence, the payback time for precomputing
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the multigroup depends on the number of elements in it. For
an energy range of ~ 250 MeV (which covers all the input
spectra), the computational cost is recovered after running 61,
31, 15, 8, and 3 full-spectrum MC simulations—each with 108
electrons—for the multigroups with AE = 0.25, 0.5, 1, 2, and
5 MeV, respectively, a relatively small number of simulations
in the context of optimization problems.

Taking into account the errors shown in Fig. 4 and the time
needed to simulate the multigroup, the 2 MeV multigroup opti-
mizes the solution for the problem presented here, considering
both the projection of the spectra and the time payback.

Each group is simulated with 10° electrons. Thus, covering
the 250 MeV energy range with AE = 2 MeV requires about
125 simulations, corresponding to a total of ~ 10® particles.
This matches the number of particles used to compute the ref-
erence yield Ypec, which explains the good agreement obtained
for A€ =1 and 2 MeV. In contrast, using AE = 0.25 MeV
would require roughly 1000 simulations or ~ 10° particles—an
order of magnitude larger than that used for Yy,.. This
imbalance likely accounts for the larger discrepancies observed
in this case. A similar issue arises for A = 5 MeV,
which requires only about 50 simulations, corresponding to
~ 5 x 107 particles, i.e., half of those used for Yspec. This
factor of two reduction applies if the spectrum spans the full
250 MeV range. For spectra with lower maximum energies,
the discrepancy is even greater: for instance, with a 100 MeV
cutoff, the cumulative number of simulated particles drops to
about one quarter of that used for Ype.. Such reductions likely
explain the larger errors observed with the widest multigroup.

As a final note, it is common to post-process the results of
PIC simulations to obtain a histogram A(€) representing the
particle energy distribution, rather than a continuous function
¥ (). Assuming that this histogram has bins with width 6&
and h(&;) is the number of particles—electrons—in the ith bin,
when discretizing the spectrum, (£) must be replaced in (3)
by the normalized histogram, 4(£)/6E, which corresponds to
the histogram’s probability density function (pdf) multiplied
by the total number of particles, N,. This adjustment ensures
that any spectrum can be discretized onto the multigroup by
substituting (&) by A(E)/6E in (3).

IV. CONCLUSION

A precomputed multigroup energy discretization can be
applied to drastically reduce the computational time required
for estimating radioisotope production from an electron energy
spectrum through MC simulations. Five different multigroups’
energy representations were tested, all achieving accurate
production estimates for hundreds of spectra, taking less than
a second for each spectrum, representing a speed-up ranging
from 3000x to 16500x, depending on the multigroup size,
compared to a full openTOPAS simulation of a single spec-
trum employing 108 histories. This acceleration is particularly
suitable for applications requiring rapid yield evaluation or
extensive parameter space exploration, such as in optimization
scenarios, significantly enhancing the efficiency of iterative
processes.

Based on the comparative analysis of 640 electron spec-
tra, the multigroup energy discretization method can rapidly
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Fig. 5. Tllustration of the multigroup discretization of a continuous spectral
distribution ¥(€) into energy groups of width AE. The area a; represents the
number of particles contained in the ith energy group, which is also the area
of the ¥(€) integral in the group interval. Adapted from [21].

provide accurate estimates of Mo production yields, with
median relative errors of —1.7%, —4.0%, —0.3%, —0.3%, and
4.4% for multigroups with AE = 0.25,0.5,1,2,and 5 MeV,
respectively. The smallest estimate errors occur for multi-
groups in which the total number of electrons (number of
groups times the number of electrons per group) is close to the
number of electrons in an MC simulation of a full spectrum,
indicating the multigroup width AE.

This methodology is limited to a fixed physical system;
for instance, modifying dimensions such as the converter or
Mo thickness requires new simulations of the multigroup.
Nonetheless, it is broadly applicable to any physical system
that can be modeled with MC simulations and is particularly
useful when a large number of simulations are demanded.

APPENDIX
DERIVATION AND PHYSICAL INTERPRETATION OF THE
MULTIGROUP FORMULATION

Since nuclear reaction rates are proportional to the incident
particle flux [28], the **Mo yield produced by an electron beam
with spectral distribution (£) can be obtained by integrating
the contribution from each energy component of the spectrum

Yopee = /0 U (€) y(E) dE 5)

where y(€) denotes the yield produced per particle by an
electron with energy &.

In the multigroup representation, the energy domain is
partitioned into intervals (groups) of width AE. Within each
group, the yield is approximated by a constant value y; =
YUAE + AE/2) for iIAE < € < (i + 1)AE. The total yield then
becomes GLDAE

Foux 3 [ v e ©)
— Jiae
Since y; is constant within the group, it can be taken outside
the integral

(i+1AE
Yepee ~ Zy,- /M W (E) dE. ()

The integrals define the multigroup coeflicients a;

(+DAE
a; = / v(€) dE ®)

AE
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which correspond to the number of particles within the ith
group, as illustrated in Fig. 5. Thus, Y. can be approximated
as

Yg = Z a;yi. (9)

Therefore, the multigroup formulation corresponds to a
piecewise-constant approximation of the yield y(£) and
reduces the continuous spectral integral to a discrete weighted
sum.
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