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Abstract —  Based on the multivelocity model described in a  

companion paper submitted to this Conference, a diffusion model  

is presented. This model differs from the multivelocity model in  

the way the kinetic coenergy of the components is taken into ac-
count, reducing the number of state variables from multiple ve-
locities to a mean velocity. In the diffusion model, the dynamics  

of a multicomponent solution is described in terms of the average  

(center of mass) velocity of the mixture and the mass flux of each  

component relative to the average velocity. The relative fluxes  

are assumed to be dependent on the entropy per unit volume  
and the component densities. This functional dependence allows  
to deal with ordinary (concentration driven) diffusion, pressure  

diffusion, forced diffusion and thermal diffusion. Based on the  

contribution of the diffusion fluxes to the kinetic coenergy, dif-
ferent potentials associated to the entropy per unit volume and  

component densities are defined. It is shown that these poten-
tials modify the generalized effort variables appearing at the in-
ertial. mass and thermal ports of the IC-field representing the  
system total energy. Besides, these potentials introduce linkages  

between these ports.  
Keywords: Bond Graphs, Computational Fluid Dynamics.  

CFD. Multicomponent Solutions, Diffusion.  

I. INTRODUCTION 

In recent works [1][2] a theoretical development of a gen-
eral Bond Graph approach for CFD was presented. This new  
methodology, which was called BG-CFD [3], is a result of the  
right combination of Bond-Graph concepts with elements of nu-
merical methods. In a companion paper [4], this methodology  
was extended to multicomponent solution systems [5] in which  
the component velocities are part of the set of state variables.  

It is common in the literature [6] to describe the dynamics  
of a r ntiiticomponent solution in terms of the average (center of  
massy velocity of the mixture and the mass flux of each compo-
nent relative to the average velocity. These relative mass fluxes 
are m ,deled using diffusion theory. 

The diffusive mass fluxes consist of different contributions as-
sociated with the driving forces (mechanical or thermal) existing 
in the system [7].  

In ordinary diffusion, the mass flux depends in a complicated 
way cn the concentration gradients of the components present: 
in most of the problems, this is the most important contribution. 

The pressure diffusion indicates that there may be a differ-
entiae net movement of a component in the mixture if there is 
a pressure gradient imposed to the system; this effect is im-
portant in centrifuge separation, in which tremendous pressure 
gradients are established. 

The forced diffusion appears when the components are un-
der diHerent external forces, as in the case of ionic systems ir.  

presence of electric fields. 
Finally, the thermal diffusion describes the tendency for the 

components to separate under the influence of a temperature 
gradient. Although this effect is small, it can be enhanced by 
producing very steep temperature gradients.  

The relative fluxes are assumed to be dependent on the en-
tropy per unit volume and the component densities. This  

functional dependence allows to deal with ordinary (concentra-
tion driven) diffusion, pressure diffusion, forced diffusion (with  
steady forces) and thermal diffusion [7].  

Unless stated, the reader is referred to the companion paper  
[4] for the nomenclature adopted here.  

II. INDEPENDENT VARIABLES AND  
POTENTIALS  

A. Diffusion approximation  

Before presenting the diffusion approximation, some defini-
tions of parameters associated to the multicomponent solutions  
are introduced. The density of the mixture p is defined as:  

P = E

• 

p('' 	 (1)  
i=1 

Other quantities associated with the mixture can be defined,  
in order to regard the motion of the solution as a single body.  
For the case of additive functions, the following definitions are  
adopted:  

i  P^ _  E  P(') CD(')  
i=1  

. q= E q

• 

(')  

where G is the body force, 4' is the heat power source per  
unit mass, r is the stress and q is the heat flux corresponding  
to the mixture.  

The average (center of mass) velocity of the mixture V is  
defined as:  

V = 1 E  p 
 : V(i)  

P i=1  

The velocity of the ith-componen: can be expressed as: 

V( ' )  = v -  v ( ' )  

where v ( ' )  is the ith-component velocity deviation with re-
spect to the mean velocity. The relative mass flux corresponding 
to the ith-component J 1 ')  is defined as: 

	

J ( ')  =  P (')  v ) 

	
(6)  

From the definition, it is verified that:  

	

E Jo)  =0 	 (7)  
í=1  

In the diffusion approximation. it is assumed that the relative  
fluxes can be expressed as a function cf the thermodynamic state  
of the system, this is: 

J (i)  = J ( ' )  (so,  P( t'...., P(r)) 
	

( 8 )  

This functional dependence allows to deal with ordinary (con-
centration driven) diffusion, pressure diffusion. forced diffusion  
(with forces dependent on the thermodynamic state) and ther-
mal diffusion; the corresponding mass fluxes are JC ) ,  

and J (7!: ) , resulting:  

P G = E• (') G( ' )  

:=1 

=   
:=1  

(2)  

(3)  

(4)  

(5)  



1 2  = V  

j(i) = 
 jg)  j(pi)  + jg)  

The formulas for these flux contributions are [7]:  

j ( ' ) =_M(')M(i) D(ii) x(i) 
p  

i=1  

x  _ ((VA) vx(k)  
a,7 k )   

k=1 	e, 	k) P. x (aáí.  

S 
 = (

at:  '' j (i) aj (i) 

-5—sv)  V, PV )   
p(i)  

where:  

( 10) £ ( ^) 	,j(•)2 	* j(i) 	tali) _  

2 p(i)2 ^ p(i)  ap(+)  

( 9 )  
(22)  

(23)  

(24)  

j(pi) =  C2   E.  .l1(`) m(i)D(q) x(i) M(i) ( 	1  j ^P 

	

pRB i-1 	 M(i) 	p ///  
(11)  

jc) 	p RB 
NI"` 11(') M(i) D(ii) x(i) M(i) (G(1) _ Gl ( 12) 

	

i=1 	 \  

j (i)  = —DT') VB 
 

B  

In these equations. R is the gas constant, z/' ( ` )  and v(') are  
respectively the partial molal Gibbs free energy and volume,  

M(')  is the molecular weight and x ( `)  is the mole fraction for  
the ith-component. The mole fraction is calculated as:  

x(') 	
C = (i) 

c 	 (14)  

where c ( ')  is the molar concentration for the ith-component  
and c is the total molar concentration, defined as:  

	

M(ti) 	
,  

The DM are multicomponent diffusion coefficients and the 
DT' )  are thermal diffusion coefficients, with the following prop-
erties: 

D(")  =  0 

_t.1(') ' : f iì D(ii) _ M(;) M(k) D(ik) \= o 
J  i=1  

^ DT )  -0  
i=1  

B. Kinetic Coenergy per Unit Volume 

The main difference between the multivelocity and the diffu-
sion model is the way the kinetic coenergy of the components is 
taken into account. Since the velocity deviations are functions of 
the thermodynamic state, the set of state variables correspond-
ing to the inertial ports reduces to the mean velocity. Taking 
into account Eqs. (', to (7), the kinetic energy per unit volume 
can be written as: 

1 	 (i)2 
t; = t. ¡ V. s, p' ) . ..., p (r) ) = 2  p V2  +^ 2 

 P' 
(.) 

i=t 
The following potentials are defined: 

K—r,)  =  ( 

atv 

Opt') V, 8
L, p(i#i)  

P =
;at 	= pV 

8V ) av, p(i)  

From the definition, the potential C ( ' )  is the contribution of 
the diffusion fluxes to the ith-component ldnetic coenergy per 
unit mass, while ( can be regarded as a linkage between the 

 

mechanical an thermal ports. The time derivative of the kinetic 
coenergy per unit volume can be written as: 

at:  _ 
P , 

aV + ^ asv  + r. ^ (;) ap(ti) 
at 	° at 	ar 5-1 	

at 
 

C. Total Energy per Unit Volume  

The total energy per unit volume e;, includes the internal 
 

energy and the kinetic coenergy:  

ev  = uv + tv 	 (26)  

The representation of the internal energy is the same as in  
[4]. The time derivative of the total energy per unit volume can  
be written as:  

ae* 	av 	as 	 co 

=1  

(27)  

As in [4], the potentials multiplying the time derivatives of  
the independent variables satisfy both constitutive and Maxwell 

 

relations [8].  

III. BALANCE EQUATIONS 

Starting from the conservation equations for each component,  
the mass, momentum and energy conservation equations corre-
sponding to the mixture can be expressed as:  

ap 
at 

_ —0. (p V) 	 (28)  

av  
P at  =– E  7. (p( ' )  V ( ')  V ( ' ) ) + G. í p V V)  

•=1  

—pV.7V —VP + D.r+ pG  

at  
r.  _ E  

i=1 L  
 (u.„( ')  V( ' ) ) + C(') 

2  V
( ' )2  — P( ` )  D. V( ` )  

—f  ( ` ) .V ( ')  + r( ' )  :VV ( ` ) ' — pc1) — 7 .q 	(30)  

It can be seen that the non-linear terms appearing in Eqs.  
(29) and (30) give raise to additional terms in t e conservation 
equations, when compared to the ones corresponding to a sin-
gle component. As a consequence, the conservation equations 
for the mixture are not the same as the equations for a sin-
gle continuum. This conclusion disagrees with many textbooks 
1 5 1[71- 

Taking into account the conservation equations presented in 
 

[4], the mixture conservations equations, the constitutive rela-
tions and the diffusion approximation, the balance equations  
result:  

(13)  

(15)  

(19)  

(20)  

(21)  

(25)  

(29)  



(µ(') + K + { ( `)) t̂) = —v. [(µ( ') + K)  (p( ' )  V + J(*)) 1  

+ (p( `)  V + J(' ) ) .vK+ (p ( ' )  V + J ( ` ) ) .v µ (i)  

+C( ` )  (µ(') + K T {(') )  - e' )  V.  (p( ' )  V + J ( `) )  	(31 ) .  
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^^
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J02  \ (i) ï ^i, I 	
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+ 2 J ¡
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 +V.VP+T :VV 

/  

r 

(p ( `)  V + J ( `) ) .vFc( ` )  - ((`) V.  (p( ' )  V + J (i) ) 
 

+C(') 	+ 
( s) )} + E G. J(`) +  p 4, 	(33)  

i=1  
As in the multivelocity model, the balance equations for the  

diffusion model represent the power structure of the system.  
Concerning the constitutive and closure laws needed to model  
a multicomponent solution, it can be observed that in the diffu-
sion model it is not necessary to know the momentum interac-
tion terms between components. It is also interesting to notice  
the way the divergence and source terms split among the differ-
ent ports. For instance, the power term corresponding to the 
stress state splits in two: a term considering the total stress 
and the mean velocity (influencing the velocity port) and power 
terms considering the stress state and the diffusive fluxes for the 
different components (influencing the entropy port). A similar 
behavior can be found for the power term corresponding to the 
body force and the kinetic coenergy. Taking into account Eq. 
(27) it verifies that coupling terms cancel out when the balance  

equations are added, resulting:  

(')2 

(ui -
P+pK- ^ 2  

\\\ 	 i=1  

f 
1

T'= T' V S m1̂) ,...m̂ )̂ ) =  (Pv2 _É. )( ^, df2 
;=t  P  

(36)  

The integrated potentials are:  

í3T'"  
P = 	— V = Pr rV df2 Ca-1  

[I  (  r, df2 
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 8^ in ( i>  V S. m V m+)  

where: 

KW  = S2(`) -1 
 

J dcd    ^P  
 n 	J  

r 1 
ei)  — f2(`)-1. 

J 
 ei) rò'' all  

n 	J  
The inertia matrix introduced in Eq. (37) is defined as: 

li = {M},,•••= J  P'rvm T t'n dí2  

n  
Eq. (37) defines, in the Bond-Graph terminology, a modu-

lated multibond transformer relating the nodal vectors of mix-
ture velocity and linear momentum. as shown in Fig. 1; in this 
and in the following figures, it is drawn the causality resulting 
from the Bond-Graph causality assignment procedure [9]. Ac-
cording to the power conservation across the transformer. the 
generalized effort is given by: 

	

E= 11. V 	 (43)  

F 	 M 	v  

	

N  MTF 	y  
Y 	 p 

• 

— 	1  
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(42)  
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 i=1 

+v. (r.V) — E  
n(i) 	• J (t)  J 	7.q(i)  

+p G.V- EG(').  Jo) + p 47,  
i = 1 

Fig. 1. Modulated inertial tsar= = ---er. 

According to Eq. (37), the nodal v:-:::_ :_ mixture linear  
momentum can be regarded as a system 'r:_ me integral of the 
local value weighted by the velocity into-:.a:inn function. The  

system mixture linear momentum can he :h:ained as: 
rtv 

(34) 	
P = J P dc2  = 	P-. 	 (44)  

^ 	 m=1 

Introducing the potential coming fr.._ .._ Internal energy,  

the time derivative of the system Leta, ere can be written  
as:  

k. = 
 

^ 	
•=1 
	 -A , -{̂ ' ) ) .m( t )  

(45)  
It can also be shown that the volume integrals of the left side 

terms of Eqs. (31) to (33) can be calculated as: 

IV. DISCRETIZATION 

The discretization for the component densities and for the  
entropy per unit volume remain the same as in the multivelocity  
model. For the velocity field. we have:  

V (r, t) = E Vm (t)'PV m  (r) =VT  -Wv 	( 35)  
m=1  

The system kinetic coenergy, with the diffusion approxima-
tion, results: 



(47)  7!L(i) — E(i)  cx—  r̂• f p. 	=  p T .V  
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f w,  
_n  

FF =  (9 + ^) -1 . 
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(46)  

fw ) c 	K + ^ (i) ) dfl  
n 	 J  

f (O+) Jdc? =(_çJ T . 	 (48)  

As in the multivelocity model. the representation of the total  

energy as a function of the state variables S V and m(i) define,  
in the Bond-Graph terminology, a multibond IC-field associ-
ated to the system total energy, as shown in Fig. 2. This field  

has one inertial port (the velocity port) and r + 1 capacitive  

ports (the entropy port and the r mass ports). The general-
ized effort variables associated to these ports are V, (e + 

and (L I+ K()̀  + e(i)) , while the generalized flow variables 

are correspondingly p, S and 

() 	t r̂ _ — (Q+Ç) 	— f w { q -9s„V 
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	. 	P(" 
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(56)  

(57)  

(58)  

(59)  

(60)  

(61)  

(62) 

(63)  

(64)  

For the sake of convenience, we also define the following di-
agonal matrices: 

(51)  
i=t  

,,) df2 
	(70)  

(66)  

(67)  

(68)  

(69)  

µ(t) + K(0 + 4(0  

V 

p 

Fig. 2. System IC-field for the diffusion model.  
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^-  
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E f 
P(j) 

 (J(i) i'S) J(i) I ^v  dr 

J-  

F = JPVI41Pv  dc?   
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FP= f VP ^p (̂ ) dSl 
n  

FD = f r.VjPv dSl 

Fc = J PGCPvdc?  

= M • (F• r'  - FK - FF -Fo + FG) 	(52)  
=.SQ) +.SQF--- Sp -•-  p - .57:— 	SE 	F 	(53)  

The definitions for the different terms in the system state 
equations are:  

rh(wT)(i) — — EE;¡ . 

ThwF  =  EM)  [J(i)  V _' J6)1 
- 

n 	
i  

C = {(},, _ (;  bin 

e i) ={e} , 	̂̂'' k l% ft 
kn. 

= 	k 
 

V. SYSTEM STATE EQUATIONS 

The expressions for the system state equations are: 

(i) 	(r)(i) 	(i) 	(iÌ 	ail 	 (i) áµr 	— 77tyV F. 7_ 7IE r . — 	— 71t K(i)  — 7'TL E  

t  a = (e=() - .  

SD = (e-+- ( I t . 



µen + Kw +  Leo 

Fp  +FD  

Fr^ +  Fc  

(71)  
ó +C  

SU = ESE _ ̂  S1) 
i=t 	i=t  

where: 

E(i) = (µ (t) + K(i) ^ 	1  i` ) ) -  

	

Sp)  _ (Q +c)-1•  [J ws ( p(t)  V +J (t) ) 	( 72)  

SCK = (e+¡) -1 . [J Wo()V.  (p(i)  V+ J ( i) ) dil 	(73) 

 n 

It can bc shown that Eqs. (61) and (70) can bc obtained as: 

EL=  E F(K) i  SÇK =  E Sctic  
i=1 	 i=1  

where: 

F (i)  = f '¡pl') Da+J(').vVT —J(') x (v x V)] (pv df2 (75) 

n 

,g)„= 	Jw.c)  (i») 	 (76)  

Although the complete Bond Graph is not shown here, it can 
be said that the state equations (51) and (53) are represented, 
in the Bond-Graph terminology, by multibond 0-junctions, in 
which correspondingly the ith-component mass rate nodal vec-
tors and the entropy rate nodal vector are added (see Figs. 3 
and 4). Eq. (52) is represented, in the Bond-Graph terminol-
ogy, by a multibond 1-junction, in which the forces are added 
(see Fig. 5). Multibond 0-junctions are also used to represent 
Eqs. (71) and (74). 

Fig. 3. 0-junction representing the balance equation at the ith-component  
mass port.  

Sp  +SD  

	I / 	sf SQ +SQF +SF  

SU  + SQ  

Fig. 4. 0-junction representing the balance equation at the entropy port.  

Se 	y  1 
V 

y  

Fig. 5. 1-junction representing the balance equation at the velocity port. 

Fp+FD =  Ms/  •( 6+ )̂ (77)  

(78)  

(79)  

(80)  

(81)  
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	e+  

	MTF 1- 	\  
V 	 Sp +SD  
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and u;, are 	
Fig. 6. Power coupling between the velocity and entropy ports. 

The density and entropy weight functions w,, 
 

introduced as in the multivelocity model. The boundary condi- 

	

tions and initial conditions are also handled analogously through 	 1' 1  Y 	o 	 O+C 	MMS µ .n + K_:n +  1n 
generalized modulated effort sources at the inertial port or mod- 

	

ulated flow sources at the capacitive ports, as shown in Figs. 3 
	 1 MGY to 5.  

	

The discretized representation of the power couplings are also 	+S '̂K -S£' ) 	 mi( ` )  +mIX ' )  -mEV )  

represented by power conserving two-port elements (modulated  

transformers or modulated gyrators), as shown in Figs. 6 to 8.  

	

It can be shown that the relationships corresponding to Figs. 	Fig. 7. Power coupling between the ith-component entropy and mass  
6 to 8 are: 	 ports.  



Fil/ 
	 m(i) 	

µ (1)  + K 1f ' +S IQ 

I 	̂  MTF I  mx „ ^  

Fig. 8. Power coupling between the velócity'and itlycomponent mass 
ports. 

72( `)  = M'` ) T  . V ^ ,C_ 	MV  

where the rectangular matrices Mgt/ (nv rows, n, columns),  

M(ttf̂s  (n, rows, nP`)  columns) and M (nv rows, n („`)  columns)  
are defined as:  

MS ^ ¡
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1  
^=7 ml Al + çl  fIç0vm +T . vwVm1 wet  dn ( 83) 

1 	
1 	

J 
 (pN V + J())  pa(+) 

+C( ` )  (ip)  + rc t { (`) )  — (`) V. (p(`) 
 V + J(,)) wok wel  1 

 

(84)  

1 	 [p(`) v.+ J(`).VVT 
µk:)  + Kk`)  + £b)  ft 

—J (`)  x (V x V), 1Lp2 cpVm  dí2 	(85)  

As in the multivelocity model, the coupling matrices set re-
strictions in the allowable causalities. 

Finally, it can be said that this methodology can be used  

in any continuous system in which a power representation and  
differential conservation equations exist (Solid Mechanics, Elec-
trodynamics, etc.). In the field of Computational Fluid Dynam-
ics, areas of interest for the application of this methodology are  

Turbulence and Multiphase Flow, in which more sophisticated  

averaging procedures must be resorted to.  
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VI. CONCLUSIONS 

Based on the multivelocity model described in a companion 
paper submitted to this Conference, a diffusion model is pre-
sented. This model differs from the multivelocity model in the  
way the kinetic coenergy of the components is taken into ac-
count, reducing the number of state variables from multiple ve-
locities to a mean velocity.  

In the diffusion model, the dynamics of a multicomponent  

solution is described in terms of the average (center of mass)  

velocity of the mixture and the mass flux of each component  

relative to the average velocity. The relative fluxes are assumed  

to be dependent on the entropy per unit volume and the com-
ponent densities. This functional dependence allows to deal  
with ordinary (concentration driven) diffusion, pressure diffu-
sion. forced diffusion and thermal diffusion.  

Based on the contribution of the diffusion fluxes to the ki-
netic coenergy, different potentials associated to the entropy per  

unit volume and component densities are defined. It is shown  
that these potentials modify the generalized effort variables ap-
pearing at the inertial, mass and thermal ports of the IC-field  

representing the system total energy. Besides. these potentials  
introduce linkages between these ports.  

The author believes that a methodology such as BG-CFD,  

based on the representation of the total energy per unit vol-
ume and the differential equations coming from Continuum The-
ory, is the right approach for discretizing continuous systems.  

The balance equations, which are a original contribution of this  

methodology, represent the power structure of the system and  

can take into account all physical effects. Other models encoun-
tered in the literature, many of them including discretization  

assumptions, can be obtained as particular cases.  
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