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IDEAI^MHD STABILITY OF FINITE-BETA PLASMAS

B. COPPI, A. FERREIRA*, J.W.-K. MARK, J.J. RAMOS
Massachusetts Institute of Technology,
Cambridge, Massachusetts,
United States of America

ABSTRACT. An analytical theory of ideal-MHD ballooning modes that can be excited in finite-/?
equilibria is carried out on model configurations which include the effects of the increase of the poloidal field
toward the outer edge of the plasma column and the dependence of the rate of magnetic shear on the poloidal
angle. The relevant growth rates and eigensolutions are, in fact, significantly different from those derived on
the basis of 'low-|3' model configurations that omit one or both of the effects mentioned above, and provide
different indications for the expected interaction between ideal-MHD and kinetic modes. For each value of
the shear parameter §, the normalized growth rate F becomes real at a critical value of the dimensionless
pressure gradient parameter G. When the latter is increased at constant §, F is found to increase only up to a
saturation point, after which it decreases and tends to vanish at a second critical value of G.

1. INTRODUCTION

A major question concerning any magnetic confine-
ment configuration is the maximum plasma pressure
that it can sustain. This is a rather complex problem,
as for different values of j3 (the ratio j3 of the kinetic
to the magnetic pressure) different transport processes
and instabilities can be excited. In general, there are
no values of j3 for which no collective modes are present.

Here we limit our consideration to the ideal-MHD
approximation for which the plasma is constrained to
move with the magnetic field lines, and we investigate
the stability properties of ballooning modes for
increasing values of j3. These modes have amplitudes
that vary along a given magnetic field line and have
their maximum at the points where the influence of
the local magnetic field curvature is most unfavourable
to mode stability [ 1—4].

The onset of the relevant instability is, in fact,
related to the dimensionless parameter

= eL2/(4Tr2rpRc) ( l .D

where L is the so-called connection length characterizing
the modulation of the magnetic field intensity along a
given line of force, Rc is the minimum radius of
curvature, and

= P/|Vp| (1.2)

is the pressure gradient scale distance. When the para-
meter (i is of order unity the model equilibrium
configurations that can be adopted to study the onset
of ideal-MHD ballooning modes can no longer be as
simple as those adopted to study other types of modes
such as those involving trapped-particle or resistive
effects. The latter type of mode can, in fact, be excited
and be adequately studied in model configurations
where (i < 1 and where the magnetic surfaces can be
assumed to be toroids with circular and concentric cross-
sections.

In particular [5,6], when 0 ~ 1, the poloidal magnetic
field has a significant variation, as a function of the
poloidal angle, on a given magnetic surface. In addition,
the rate of magnetic shear also acquires a strong
dependence on the poloidal angle. The same can be said
about the scale distance rp. Therefore, we can expect to
find a stability criterion, for ideal-MHD ballooning modes,
of the form j3 = 0C where i?c is finite and, like L and rp,
is a function of j3. Thus no simple expression for the
critical |3 can be given.

The analytical studies of ballooning-mode stability
which have been produced so far have concentrated
largely on questions connected with their topology
and their representation. Therefore, these studies have
been carried out on simplified model configurations
that are either adequate for cases where j3 < 1 or do
not contain most of the important factors that
characterize a configuration with 0 finite.

* On leave from the Instituto de Energia AtSmica, Sao Paulo, Brasil.

NUCLEAR FUSION, Vol.19, No.6 (1979) 715



COPPI et al.

We observe that the characteristics of confinement
configurations that are to be obtained experimentally
will depend on the adopted heating cycle to the extent
that they can achieve finite 0 values through magnetic-
flux conservation.

In the present paper, we have made an attempt to
evaluate the stability properties of ballooning modes
for finite values of 0 on the basis of model equations
which include, at the same time, the modulation of the
normal and geodesic magnetic curvatures, of the
poloidal field and of the rate of magnetic shear. We
find that the relevant growth rates are significantly
different and, in fact, lower than those evaluated from
more simplified model configurations, and, to the
extent that the types of assumed model equation are
valid, they tend to vanish, for sufficiently large values
of/3.

One of the main reasons for our study, besides that
of explaining and complementing the result of existing
sophisticated numerical codes, is to formulate analytical
models on the basis of which the influence of various
types of kinetic effects such as finite drift wave frequency,
finite Larmor radius, trapped particles, etc. could be
investigated later. It is, in fact, important to evaluate
the effects of the interaction between ideal-MHD
ballooning modes and other modes such as the resistive
ballooning mode or the ubiquitous mode which do not
involve the constraint that the plasma move with the
magnetic field lines.

This paper is organized as follows:
In Section 2, we introduce the basic partial differential

equation describing the most unstable ballooning modes.
This eigenvalue equation for the growth rate was derived
from the linearized MHD equations in the high-mode-
number limit [7-9] . For our present application, this
equation reduces to an ordinary differential equation if
we either adopt the so-called 'disconnected-mode
approximation' [4] or if we adopt an infinite-series
representation for the relevant plasma displacement
[10,11].

In Section 3, the same equation is expressed in a
more general non-orthogonal co-ordinate system, with
no constraint on the definition of the poloidal co-
ordinate. This allows us to continue to use a geometrical
poloidal angle as a co-ordinate, even though the relevant
flux surfaces are not concentric.

Section 4 is devoted to the 'finite-/3' equilibrium
model that provides the simplest basis for our study of
the ballooning-mode instability. It includes most of
the important physical effects described above. This
configuration is one where the magnetic surfaces are
circular non-concentric toroids [12]. The important

features of this model are a significant dependence of
the poloidal field and the local shear on the poloidal
angle. When these effects are taken into account it is
clear from mere inspection of the differential equation
or its associated quadratic form that the growth rate
does not follow the 'low-0' behaviour characteristic of
equilibria with concentric circular magnetic surfaces.
Specifically, the squared growth rate F2 is no longer
a linear function of the pressure gradient parameter,
G = -87rq2RoBo2dp/dr.

Section 5 displays the values of F as a function of G
for given values of the shear parameter § = d In q/d In r.
These F-values are obtained from our model equation
either by means of the variational method or by
numerical solution of the appropriate differential
equation. In the solution of this differential equation,
we have used both the boundary conditions relevant
to the 'disconnected-mode' [4] and the 'infinite-domain'
[10, 11] approaches. These boundary conditions give
the same qualitative results. Quite close quantitative
agreement also occurs in the most important ranges of
the relevant parameters. A detailed comparison with
simpler model configurations is also given.

2. THE BASIC EQUATIONS

In toroidal plasma columns with no equilibrium
macroscopic flows, we consider linear perturbations to
the ideal-MHD set of equations,

p _ = . V p - i j x B
dt c

• | f + V.(pv) = 0

3^ ^ _

4iT

V. B = 0

dt (p/py) = 0

(2.1)

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

If we consider axisymmetric configurations,perturbed
quantities such as the plasma displacement £(x, t) can
be represented by normal-mode solutions of the form
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exp J - icot

' ] J (2.7)

where (t//, x, f) are the usual orthogonal curvilinear co-
ordinates with magnetic surfaces given by \jj = constant,
and with x, f in the poloidal and toroidal directions.
These co-ordinates have corresponding scale factors:

J_
RB. \ - h - R (2.8)

where R is the cylindrical radial distance from the
symmetry axis of the toroid, Bp is the magnitude of
the poloidal field and Jo is the Jacobian

J . =

The function v(\p, x) is defined by

(along a given
magnetic field line)

(2.9)

(2.10)

and the range of variation for x is chosen to be [- IT, IT].
The scale distance between adjacent mode rational

surfaces is

rq = q/(n°|Vq|) (2.11)

where q stands for the inverse rotational transform,

, - 1
(2TT)"x^v(ij;,x)dx (2.12)

Since we are interested in determining the conditions
of marginal stability rather than in evaluating the
magnitude of the growth rate, we shall consider plasma
displacements subject to the constraint:

V X (E, X B) - Vp (2.13)

3X U h

. _3_ \ "I 3T
3S / J 3x

- < + K a ( 0 + 1 ~ ) |T
v X \ o

(2.14)

HereT(S, x) is related to the 'radial' plasma displace-
ment ^ by

T(S,x) (2.15)

In the considered limit (rq < rp), the displacement
depends on the flux co-ordinate only through the fast
variable [7] S = n°q(<//); the co-ordinate i// is regarded
as a parameter when it appears in the slowly varying
equilibrium quantities that are involved in the coefficient
functions of the differential equation (2.14). The
functions a and 0 are defined by

0 = ^ ^ #

_ f dv/di|;
"J dq/dijj

(2.16)

(2.17)

VA is the Alfve"n speed [v^ = B2/(47rp)] and K.^ , KX are
the two components of the curvature vector B~2(ff- V)lf5

perpendicular to B. In Ref. [7], the basic analysis for
studying ballooning modes has been outlined. There,
the general properties of the partial differential equation
(2.14) in (S, x) have been described, particularly for the
case of concentric circular magnetic surfaces (i.e. Iow-j3
plasmas). In particular, we may adopt the disconnected-
mode approximation [4] that leads to the ordinary
differential equation

- 2 - j l + a 2 0 2 ( x )
V A

T(X)

which is a sufficient condition to avoid the fast magneto-
sonic mode and is satisfied by marginally stable modes
in the limit rq < rp. In this limit, following the
procedure indicated in Ref. [7], we obtain: in the interval - -n < % < IT subject to the boundary

conditions

T(± n) = 0 (2.19)
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JB

This approximation is suitable in the physically interesting From this equation and Eq. (2.8)
limit where the S-dependence of T can be neglected over
most of the interval [- IT, IT], and where the mode
amplitude is sharply peaked around x = 0 as in the case
of growing ballooning modes.

We can be led to solve the same one-dimensional
equation by adopting the representation for T outlined
in the Appendix, and proposed previously by several
authors [ 10, 11 ]. In this case the appropriate boundary
conditions are

(dijVdr)

Another important quantity in Eq. (2.18) is

(3.6)

T(± (2.20)

These approaches give qualitatively the same physical
conclusions (see Section 5), with quantitive difference
mostly when there is small shear in the magnetic field,
and the disconnected-mode approximation is by
definition not appropriate.

JRB2

(cty/dr)

where (ve.vr/|v r|2) depends on the exact nature of
the transformation (3.1).

Let us also define

G(r) = -
8ITR

2 (3.8)

3. A GENERAL CHANGE OF CO-ORDINATES

It is physically convenient to transform Eq. (2.18)
and write it in terms of new variables (r, 0) where

r = r(\p) e = e(ij»,x) (3.1)

In Section 4, the variables r and 8 will actually be
identified as the radius and poloidal angle in a system
of co-ordinates corresponding to magnetic surfaces
which are displaced circles.

Defining the Jacobian

J = 3 (x ,y ,z (3.2)

we note that

1$ 1 / 3 f \
(3.3)

Thus the quantity v(\jj, \) of Eq. (2.10) can be written
in terms of

q.(r,6) = dc/de (along a magnetic
* f ie ld line)

by means of the relation

f ft

(3.4)

(3.5)

r 2 ( r ) o . R2 r
(3.9)

where R = Ro is the radial distance of the magnetic
axis. Then from the use of Eqs (3.2) to (3.9), the
fundamental Eq. (2.18) can be transformed into

r2 (l + i2) T =

G R o B
f

B2JB2R2r2

p 0 3

q2 (dip/dr)2 30 R2B2J

meridian plane

FIG.l. Co-ordinate system adopted.

96

(3.10)
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At this point it is convenient to derive, from Eq. (3.10),
the following quadratic form:

(3.11)

where

(d^ /d r ) 2 q2

B2 R2 B2 r2 J
E2)T2 d9 (3.12)

J.-J dip/dr q2 G
l ( - R K, + R < E)T2 d6 ( 3 . 1 3 )

Bp RQ B2 r 2 J * x
p RQ

(R2 B2 J ) " 1 (1 d8 (3.14)

are, respectively, the inertial, curvature and shear-
Alfve"n terms.

and

J = Rr(l-aflcos6)

JB = r d^/dr

Vr 1 dA
— = sine

|Vr | 2 r dr

(4.5)

(4.6)

(4.7)

We shall assume a large aspect ratio and neglect the
variation of R, R = Ro; similarly, the toroidal field
will be assumed to be constant over the plasma region.
However, the variation of the poloidal field with 6,
characteristic of finite-)3 configurations, will be retained.
This means that we are assuming r/R0 and A/Ro to be
negligible as compared to unity, but dA/dr can be
comparable to one.

We can now express the quantity qg of Eq. (3.4) as

4. DISPLACED CIRCULAR MAGNETIC SURFACES

In this section, we consider for simplicity the con-
figuration in which magnetic surfaces are represented
as displaced circles. We find that this representation
already incorporates some of the most important effects
of 'finite-/?' equilibria. Thus we write [12]:

R = RQ + A(r) + r cos 9

z = r s in 0 (4.1)

where r is the radius of the circular magnetic surface
whose centre is displaced by the distance A(r) from the
magnetic axis at R = Ro (Fig. 1). The angle 0 is the
usual poloidal angle referred to the centre of this circle.
By our definition, and the knowledge of such equilibria
[12], we know that

A < 0, dA/dr < 0

It is straightforward to show that

RB_ = I W I
1 -ex cose

9

where

afi(r) = - dA(r)/dr

(4.2)

(4.3)

(4.4)

BTr
q0 (r,0) = = q(r) (l-aficos6)
1 V

q(r) = BT r (di^/dr) -1

(4.8)

(4.9)

In Eq. (3.7) the expression 2 can be written as

l =
s6 - a sine +iaQsin20

(1 -cucose)'
(4.10)

where we have used Eqs (4.3) and (4.6) to (4.8), and
defined

dlnaQ

a q ~ a e dlnr

§ being the usual shear parameter

dlnq

(4.11)

s =
dlnr

Equation (3.10) can now be rewritten as

rz(l+E2)T = ( —

G( —- ) [cose+sinei]T

(4.12)

(4.13)

NUCLEAR FUSION, Vol.19, No.6 (1979) 719



COPPI et al.

with G, T, (q/qg), 2 defined in Eqs (3.8), (3.9), (4.8),
(4.10), respectively.

The quantities OLQ, Oq and G are related to each other,
and a detailed solution of the equilibrium problem is
needed to obtain this relationship. In the present work,
we shall adopt two simple representations for OLQ and a q :

To derive Eqs (4.14) and (4.15), we write Grad-
Shafranov's equation in our co-ordinate system (4.1),
assuming \J/ to be a function of r only. This equilibrium
equation is then expanded in powers of r about the
magnetic axis. Up to linear terms, it yields:

iji'/r) - [2AV + (A' + rA")iK/r]cos9

(Wc)RoJ(0) - (4.16)

where primes denote differentiation with respect to r,
and j(0) and p^ (0) are, respectively, the current density
and the derivative of the pressure with respect to i// at
the magnetic axis. The quantities r/R0 and A/Ro have
again been neglected as compared to A'.

The characteristic equilibrium parameter

X = -2cRoPlJ/0)/j(0) (4.17)

scales like j3p, the poloidal beta, and, therefore, finite-/?
configurations are characterized by values of X of the
order of the aspect ratio. We note that this fact is still
compatible with the analytical representation of the
flux surfaces as shifted circles, which remains accurate
to the extent that e/3p ^ 1, e being the inverse aspect
ratio. This ordering for X implies that the two terms
on the right-hand side of Eq. (4.16) are comparable
and that A' is of order unity. Specifically, from
Eq. (4.16) we obtain

(TT/C) Roj(0)r2 (4.18)

(4.19)

Recalling the definition of G, Eq. (3.18), we can now
write the first term of its expansion in powers of r:

2Xr/R (4.20)

From Eqs (4.19), (4.20), (4.4) and (4.11) we readily
obtain the representations (4.14, 15) for OLQ and a q .

The previous derivation shows that Eqs (4.14, 15) are
strictly valid for finite-|3 configurations in the vicinity
of the magnetic axis, where both G(r) and a0(r)
increase linearly with r. Most important, they provide
a model for the physically relevant non-linear
dependence of the coefficient functions in Eq. (4.13)
on the parameter G, thus allowing some of the finite-|3
effects to be included in the mode stability analysis.

5. GROWTH RATES AND EIGENSOLUTIONS IN
DIFFERENT MODEL CONFIGURATIONS

Now we examine the solutions of the differential
equation (4.13) under the two boundary conditions
(2.19) and (2.20), using a range of values of the
equilibrium parameters G, s, OLQ(G), aq(G) of
Eqs (3.8), (4.12), (4.14), and (4.15). We are interested
in the lowest even eigenfunction, which is the one that
evolves at the highest growth rate and determines the
strictest conditions for marginal stability.

A. The OLQ = aq = 0 case

This is the classical case which, as is well known
[5, 6], is not applicable to finite-j3 equilibria, but is
interesting in order to illuminate our new results for
the dimensionless growth rate T as a function of the
pressure gradient parameter G.

The choice OLQ = 0, a q = 0 corresponds to a nearly
pressureless toroidal plasma, where the flux surfaces
are concentric circles. The relevant differential equation
takes the form

d r~ . dT I
- (l+s2e2) —
de de _ J

+ G (cosG + s sine) T = r2(l+s262)T (5.1)

For the case in which s -^ 1, the above equation reduces
to

d2T

7?
+ G COS6T = T2T (5.2)

In the limit G > 1, the lowest eigensolution is well
represented by a Gaussian function

T = exp [-1/2 02 (G/2)1/2] (5.3)

and, correspondingly, the eigenvalue is given approxi-
mately by

720 NUCLEAR FUSION, Vol.19, No.6 (1979)
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4

3

I

0

- I

FIG.2. Non-dimensional squared growth rate F2 as a function
of pressure gradient parameter G in a low-fi model configuration
for two fixed values of the magnetic shear parameter /.

a9 = a

-

q = 0

ft

S =

^ "

"* 1
2

0

G

i

3
i

4

r2 = G - (G/2)1/2 (5.4)

On the basis of Eq. (5.4), which predicts that the mode
becomes more unstable as the stability parameter G is
increased, we expect the occurrence of only one point
of marginal stability. This fact is illustrated in Fig. 2,
where the squared growth-rate F2 obtained numerically
from Eq. (4.13) was plotted as a function of G for
several values of the shear parameter s (the boundary
condition T(TT) = 0 was applied).

Even though the simple analytical representation
(5.3) cannot be extended to more general conditions
of equilibrium, it will remain true that strongly unstable
modes tend to the localized in the vicinity of the outer
edge of the plasma column (0 « 0). However, the
qualitative behaviour of Eq.(4.13) when OLQ and a q are
non-vanishing differs from the result given in Fig. 2 for
large G (G > 1). In fact, a simple asymptotic discussion
shows that, for OIQ increasing monotonically with G,
Eq. (4.13) does not allow localized solutions with
F2 > 0 when G is very large. A more detailed discussion
follows in the next subsection.

B. Results from the finite-/? model equation

Here we are reporting the results of the numerical
solution to our model equation (4.13) in order to get
the square F2 of the normalized growth rate (Eq. (3.9))
as a function of the parameters G(Eq. (3.8)) and §
(Eq. (4.12)). The obtained eigenvalues F2 correspond
to the most unstable (no nodes) eigensolutions subject
to the relevant boundary conditions (2.19) and (2.20).
In the coefficient functions of the differential equation,
we have chosen the representations (4.14) and (4.15)
for ae and a q , and dropped the a2

e sin 20 term in 2
(Eq. (4.10)); as a matter of fact, the inclusion of this
term only amounts to small quantitative changes at
large values of G, where the assumed proportionality
between (XQ and G is not expected to be accurate
anyway. For any fixed G and s, Eq. (4.13) was
integrated by finite differences with initial conditions
T(0) = 1, T'(0) = 0; the eigenvalue F2 was varied until
the first eigensolution satisfying the boundary condition
T(7r) = 0 or T(NTT) = 0 (N -• «>) was found. For the

boundary problem (2.20) only positive values of F2"
were sought, because when F2 < 0, both independent
solutions to the differential equation tend to zero as

Figure 3 gives the lowest-mode growth rate F2 as a
function of G for several fixed values of §, and for the
two different boundary conditions. Based on our
present model, the major conclusion is that the increase
of the growth rate is limited and the lowest mode
stabilizes again for large enough values of G. Within
the limits (G < 4) where this model can be applied,
we have found numerically that all higher eigensolutions
are stable. These results are summarized in Fig. 4,
where we plot the marginal stability curves corresponding
to the two boundary conditions; the shaded region
indicates instability.

T(TT )=0 T (oo) =0

FIG.3. Eigenvalue r 2 for a finite-^ model configuration obtained from numerical
solution of Eq. (4.13), as a function of G. The two sets of curves correspond to the
use of boundary conditions (2.19) and (2.20) at various fixed values ofS=dln q/dln r.
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1.5

1.0

.5

where

1.0 2.0

FIG.4. Marginal stability curves in the finite-^ model configuration.
The shaded region corresponds to instability. The solid curve
was obtained with the disconnected-mode boundary conditions
(2.19) while the broken ones were obtained with boundary
conditions (2.20).

A few of the relevant eigenfunctions are given in
Fig. 5 for s = 1. We emphasize that, even for the second
marginal stability point, we are indeed evaluating the
most unstable eigenfunction which has no nodes. For
marginal stability, the boundary condition (2.20) results
in eigensolutions with very slow decay as |0| -> °°. Of
course, the numerical solution is difficult to obtain for
this latter F2 = 0 case because of that slow convergence.
But for F2 positive (even though small, as for a case
§= 1, G = 1.87, F2 = 0.008 which we evaluated) and
§ ~ 1 or larger, the exponential decay dominates the
large -10 | behaviour.

We note that the most unstable (s ~ 1) solutions do
not show much difference between the boundary
conditions (2.19) and (2.20). For low values of s,
where the disconnected-mode approximation tends to
break down completely, the direct two-dimensional
representation described in Ref. [7] and the associated
quadratic form are to be used for a more meaningful
comparison with the results of the infinite-series
representation.

C. Discussion on the basis of the quadratic form

The interesting dependence of the squared growth
rate F2 on the pressure gradient parameter G, discussed
in the previous section, is due to a combination of
competing physical effects. Their respective contribu-
tions to Eq. (4.13) are more apparent if we consider
the associated quadratic form

r = —
3c "

(5.5)

J c = G j (l-cxecose)2[cose

+ sin6 de
O-a0coser

represents the effects of magnetic curvature,

A, p

(s6-a sine)

(5.6)

(l-aacose)
(l-aQcose)

dT

de
de

(5.7)

is related to the restraining effect of the shear-Alfve"n
perturbation of the field lines, and finally the inertial
effects are associated with the term

(1-aflcose)%
1 +

(se-a sine)'

(l-aecos6)4
T2d6

(5.8)
We have on purpose exhibited all dependences on ote
and ofq which according to Eqs (3.14) and (3.15) are
linear functions of G, within our approximations.

It is well known that the Alfve"n term JA is stabilizing
while the curvature term J c is mostly de-stabilizing.
But the net result of increasing values of |3 is a general
stabilizing tendency in the three terms. We illustrate
this in Fig. 6, where we plot CJCMIA'^I

 an(* ^so ^2 a s

functions of G, evaluated at s = 1, using the trial function

TT(e) = c(i+cose) (5.9)

where C is a normalization constant. This function is
even in 0 and satisfies the boundary condition (2.19).
Note that it gives reasonable values for the marginal
stability points where F2 = 0 (Fig. 3); it does not do
quite so well for the max (F2).

Solid curves1

Dashed curve:

T(oo)=0

1
T(rr) = O =

fa:G = .67,
b=G = l.88,

[c^G=l.5O,

G=I.5O,

r2=o
r2=o
r2 =.3i

r2=.27

FIG. 5. Amplitudes for a sample of eigenfunctions in our finite-^
model configuration at shear parameter $= 1.
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FIG. 6. Representation as functions of G, for / = 1, of the terms
entering the quadratic form (5.5).

Detailed examination of the numerical results of
Section (5.B) as well as of Eqs (5.5) to (5.8) shows that
a substantial stabilizing influence can be attributed to
the a0-term due to the finite variation of the poloidal
field on a magnetic surface. The qualitative behaviour
of Figs 3 and 4 can be reproduced by a simpler though
not necessarily self-consistent model where we somehow
imagine that in Eq. (4.14)

ae - 0 (5.10)

but retain the effect of non-uniform shear on a magnetic
surface,

aq = aq/G « (2+s)/4 f 0 (5.11)

Note that since for s ~ 1 the second marginal point of
Fig. 3 is at G ~ 2, where OLQ ~ 1/2, the neglect of OLQ
is difficult to justify. But if we do neglect it, the
advantage is that Eqs (5.6) to (5.8) can be reduced to
the simple analytical expressions

dc-T

TT_ r 3 A 2 G 2 8

4 l T V 3

: s2( i - 4 ) +1

(5.12)

(5.13)

and

0l 4 1 7
10

(5.14)

which exhibit quadratic behaviour in G reminiscent of
the results of Fig. 6. However, a comparison between
the quantitative estimates provided by Eqs (5.12)—(5.14)
and those displayed in Fig. 6 shows that the size of the
unstable region in Fig. 4 and the maximum growth rate
in Fig. 3 would be overestimated if OLQ were omitted.

CONCLUDING REMARKS

We have seen that the stability of ballooning modes
depends on the finite-/? aspects of the equilibrium
configuration. The normal-mode differential equation
depends non-linearly on the pressure gradient para-
meter G, reflecting the dual role that G plays in the
stability problem. On the one hand, G accounts for
the de-stabilizing effect of the pressure gradient through
the curvature of magnetic field lines; on the other hand,
it represents a measure of the shortening of the connec-
tion length, which has a stabilizing effect on finite-/?
configurations. The net result is the appearance of a
second stable region in the G-s plane.

To obtain this result, a simple model which encompasses
some of the relevant finite-/? effects, was used. This model
is accurate in the neighbourhood of the magnetic axis
where both G and s are small. Within its expected range
of validity, it predicts two branches of marginally stable
points. Thus there is no doubt about the existence of
a second curve of marginal stability in the G-§ plane,
although its exact location may differ from our estimates
when G or § become large.

The important issue is now whether it is possible to
reach the second stable region with realistic high-0
equilibria. In the present treatment, we have considered
G and § as independent variables, and this is appropriate
in order to carry out a local stability analysis that can
be applied to a variety of equilibrium configurations.
However, for a given configuration, G and s are not
independent as they both are functions of the flux co-
ordinate only. Therefore, the physical relevance of the
second stability region will depend upon the possibility
of realizing a sequence of stable equilibria whose G-§
points lie within that region. Preliminary results obtained
by some of us [ 13], on the basis of numerical high-j3 flux-
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conserving equilibria with conducting plasma boundary,
suggest that consistent sets of values for G and s, lying
in the second stable region, can be produced.

Periodicity in x implies that for all integers n,

m= -
Tm(x)exp[-i2irmS]

°
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= I T ( x + 2 n n ) e x p { - i 2 T r ( m + n ) S } (A.3)
m=-»

Since this last expression for T must hold for all S, we
must have

Tm(x) = T
m_n(x+2Trn) for a l l m,n

Alternatively,

_ x + 2Trm) (A.4)

so that

Tm(x) =

Appendix

'INFINITE-DOMAIN' REPRESENTATION FOR T

In this Appendix, we justify the use of the ordinary
differential equation (2.18) in the infinite domain
[- oe>5 <x>] for the independent variable x-

In the system of co-ordinates used in Section 2, x
represents the poloidal variable, so that physical
quantities are periodic over its specified range Ax = 2TT.
Included among such physical variables which are
periodic in x> we may specially consider

S(S,x) = T(S,x)exp{-ino/xv(x1)dX
1} (A.I)

For this quantity we have suppressed the slow dependence
on the flux surface variable i// and retained only the fast
variable S defined in Section 2. Clearly, S is not involved
in any of the coefficients of the partial differential
equation (2.14). Therefore, we may choose solutions T
which are periodic in S with period AS = 1 and only
parametrized by the slow variable \}J due to slow changes
in equilibrium quantities (integer values of S correspond
to mode rational surfaces; a more detailed discussion
of the symmetries of this equation is given in Ref. [7]).
Thus we write

= I
m=-°°

Tm(x)exp{-i[n0;xvdx'+2TTniS]} (A.2)

T ( S , X ) = £ T (x+2irm)exp(-12irmS) (A .5 )
m=-<»

Fourier-analysing Eq. (2.14) in terms of this periodicity
in S, we obtain an ordinary differential equation involving
X-derivatives of To(x+2Trm) and where the term
[G(x)+i3/3S]iofEq. (2.14) is replaced by [e(x)+2imi] =
0(x+2Trm). Defining the new variable

X = (A.6)

we get Eq. (2.18) in the variable (x):

Rv2hlh 3 X

8TT dp

3TQ(x)

3(X)

(A.7)

In this equation, all other dependences on x are periodic,
so they may likewise be taken as periodic functions of
X, with the period equal to 2ir, over the extended domain
- <» < x < °°. As is obvious from the above use of
Fourier analysis, the boundary conditions which deter-
mine the eigenvalue to2 are

T0(x) as Ixl (A.8)

Of course, the mode structure in physical space requires
the summing of the series (A.5), which is rather indirect
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as well as giving rise to singularities in T at mode

rational surfaces in the case of marginal stability [7].

However, for growing modes the disconnected-mode

approximation [4] provides a more direct representation

of the mode structure as well as giving numerical results

quite close to Eq. (A.5). It was the first analytical

approximation to the ballooning-mode problem.

Within our recent line of derivation, the 'disconnected

mode' also follows from Eq. (A.5) if we note that as

Ixl -*• oo or |01 -> °°, the solution T(x) decays exponentially

with exponent proportional to |co0| due to the dominant

02 term of Eq. (2.14). Thus above marginal stability,

the function T(x) is dominated by the x ~ 0 or say

Ixl < n region, where T(±7r) becomes negligible. In that

case the sum (A.5) collapses to one term

T(S,x) = T0(x) (A.9)

and T0(x) can be obtained by solving Eq. (A.7) in the

domain - 7 r < x = X < 7 r with boundary conditions

T0(±TT) = 0 (A. 10)

NOTE ADDED IN PROOF

After this manuscript had been completed, we

became aware of independent work on the second

stability region, presented at the 1978 Innsbruck

Conference [14—16]. More recently, the occurrence

of the second stability region has been confirmed by

numerical codes.
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