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A B S T R A C T   

Electrochemical supercapacitors differ from conventional supercapacitors mainly because they have a very high 
storage of electrical energy per unit of mass and a capacitance dependent on electrical potential. When studying 
electrical circuits in the time domain that aim to simulate the curves generated in the charging and discharging 
processes of electrochemical supercapacitors, as is the case with galvanostatic curves, the capacitance dependent 
on the electrical potential becomes a factor that considerably increases the degree of difficulty in obtaining the 
equations for simulating such curves. In this paper, a straightforward electrical circuit was used and fed by a 
source of electric current I of constant intensity in time in order to simulate the galvanostatic curve properties of 
a symmetrical supercapacitor evaluated by a galvanostatic cycle technique. Simulation of galvanostatic curves of 
these carbon-based supercapacitors with organic electrolyte also considered the effects of capacitance dependent 
on electric potential and the analysis was carried out in the time domain using a 2R(C + kUC(t)) electric circuit 
powered by a direct current source I. Analytical equations are presented and comparisons between experimental 
and theoretical curves were made on a quantitative basis.   

1. Introduction 

Over the past years, extensive research has been concentrated on the 
investigation of electrochemical supercapacitors as energy storage de
vices due to their high relevance as exemplified in recent papers on the 
subject [1–14]. Their importance is even more conspicuous by the 
exceptional number of references cited on each of these publications. 
The development of new and better electrode materials and electrolytes 
has been the main focus of these studies. Measurement techniques have 
also been investigated to produce more reliable and comparative elec
trochemical and electrical data [15,16]. Modeling and simulation 
studies have also gaining growing attention [17–25]. 

Recently, time domain analytical expressions have been reported for 
the electrochemical supercapacitor with potential dependent capaci
tance derived considering short periods of charging and discharging 
processes as in cyclic voltammetry which is carried out in a few minutes 
[26]. Comparisons between such theoretical development and 

experimental cyclic voltammetry data have shown a very good agree
ment for carbon-based supercapacitors with organic electrolyte using a 
simple electrical circuit. Cyclic voltammetry and charge-discharge gal
vanostatic of supercapacitors are complementary to each other – 
quantities collected in one are not possible to be acquired by other such 
as capacitance and equivalent series resistance (ESR), respectively – and 
a similar study for the latter (charge-discharge galvanostatic) in the time 
domain is also of high relevance for modeling and simulations of these 
energy storage devices. Despite the recent effort in [26], similar studies 
in the time domain are inexistent in the literature for charge-discharge 
galvanostatic curves of supercapacitors. 

Here the analytical equations governing a straightforward theoret
ical equivalent circuit of a symmetric electrochemical supercapacitor for 
charge-discharge galvanostatic curves, also including the capacitance 
dependent on the electrical potential, are presented. This is of special 
relevance since the degree of difficulty for obtaining equations for 
simulating the galvanostatic curves of supercapacitors is considerably 
impacted for electrical circuits in the time domain and by considering 
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the capacitance dependent on the potential. Experimental data have also 
been introduced in the general expressions to be compared with charge- 
discharge experimental galvanostatic curves of a carbon-based super
capacitor with organic electrolyte. As in the previous study on cyclic 
voltammetry [26], the analysis has been carried out in the time domain 
using a 2R(C + kUC(t)) electric circuit employing a current source for 
determining the equivalent series and parallel resistances, the fixed 
capacitance, and the electrical potential dependent capacitance index. 

1.1. The equivalent circuits and time domain equations 

Fig. 1 shows the 2R(C + kUC(t)) electric circuit powered by a source 
of direct current I. The kUC(t) electric component represents a capacitor 
with variable capacitance dependent on the electric potential on the 
capacitor with fixed capacitance C. Therefore, kUC(t) constitutes the 
capacitance which is dependent to the potential. 

It can be verified for the process of charge of the fixed capacitance 
capacitor C present on the 2R(C + kUC(t)) circuit that: 

UC(t) = R2i1(t), (1)  

just as: 

i1(t) = I − i2(t) − i3(t) (2)  

as well as: 

i2(t) = C
d
dt

UC(t), (3)  

i3(t) = kUC(t)
d
dt

UC(t). (4) 

Thus, it can be verified that: 

UC(t) = R2

(

I − C
d
dt

UC(t) − kUC(t)
d
dt

UC(t)
)

, (5)  

∫
C + kUC(t)
R2I − UC(t)

dUC(t) =
1
R2

∫

dt. (6) 

Integrating Eq. (6) results in: 

(C+ kR2I)ln(R2I − UC(t) ) − k(R2I − UC(t) )+
1
R2

t = c1. (7) 

To obtaining the expression of the constant c1 it is considered that for 
t = t(iPC) we have UC(t) = UC(t(iPC)), which results in: 

c1 = (C+ kR2I)ln
(
R2I − UC

(
t(iPC)

) )
− k
(
R2I − UC

(
t(iPC)

) )
+

1
R2

t(iPC). (8) 

And with the appropriated substitutions: 

t = t(iPC) − R2

[

(C+ kR2I)ln

(
R2I − UC(t)

R2I − UC
(
t(iPC)

)

)

+ k
(
UC(t) − UC

(
t(iPC)

) )
]

.

(9) 

Eq. (9) makes it possible to calculate the theoretical values of t as a 
function of the experimental values of the electrical potential UC(t) for 
the charging process of an fixed capacitance capacitor C contained in 
circuit 2R(C + kUC(t)) powered by a direct current source I. It is not 
possible to evaluate the potential UC(t) of an electrochemical super
capacitor, whether symmetrical or not; nevertheless, it is perfectly 
possible to evaluate the intensity of the electric current present in the 
branch that connects it to the direct current source I, just as it is possible 
to evaluate the electric potential U(t) existing between the terminals of 
the supercapacitor. Therefore, considering that: 

U(t) = R1I +R2i1(t), (10)  

and 

List of symbols 

C is the fixed capacitance; unit: farad (F); is the 
capacitance obtained through the area of the 
voltammogram; unit: farad (F); 

EPR(AutDec) is the equivalent parallel resistance obtained by the 
self-discharge method; unit: ohm (Ω); 

I is the intensity of the electric current supplied by the 
direct current source I (in this case the galvanostat 
source), unit: ampere (A); 

k is the incidence of capacitance dependent on the 
electrical potential, units: farads per volt (F V− 1) 

R1 (ESR) represents equivalent series resistance, unit: ohm (Ω); is 
the series resistance obtained through the technique of 
abrupt variation of the electric potential; unit: ohm (Ω); 

R2 (EPR) represents equivalent series resistance, unit: ohm (Ω); 
RVolt is the internal resistance of the voltmeter used to 

evaluate the variation of the electric potential existing 
between the terminals of electrochemical 
supercapacitor during the self-discharge period; unit: 
ohm (Ω); 

t is the elapsed time of the charging and discharging 
process of a supercapacitor; unit: second (s); 

t(iPC) is the time at which the charge process initiates; unit: 
second (s); 

t(iPD) is the time at which the discharge process initiates; unit: 
second (s); 

U(t) is the electric potential existing between the terminals 
of an electrochemical supercapacitor evaluated by 
means of the galvanostatic cycle technique at each 
moment of its charging or discharging process, unit: volt 
(V); 

U(t(fPAD)) is the electrical potential existing between the 
supercapacitor terminals at the end of the self-discharge 
process; unit: volt (V); 

U(t(iPAD)) is the electrical potential existing between the 
supercapacitor terminals at the beginning of the self- 
discharge process; unit: volt (V); 

U(t(iPC)) is the electric potential existing between the terminals 
of the electrochemical supercapacitor evaluated by 
means of the galvanostatic cycle technique at the 
beginning of its charge process, unit: volt (V); 

U(t(iPD)) is the electrical potential between the terminals of the 
electrochemical supercapacitor evaluated by means of 
the galvanostatic cycle technique at the beginning of its 
discharge process, unit: volt (V); 

UC(t) is the electric potential existing between the terminals 
of the fixed capacitance capacitor C contained in the 
electrical circuit 2R(C + kUC(t)), unit: volt (V); 

UC(t(iPC)) is the electric potential existing between the terminals 
of the fixed capacitance capacitor C contained in the 
electrical circuit 2R(C + kUC(t)) during its charge 
process carried out by a source of direct current I, unit: 
volt (V); and 

UC(t(iPD)) is the electric potential existing between the terminals 
of the fixed capacitance capacitor C contained in the 
electrical circuit 2R(C + kUC(t)) during its discharge 
process; unit: volt (V)  
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i1(t) =
1
R2

UC(t), (11)  

one obtains: 

UC(t) = U(t) − R1I. (12) 

Substituting Eq. (12) on Eq. (9), as well as considering that: 

UC
(
t(iPC)

)
= U

(
t(iPC)

)
− R1I, (13)  

it can be verified that: 

t = t(iPC) − R2

[

(C+ kR2I)ln

(
(R2 + R1)I − U(t)

(R2 + R1)I − U
(
t(iPC)

)

)

+ k
(
U(t) − U

(
t(iPC)

) )
]

.

(14) 

Eq. (14) makes it possible to calculate the theoretical values of t as a 
function of the experimental values of U(t) obtained by analyzing the 
charging process of a symmetric electrochemical supercapacitor evalu
ated by means of the galvanostatic cycle technique. 

It follows that the initial values of R1 (ESR), R2 (EPR), C and k can be 
obtained by other techniques used in the analysis of electrochemical 
supercapacitors, as examples are the capacitance obtained by means of 
the area of the voltammogram by the cyclic voltammetry technique, and 
the ESR value by the abrupt change of electric potential that occurs in 
the galvanostatic cycle technique. Such initial values can also be 
“selected at random” and, later, adjusted until the best possible result is 
obtained, which, as stated, is the smallest value of the sum of the 
modules of the differences between the theoretical and experimental 
values of t. After obtaining the adequate theoretical values of t, it is 
enough to formulate a table of the theoretical values as a function of the 
experimental values of U(t) and, with it, performing the inversion of the 
axes to generate the simulation graph of the dependent variable U(t) as a 
function of the independent variable t. 

Subsequently, taking Fig. 2 for instance, which shows the direction of 
displacement of the electrical charges contained in the respective elec
trical currents I, i1(t), i2(t) and i3(t), it would be obtained the equation 

that makes it possible to calculate the theoretical values of t as a function 
of the experimental values of U(t) for the discharge process of a super
capacitor evaluated by means of the galvanostatic cycle technique. 

For the discharge process of the capacitor C on the electrical circuit 
2R(C + kUC(t)), according to Fig. 2, follows that: 

U(t) = − R1I +R2i1(t). (15)  

since that: 

UC(t) = R2i1(t). (16) 

Similarly, for the discharge process it can be verified that: 

I + i1(t) = i2(t) + i3(t),⇒ (17)  

i1(t) = i2(t)+ i3(t) − I. (18)  

for the discharge process of the capacitor with fixed capacitance C it 
follows that: 

i2(t) = − C
d
dt

UC(t), (19)  

i3(t) = − kUC(t)
d
dt

UC(t). (20) 

Thus, it is verified that: 
∫

C + kUC(t)
UC(t) + R2I

dUC(t) = −
1
R2

∫

dt, (21) 

Solving the integrals on this equation it is obtained: 

(C − kR2I)ln(R2I +UC(t) )+ k(R2I +UC(t) )+
1
R2

t = c2. (22) 

For obtaining the expression of the constant c2 it is considered that 
when t = t(iPD) then UC(t) = UC(t(iPD)), resulting that: 

c2 = (C − kR2I)ln
(
R2I +UC

(
t(iPD)

) )
+ k
(
R2I +UC

(
t(iPD)

) )
+

1
R2

t(iPD).

(23) 

Thus, replacing the term to the right of Eq. (23) in Eq. (22) and 
considering for the discharge process that: 

UC(t) = U(t)+R1I, (24)  

so that: 

UC
(
t(iPD)

)
= U

(
t(iPD)

)
+R1I, (25)  

it is verified that: 

t = t(iPD) − R2

[

(C − kR2I)ln

(
U(t) + (R2 + R1)I

U
(
t(iPD)

)
+ (R2 + R1)I

)

+ k
(
U(t) − U

(
t(iPD)

) )
]

.

(26) 

Fig. 1. 2R(C + kUC(t)) electrical circuit powered by a direct current source on the charging process of the capacitor with fixed capacitance C.  

Fig. 2. Current displacement directions on 2R(C + kUC(t)) electrical circuit on 
the charging process of the capacitor with fixed capacitance C. 
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Eq. (26) makes it possible to calculate the theoretical values of t as a 
function of the experimental values of U(t) obtained in the discharge 
process of an electrochemical supercapacitor evaluated by means of the 
galvanostatic cycle technique. As previously, having available the 
appropriate theoretical values of t, it is enough to create the table of the 
theoretical values of t as a function of the experimental values of U(t) 
and with it performing the inversion of the axes and generating the 
graph of simulation of the dependent variable U(t) as a function of the 
independent variable t. 

The value of the equivalent series resistance of a symmetrical elec
trochemical supercapacitor, represented by R1 in the electrical circuits 
shown in Figs. 1 and 2, can be obtained considering that the intensity of 
the electric current I and the electric potential UC(t) on the capacitor C in 
the electrical circuit 2R(C + kUC(t)) are maintained during the shortest 
time interval in which the change between the processes from charge to 
discharge of this electrical component occurs, as well as considering that 
in such a short time interval there is an abrupt variation of the electric 
potential U(t) on the terminals of the electric circuit 2R(C + kUC(t)), as 
occurs with an electrochemical supercapacitor evaluated using the gal
vanostatic cycle technique. 

Thus, considering that: 

UC
(
t(fPC)

)
= U

(
t(fPC)

)
− R1I, (27)  

also that: 

UC
(
t(iPD)

)
= U

(
t(iPD)

)
+R1I, (28)  

it is verified that: 

U
(
t(fPC)

)
− R1I = U

(
t(iPD)

)
+R1I, (29)  

ESR =
U
(
t(fPC)

)
− U

(
t(iPD)

)

2I
. (30) 

Eq. (30) allows calculating the value of R1 (ESR) of a symmetrical 
electrochemical supercapacitor. 

2. Experimental 

The experimental part of this study was carried out using a com
mercial symmetrical electrochemical supercapacitor based on carbon 
and organic electrolyte as a reference. The supercapacitor (nominal 
ratings: 1F – 5.5 V) was composed by two series coin cells and only one 
coin cell was used in the galvanostatic charge-discharge measurements. 
Thus, the specification of one cell was 2 F and a maximum operating 
potential of 2.75 V. Only this single coin cell has been measured. Due the 
high conductivity, common electrolytes in these cells are tetraethy
lammonium tetrafluoroborate salt (NEt4BF4) in acetonitrile (ACN) or 
propylene carbonate (PC) [27]. 

The galvanostatic cycles were performed using the Arbin BT4 with 
MITSPRO software equipment operating as a galvanostat with a charge 
and discharge current of 5 mA, 10 mA and 14 mA which was maintained 
until the electrical potential on the terminals of the supercapacitor cell 
reached a value of 2.6 V. The inversion of the direction of displacement 
of the electric charges present in the electric current I occurs automat
ically and instantaneously, with a discharge intensity of 10 mA, and this 
condition remains until the moment in which the electric potential be
tween the coin cell terminals becomes 0 V, starting a new charge and 
discharge cycle. The value of the equivalent series resistance was 
calculated using Eq. (30). The theoretical and experimental values of t 
used to plot the curves and the sum of the modules of the differences 
between such values was used as overlapping estimation. 

The ESR (R1), EPR (R2), C and k values were obtained by consecutive 
adjustments, with three of these fundamental electrical parameters 
being kept fixed, while one is modified (changed) until the best over
lapping result is obtained. The value of the fundamental electrical 
parameter to be determined is initially chosen at random and inserted 

into the equations that make it possible to obtain the theoretical values 
of t for the charging and discharging processes of the fixed capacitance 
capacitor C. 

Subsequently, the evaluation of the result of such choice is carried 
out by means of the sum of the modules of the differences between the 
theoretical and experimental values of t. Then, another value very close 
to the one previously chosen is inserted and it is verified whether the 
new value has increased or reduced the value of the sum of the modules 
of the differences between the theoretical and experimental values of t. 
This process is carried out until the lowest possible value of the sum of 
the modules of the differences between the theoretical and experimental 
values of t is obtained. 

Next, another fundamental parameter is taken as a study variable, 
fixing the value of the others. The process of determining the value of the 
fundamental parameter under study is carried out, once again, by 
evaluating the convergence to the lowest possible value of the sum of the 
modules of the differences between the theoretical and experimental 
values of t. Sometimes it is necessary to perform two or more adjustment 
cycles. 

In this investigation, cyclic voltammetry (used in a previous simu
lation study [26]) has also been carried out as complement to galva
nostatic cycling. Self-discharge resistance was obtained using the 
following equation: 

EPR(AutDesc) =
RVolt + ESR

(RVolt + ESR) C
t ln
(

U(t(iPAD) )
U(t(fPAD) )

)

− 1
. (31)  

3. Results and discussion 

Fig. 3 shows the experimental curves of U(t) as a function of t (gal
vastatic curves - black line) generated by the charging and discharging 
processes of the commercial electrochemical supercapacitor of nominal 
capacitance of 2 F at an electric current of 10 mA and the electric current 
indication curve (blue continuous line). 

Using Eq. (30) and taking as a reference the values of the abrupt 
variation of the electric potential from 2.60 V (U(t(fPC))) to 2.43 V (U 
(t(iPD))), which occurred when switching from the charging process to 
the discharging process of the electrochemical supercapacitor with 
nominal capacitance of 2 F, as shown in Fig. 4 (enlargement of the peak 
region of the curve presented through Fig. 3), the ESR value (R1) of 
approximately 20 Ω was obtained. 

Subsequently, inserting in Eqs. (14) and (26) the parameters R1 =

Fig. 3. Galvanostatic curve of a commercial symmetric electrochemical 
supercapacitor with nominal capacitance of 2 F charged to a maximum po
tential of 2.6 V. Charging-discharging performed with a current I of constant 
intensity in time of 10 mA. 
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19.50 Ω, R2 = 243 Ω, C = 2 F, k = 0, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) =
0.23 V, t(iPD) = 424.85 s and U(t(iPD)) = 2.23 V and the experimental 
values of U(t), the theoretical values of t were readily obtained, and with 
these theoretical galvanostatic curves were generated for the charge and 
the discharge processes for the supercapacitor with nominal capacitance 
of 2 F, as shown in Fig. 5. The value of 243 Ω of parameter R2 was then 
determined, as it is the smallest value that can be inserted into Eqs. (14) 
and (26) in accordance with the other parameters chosen without dis
tortions in the galvanostatic load and discharge generated by them. The 
parameter C was taken as being equal to 2 F, as this is the value of the 
nominal capacitance of the commercial electrochemical supercapacitor 
evaluated by the galvanostatic cycle technique and, finally, the param
eter k was taken as being null, as there was interest in verifying how the 
capacitance index dependent on the electric potential acts on the gal
vanostatic curves, in addition to the fact that this parameter has not been 
evaluated by another technique. 

In Fig. 5 the electric potential seems to “travel in time” because in the 
previous equations there is no way to isolate U(t), so the theoretical 
values of t are obtained based on the experimental values of U(t), and the 

axes are inverted, obtaining the “false” graph of U(t) as a function of t, 
but in fact what is obtained is a graph of t as a function of U(t) inverted. 
In this way it appears that the electric potential goes to the future and 
then back to the past, but what actually happens is that the electric 
potential U(t) has undergone an abrupt change in intensity. 

Taking as a reference the theoretical and experimental values of t 
used to plot the curves presented in Fig. 5, it was found that the sum of 
the modules of the differences between such values resulted in 
approximately 203,286 s. 

Then, by free choice, the parameters R1 = 19.50 Ω, R2 = 60 kΩ, C =
2 F, k = 0, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPD) = 424.85 s 
and U(t(iPD)) = 2.23 V were inserted in Eqs. (14) and (26) and the result is 
shown in Fig. 6. In accordance with the theoretical values of t contained 
in Fig. 6, it was found that the sum between the modules of the differ
ences of such values and the respective experimental values was 
approximately 26,590 s, indicating a reduction of 176,696 s compared 
to the value calculated previously. 

Then, inserting the parameters R1 = 19.50 Ω, R2 = 60 kΩ, C = 1.80 F, 
k = 0, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPC) = 424.85 s and U 
(t(iPD)) = 2.23 V in the equations that make it possible to calculate the 
theoretical values of t as a function of the experimental values of U(t) 
obtained by the processes of charge and discharge of a symmetrical 
supercapacitor evaluated by means of the cyclic voltammetry technique, 
theoretical galvanostatic curves were generated for the new configura
tion of electrical parameters, as shown in Fig. 7. In this case the sum of 
the modulus of the differences between the theoretical and experimental 
values of t was approximately 21,020 s. 

As can be seen, the values R1 = 19.50 Ω, R2 = 60 kΩ, C = 1.80 F, k =
0, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPC) = 424.85 s and U 
(t(iPD)) = 2.23 V ended up generating more theoretical curves closer to 
the experimental ones. After some successive approximations it was 
found that the values R1 = 19.50 Ω, R2 = 80 kΩ, C = 1.45 F, k = 0.25 F 
V− 1, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPD) = 424.85 s and U 
(t(iPD)) = 2.23 V, resulted in the smallest value of the sum of the modules 
of the differences between the theoretical and experimental values of t, 
as can be seen in Fig. 8. 

In accordance with the parameters R1 = 19.50 Ω, R2 = 80 kΩ, C =
1.33 F, k = 0.39 F V− 1, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPD) 
= 424.85 s and U(t(iPD)) = 2.23 V, the smallest possible value of the sum 
of the modules of the differences between the theoretical and 

Fig. 4. Details of the galvanostatic curve generated by the analysis of a com
mercial 2 F supercapacitor when the direction of displacement of the electric 
charges in the electric current I of 10 mA is changed and the consequent abrupt 
variation of the electric potential. 

Fig. 5. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering that the theoretical 
curves were plotted through Eqs. (14) and (26), in which the following pa
rameters were inserted R1 = 19.50 Ω, R2 = 243 Ω, C = 2 F, k = 0, I = 10 mA, 
t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPD) = 424.85 s and U(t(iPD)) = 2.23 V. (For 
interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.) 

Fig. 6. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering that the theoretical 
curves were plotted using Eqs. (14) and (26), in which the following parameters 
were inserted R1 = 19.50 Ω, R2 = 60 kΩ, C = 2 F, k = 0, I = 10 mA, t(iPC) = 1.07 
s, U(t(iPC)) = 0.23 V, t(iPD) = 424.85 s and U(t(iPD)) = 2.23 V. (For interpretation 
of the references to color in this figure legend, the reader is referred to the web 
version of this article.) 
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experimental values of t of about 5905 s was obtained, for a total of 840 
analysis points, being the comparative result between the theoretical 
galvanostatic curve generated by such values and the experimental 
curve presented through Fig. 9. 

Fig. 10 shows a comparison between the experimental galvanostatic 
curve of the supercapacitor with nominal capacitance of 2 F using a 
current of only 5 mA and the theoretical curves obtained using Eqs. (14) 
and (26). The theoretical curves were generated by the values of R1 
(ESR), R2 (EPR), C and k that produced the smallest possible value of the 
sum of the modules of the differences between the experimental and 
theoretical values of t. It was found that the smallest possible value of the 
sum of the modules of the differences between the experimental and 
theoretical values was approximately 18,513 s for a total of 1844 
analyzed points. Fig. 11 shows a detailed view of the initial potential 
drop of the curve shown in Fig. 10 using Eq. (30). In this case, with a 
current of 5 mA, the ESR (R1) is 19 Ω. 

Fig. 12 shows a similar comparison of the supercapacitor with 
nominal capacitance of 2 F using a current of 14 mA. In this case, it was 
found that the smallest possible value of the sum of the modules of the 
differences between the experimental and theoretical values was 
approximately 1618 s for a total of 547 analyzed points. Fig. 13 shows 
the detail of the inflection point (abrupt drop in electrical potential) 
presented in Fig. 12 using a charge/discharge current of 14 mA. The ESR 
(R1) in accordance with Eq. (30) was approximately 17.85 Ω. 

Fig. 14 shows that the value of the fixed capacitance obtained by the 
area of the voltammogram generated at a scan rate of 5 mV s− 1 of 
supercapacitor with nominal capacitance of 2 F is about 1.74 F. Simi
larly, Fig. 15 shows that the value of the fixed capacitance obtained at a 
scan rate of 10 mV s− 1 is about 1.56 F. Increasing the scan rate to 50 mV 
s− 1 further decreases the fixed capacitance to 0.5 F, as shown in Fig. 16. 

For a total of 200 h of self-discharge and considering the highest 
capacitance value obtained through the voltammogram area (1.74 F), as 
well as considering that the ESR value is approximately 20 Ω, and the 

Fig. 7. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering R1 = 19.50 Ω, R2 = 60 
kΩ, C = 1.80 F, k = 0, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPC) =

424.85 s and U(t(iPD)) = 2.23 V using Eqs. (14) and (26). (For interpretation of 
the references to color in this figure legend, the reader is referred to the web 
version of this article.) 

Fig. 8. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering R1 = 19.50 Ω, R2 = 80 
kΩ, C = 1.45 F, k = 0.25 F V− 1, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, 
t(iPD) = 424.85 s and U(t(iPD)) = 2.23 V, using Eqs. (14) and (26). (For inter
pretation of the references to color in this figure legend, the reader is referred to 
the web version of this article.) 

Fig. 9. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering R1 = 19.50 Ω, R2 = 80 
kΩ, C = 1.33 F, k = 0.39 F V− 1, I = 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, 
t(iPD) = 424.85 s and U(t(iPD)) = 2.23 V. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 10. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering R1 = 19 Ω, R2 = 100 
kΩ, C = 1.35 F, k = 0.39 F V− 1, I = 5 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.14 V, t(iPD) 
= 937.29 s and U(t(iPD)) = 2.40 V. (For interpretation of the references to color 
in this figure legend, the reader is referred to the web version of this article.) 
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value of 10 MΩ of the internal resistance of the voltmeter used to 
evaluate the variation of the electric potential existing between the 
terminals of the electrochemical supercapacitor, it was verified that the 
value of the EPR (R2) of the symmetric electrochemical supercapacitor 
with nominal capacitance of 2 F was of approximately 403 kΩ (which is 
an adequate value for a total of 200 h of self-discharge). 

The aim of this paper was to demonstrate that it is possible to 
simulate, even if roughly, the behavior of an electrochemical super
capacitor through a straightforward electrical circuit that makes it 
possible to include the capacitance dependent on the electrical potential 
in equations that allow yielding the experimental curves. This electrical 
circuit is too simplistic (and this is its main advantage) since, for 
instance, it does not consider the effects of temperature (or even, the 
interaction between electrolyte and electrode at the interface, or the 
variation of the ionic concentration from the electrolyte bulk to the 
electrode/electrolyte interface region). 

However, the absence of terms that would allow evaluating the ef
fects of temperature, or ionic concentration at the electrode/electrolyte 
interface, in addition to other input variables that were not computed, is 
verified by the resulting value of the sum module of the differences 
between the experimental and theoretical values of t, which will never 

Fig. 11. Detailed view of the initial potential drop on reversing a current of 5 
mA and employing Eq. (30). 

Fig. 12. Comparison between experimental (black continuous line) and theo
retical (red dotted line) galvanostatic curves considering R1 = 17.85 Ω, R2 = 10 
kΩ, C = 1.12 F, k = 0.51 F V− 1, I = 14 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.32 V, 
t(iPD) = 283.02 s and U(t(iPD)) = 2.10 V. (For interpretation of the references to 
color in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 13. Detailed view of the initial potential drop on reversing a current of 14 
mA and employing Eq. (30). 

Fig. 14. Voltamogram with area of 0.04534 (VA) obtained at a scan rate of 5 
mV s− 1 on evaluating the symmetric electrochemical supercapacitor with 
nominal capacitance of 2 F. 

Fig. 15. Voltamogram with area of 0.07868 (VA) obtained at a scan rate of 10 
mV s− 1 on evaluating the symmetric electrochemical supercapacitor with 
nominal capacitance of 2 F. 
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be null precisely because such input variables are not computed. It mean 
then that the higher the sum, less incomplete is the model in terms of 
variables considered. It is worth mentioning that as other terms are 
added to the 2R(C + kUC(t)) circuit, the equations that allow simulating 
the response variables become increasingly complex. Further de
velopments are planned to include additional influences of not- 
considered variables by now. 

In order to compare the ESR, EPR and C values obtained through the 
smallest possible value of the sum of the modulus of differences between 
the experimental and theoretical values of t with other trends, which 
aims to verify disparities, the ESR values are obtained through the 
abrupt drop of the electric potential. This is verified in the technique of 
the galvanostatic cycle for different values of electric current of charge 
and discharge. The value of the EPR is obtained through the technique of 
self-discharge and the value of the capacitance is obtained through of 
the voltammogram area. 

Time-domain analysis techniques, such as the galvanostatic cycle 
technique, need to be complemented by frequency-domain techniques, 
such as the electrochemical impedance electrochemical spectroscopy 
(EIS) technique. The latter can evaluate the effects of the electrical input 
inductance L which, although rare, can cause changes in the response 
behavior of electrochemical supercapacitors when they are used with 
alternating electrical sources. EIS can easily detect the presence of the 
input inductance through the Nyquist and Bode diagrams of the complex 
impedance module. It can detect the negative of the lag angle existing 
between the intensity of the electric current and the electric potential 
present at the terminals of the supercapacitor. EIS should also be used 
since it allows evaluating the complex capacitance [27]. 

4. Conclusions 

The analytical equations that successfully simulate the charge and 
discharge of galvanostatic curves of a symmetrical electrochemical 
supercapacitor based on carbon and organic electrolyte have been 
deduced. The equations obtained via the analysis in the time domain of 
the electrical circuit 2R(C + kUC(t)) powered by a direct current source I 
were able to simulate with good similarity the theoretical curves of a 
nominal capacitance of 2 F commercial supercapacitor evaluated by the 
galvanostatic cycle technique. This has been based on the fact that the 
sum of the modules of the differences between the theoretical and 
experimental values of t. The best result of approximation between 
theoretical and experimental curves was approximately 5905 s, with 
such comparative parameter being about to 203,286 s before the 

adjusted values of R1, R2, C and k. The results were obtained by inserting 
optimum values (R1 = 20 Ω, R2 = 80 kΩ, C = 1.33 F and k = 0.39 F V− 1, I 
= 10 mA, t(iPC) = 1.07 s, U(t(iPC)) = 0.23 V, t(iPD) = 424.85 s and U(t(iPD)) 
= 2.23 V) in the equations deduced to simulate the experimental curves 
for the charge and discharge processes of a supercapacitor evaluated by 
means of the galvanostatic cycle technique. As a comparative basis t 
values were obtained through the analyses of a commercial 2 F super
capacitor powered by the current of a galvanostat (10 mA). Obtaining 
the electrical parameters ESR, EPR, C and k quantitatively by the 
smallest possible value of the sum of the modules of the differences 
between theoretical and experimental values of t can be considered an 
advantageous “technique” as it represents a reduction of costs and time. 
With it is possible to obtain at once such fundamental electrical pa
rameters of supercapacitors, which requires the use of other analysis 
techniques such as cyclic voltammetry. 
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