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Abstract. This paper presents an application of an approximate relationship be tween the Doppler broadening

function based on the Maxwell-Boltzmann distribution and the deformed Doppler broadening function based on

the generalized Kaniadakis distribution. The relationship is based on the effective temperature of the medium.

The application is to the exemplary cases of the U-238, Th-232, and Pu-240nuclides. The straightforward

implementation of the relationship demonstrates its suitability as a tool for diverse cross-section values. These

values decrease with the expected attenuation of the peaks as the Kaniadakis j value increases.

Keywords. Capture cross-section; effective medium temperature; deformed Doppler broadening function;

maxwell-Boltzmann distribution; kaniadakis distribution.

1. Introduction

It is easy to think about the importance that energy

resources occupy in the economy, in its most varied

aspects, especially with regard to their decisive and

strategic role for the economic development of a nation.

The diffusion of energy forms was preponderant for the

accelerated development of the modern world. The Figure 1

shows the countries of the world ranked according to per

capita energy consumption (CPE). The color tone of the

country corresponds to the magnitude of the indicator. The

darker the color, the higher the value.

There is also a consensus that there is a direct relation-

ship between energy consumption in a country and the

Gross Domestic Product (GDP). Such statement is easily

understood when we remember that a high GDP means a

market strong enough to guarantee an equally heated con-

sumption and an industrial sector capable of guaranteeing

the transformation of primary goods into consumer goods,

in a virtuous circle that leads to more economic growth and

consequent positive variation of this GDP [2].

Once the relationship between a nation’s economic

growth and per capita energy consumption has been

established, it is possible to see that the trend is for growth

in energy demand and consequently in the ecological

footprint left on the planet. The temporal evolution of world

energy consumption per capita between 1979-2019 can be

seen in figure 2.

Currently, the world energy matrix is increasingly

diversified with the insertion and/or popularization of new

technologies. However, a well-established technology can

contribute to the reduction of greenhouse gas emissions and

consequently to the reduction of the ecological footprint:

nuclear energy. The figure 3 below shows the temporal

evolution of the share of nuclear energy between the years

1975 and 2015.

Although it seems that power generation via nuclear

fission is losing importance as time goes on, Nuclear energy

plays an important role in the development of electric

energy generation in the world, as the great world powers

use this energy, not only to Produce electricity, but also to

move ships, submarines, application in the medical area, in

industry, etc. Updated data show that there are 439 reactor

units in operation worldwide providing around 30% of the

world’s low carbon electricity which shows that nuclear

energy can be part of the solution [5].

Of the 56 reactors currently under construction, 48 are of

the PWR type, a well-established technology that has

received several improvements, mainly after the lessons

learned after Fukushima. Different designs of generation
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III? and IV reactors are under development, not to mention

small modular reactors (SMR) [6–8], which leads to the

development of calculation methodologies that consider

different operating ranges regarding temperatures and

transients.

In nuclear reactors, some neutrons can be absorbed in the

resonance region, and accurate treatment of resonant

absorptions is important as they vary with fuel temperature

due to Doppler broadening. The thermal nuclei motion in

the reactor core is properly represented in the microscopic

cross section of the neutron-nucleus interaction through the

Doppler Broadening Function wðx; nÞ, as well as in the

Interference Term Function vðx; nÞ.

rcðE; TÞ ¼ r0

Cc

C

� �
E0

E

� �1
2

wðx; nÞ: ð1Þ

The Doppler broadening function that uses the Maxwell-

Boltzmann distribution of velocities is represented by

Duderstadt and Hamilton [9],

wðx; nÞ ¼ n
2
ffiffiffi
p

p
Z þ1

�1

dy

1 þ y2
exp

�n2

4
ðx� yÞ2

� �
ð2Þ

such that x, y and n are defined by:

• x � 2
C ðE � E0Þ;

• n � C
CD

¼ C

ð4E0kBT=AÞ
1
2

;

• y � 2
C ðECM � E0Þ;

where E is the incident neutron energy, ECM is the center-

of-mass energy, E0 is the energy where the resonance

occurs, C is total resonance width, CD is the Doppler width

of the resonance, T is the medium temperature and A the

target nucleus mass number. The Doppler broadening

function is only used in the (w� v) method [9, 10]. Basi-

cally, this method uses the single-level resonance repre-

sentation of cross sections based on the resonance

parameters. Using the psi-chi method, the cross sections at

0 K are assumed to be composed of a series of single level

Breit-Wigner resonances. Equation (2) is used in existing

codes to calculate multigroup cross-sections, as for exam-

ple [11–13].

The proposed method requires only 1.76 % of the com-

puting time spent by the conventional Gauss-Legendre

quadrature method (Silva, 2021). Reducing computational

time in reactor calculations is very important in several

methodologies that require hundreds of reactor calculations

in series, as is the case for optimizing fuel reload with

artificial intelligence [18, 28, 29, 31–33]. The results thus

obtained are presented in their functional forms, as integrals

without analytical solution. These have complicated struc-

ture, making the use of some approximations useful.

Therefore, the concept of effective temperature aims to map

the values obtained for the conventional Doppler broad-

ening function, calculated at a temperature T, to an effec-

tive temperature Teff in the system in which the velocity

distribution is quasi-Maxwellian as in the Kaniadakis dis-

tribution [14–16].

The structure of this paper is as follows: Section 2 pre-

sents the conventional and Kaniadakis Doppler broadening

functions. In section 3 the methodology of effective tem-

perature of the medium is described. The results obtained in

Figure 1. Electricity consumption per capita - World (January, 2020)[1].
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the calculation of the resonant absorption cross sections

using the proposed methodology for isotopes of interest are

reported in section 4. Finally, in section 5 conclusions and

suggestions for future work are presented.

2. Methodology

2.1 The conventional and Kanidakis Doppler
broadening functions

Nuclear fuels consist of heavy nucleus that have complex

nuclear structures whose microscopic cross sections have

numerous resonances. Due to the Doppler Broadening

phenomenon, the temperature variation causes, and pre-

cisely on the energy range of the nuclear resonances, a

significant alteration on the neutron spectrum and, as a

result, on the value for the multigroup cross-sections. The

Maxwell-Boltzmann model considers the nuclei of a

nuclear reactor as being one single gas whose molecules are

thermally agitated at different speeds [19]. This molecule

thermal agitation is described by the Maxwell-Boltzmann

distribution:

f ðV ; TÞ ¼ M

2pkBT

� �3
2

exp �MV2

2kBT

� �
: ð3Þ

In Equation (3), kB represents the Boltzmann constant, M is

the target nucleus mass, T is the temperature of the med-

ium, and V is the velocity of the target nucleus. The

Maxwell-Boltzmann distribution accurately describes the

physical neutron-nucleus interaction phenomena in a con-

dition of thermal equilibrium. However, the physical phe-

nomena that lie outside the condition of thermal

equilibrium cannot be described through Maxwell-Boltz-

mann statistics, making it necessary to use a generalised

statistic. This generalisation has been the object of research

work and continuous development, as seen, for example, in

the papers of Tsallis [20, 30] and Kaniadakis [15, 16, 21].

Figure 2. Electric power consumption (kWh per capita) [3].

Sådhanå          (2025) 50:193 Page 3 of 13   193 



The numerical solution of equation (2) demands con-

siderable computing time and because of that several

methods were developed to obtain analytical approxima-

tions for the Doppler broadening function, considering the

standard Maxwell-Boltzmann statistics. Amongst the ana-

lytical approximations for the Doppler broadening function,

we find the approximations proposed by Campos and

Martinez [22]; Palma et al [23]; Gonçalves et al [24]; and

Keshavamurthy and Harish [25]. In the first three articles

the authors differentiating the integral expression of the

Doppler broadening function in relation to x and found the

following differential equation:

4

n2

o2wðx; nÞ
ox2

þ 4x
owðx; nÞ

ox
þ wðx; nÞð2 þ n2x2 þ n2Þ ¼ n2;

ð4Þ

subjected to the following initial conditions:

owðx; nÞ
ox

�����
x¼0

¼ w0 ¼ n
ffiffiffi
p

p

2
e
n2

4 1 � erf
n
2

� �� �
; ð5Þ

owðx; nÞ
ox

�����
x¼0

¼ 0: ð6Þ

When solving equation (2) with the power series expansion

method and Fourier series method the authors obtained

analytical expressions for the Doppler broadening function.

In the paper by Keshavamurthy and Harish the 4-pole

Padé method was used to obtain an analytical approxima-

tion for the Doppler broadening function wðx; nÞ [25]. The

4-pole Padé approximation for wðx; nÞ has the following

expression:

wðx; nÞ ffi n
ffiffiffi
p

p

2
Re wðzÞ½ �; ð7Þ

where

z ¼ uþ ih; ð8Þ

and,

Figure 3. Electricity production from nuclear sources (% of total) [4].

  193 Page 4 of 13 Sådhanå          (2025) 50:193 



u ¼ nx
2
;

h ¼ n
2
:

8>>><
>>>:

ð9Þ

Function w(z) can be expressed using the terms of the 4-

pole Padé polynomials Keshavamurthy and Harish [25]

with the result that:

wðzÞ ¼ iffiffiffi
p

p p0 þ p1zþ p2z
2 þ p3z

3

1 þ q1zþ q2z2 þ q3z3 þ q4z4
: ð10Þ

In replacing equation (10) in equation (7) one gets the

following expression for the Doppler broadening function

wðx; nÞ:

wðx; nÞ ffi n
ffiffiffi
p

p

2
Re

iffiffiffi
p

p p0 þ p1zþ p2z
2 þ p3z

3

1 þ q1zþ q2z2 þ q3z3 þ q4z4

� �
:

ð11Þ

The coefficients for pj and qj are show on Table 1.

A first use of the Kaniadakis distribution in the context of

nuclear engineering was done by Guedes et al [26]. Their

paper presented a Deformed Doppler broadening function

using the Kaniadakis distribution that describes neutron-

nucleus interactions with and without the thermal

equilibrium.

The results obtained by Guedes et al[26] and de Abreu

et al [27] contributed to the ongoing investigation involving

the Deformed Doppler broadening function in the domain

of nuclear engineering with the use of Kaniadakis statistics.

Guedes et al [26] and de Abreu et al [27] provided

numerical and analytical approximations, respectively, for

the Deformed Doppler broadening function using the quasi-

Maxwellian statistics of Kaniadakis, as represented by

wjðx; nÞ. The Kaniadakis distribution is represented as

follows:

fjðV ; TÞ ¼ AðjÞ expj
�MV2

2kBT

� �
ð12Þ

where,

Aj ¼ j j j M
pKBT

� �3
2

1 þ 3 j j j
2

� �C 1
2jjj þ 3

4

� 	

C 1
2jjj � 3

4

� 	 : ð13Þ

Moreover, the expj (j-exponential) function is defined by

Kaniadakis et al. [16]:

exp jðxÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ j2x2

p
þ kx

� 	1
x

: ð14Þ

Using the Bethe-Placzek approximation Guedes et al. [26]

obtained the Deformed Doppler Broadening Function,

considering the Kaniadakis distribution:

wj x; nð Þ ¼ n
2
ffiffiffi
p

p B jð Þ
Z þ1

�1

dy

1 þ y2
iexpj

�n2 x� yð Þ2

4

" #

ð15Þ

where,

iexpj
�n2 x� yð Þ2

4

 !

�
j2 n2 x�yð Þ2

4

� 	
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 þ j2 n2 x�yð Þ2

4

� 	2
r

1 � j2
�

� expj
�n2 x� yð Þ2

4

 !
ð16Þ

and

B jð Þ ¼ ð2 j j jÞ
3
2 1 þ 1

2
3 j j j

� �C 1
2jjj þ 3

4

� 	

C 1
2jjj � 3

4

� 	 ð17Þ

2.2 The effective temperature model

The model for effective medium temperature Teff was

proposed by da Silva et al. [17] that consists of determining

the temperature Teff that will have the Doppler broadening

function with the Maxwell-Boltzmann distribution repro-

duced the same value for the function with the Kaniadakis

distribution in the actual temperature T of the medium, that

is:

wjðx; nÞ ffi wðx; ~nÞ ð18Þ

where:

~n � C

4E0kBTeff
A

� 	1=2
; ð19Þ

and

Table 1. Coefficients p and q for the 4-pole Padé approximation

[17]

p0 ¼ �i
ffiffiffi
p

p
q1 ¼ �ið9p�28Þ

ffiffi
p

p

2ð6p2�29pþ32Þ

p1 ¼ ð15p2�88pþ128Þ
ð6p2�29pþ32Þ q2 ¼ ð36p2�195pþ256Þ

6ð6p2�29pþ32Þ

p2 ¼ �ið33p�104Þ
ffiffi
p

p

6ð6p2�29pþ32Þ q3 ¼ ið�33pþ104Þ
ffiffi
p

p

6ð6p2�29pþ32Þ

p3 ¼ ð9p2�69pþ128Þ
3ð6p2�29pþ32Þ q4 ¼ ð9p2�69pþ128Þ

3ð6p2�29pþ32Þ
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n � C
4E0kBT

A


 �1=2
: ð20Þ

In using the approximation provided by equation (11) da

Silva et al [17] one was obtain the value of ~n which satisfies

the following equation:

wjðx; nÞ ffi
~n
ffiffiffi
p

p

2
Re

iffiffiffiffiffi
p

p p0 þ p1~z þ p2~z
2 þ p3~z

3

1 þ q1~zþ q2~z
2 þ q3~z

3 þ q4~z
4

� �

ð21Þ

where

~z ¼ eu þ ieh; ð22Þ

and

~u ¼
~nx
2

~h ¼
~n
2

8>>>><
>>>>:

ð23Þ

In general terms, tables were obtained for values of ~n for

different intervals of the variables j, x and n, according to

the analysis da Silva et al [17]:
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Figure 4. wjðx; n¼0:1Þ for different j.
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Figure 5. Peak values for wjðx; n¼0:1Þ as j varies.
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~n ¼ pjðx; nÞ
0:1 6 j 6 0:5

0 6 x 6 40

0:05 6 n 6 0:5

8><
>: ð24Þ

Using a Genetic Algorithm as in the paper da Silva et al
[17], the obtained data set was fitted to polynomial

regression method of the form. he polynomials for j = 0.1

and j = 0.2 can be written as follows:

~nj¼0:1ðx; nÞ ¼ � 0:0095668 þ 0:0042817xþ 1:2301n

þ 0:00025628x2 � 0:1449xn�
� 1:2704n2 � 6:1751 � 10�5x3

þ 0:0062072x2n

þ 0:92537xn2 þ 0:76292n3þ
þ 2:9873 � 10�6x4 � 0:00010748x3n

� 0:023709x2n2 � 2:1902xn3 þ 6:4376n4�
� 4:1619 � 10�8x5 þ 8:0913 � 10�7x4n

þ 0:00015675x3n2 þ 0:023925x2n3þ
þ 1:7734xn4 � 9:4704n5;

ð25Þ

~nj¼0:2ðx; nÞ ¼0:0046822 þ 0:0030388x1

þ 0:73111n� 0:00042548x2

� 0:057383xnþ 2:8556n2 þ 1:4651 � 10�5x3

þ 0:0066264x2nþ 0:25925xn2�
� 14:631n3 þ 1:8425 � 10�8x4

� 0:00025003x3n� 0:011772x2n2�
� 0:61369xn3 þ 31:818n4 � 4:1333 � 10�9x5

þ 2:9973 � 10�6x4nþ
þ 0:00013975x3n2 þ 0:0080984x2n3

þ 0:50658xn4 � 24:629n5:

ð26Þ

Thus, the deformed Doppler broadening function wjðx; nÞ,
according to the Kaniadakis distribution, can be directly

obtained using the conventional Doppler function wðx; ~njÞ.

3. Results and discussion

In a preliminary analysis of the deformed Doppler broad-

ening function’s behaviour, using the Kaniadakis statistics,

an overall curve attenuation was noticed for increasing

values of the j parameter. In other words, the resonance

amplitude decreases. This fact is illustrated by the plots of

Figure 4, where the distribution tend towards the conven-

tional function as j ! 0.

The peak values for wjðx; nÞ were plotted in Figure 5 for

selected j, to further illustrate the attenuation of the reso-

nance amplitude.

Table 2. Nuclear parameters used in the calculation of rcðE; TÞ
for the first resonance of the isotopes

Isotopes E0 (eV) Cn (eV) CcðeVÞ r0ð104barnsÞ
238U 6.67 0.00152 0.026 2.4
232Th 23.43 0.039 0.0261 1.5
240Pu 20.45 0.0027 0.0322 1.0

6.3 6.4 6.5 6.6 6.7 6.8 6.9 7 7.1
0

1000

2000

3000

4000

5000

6000

7000

Figure 6. Capture cross-section resonance of the 238U with E0 ¼ 6:67 ðeVÞ, as calculated by Eq. (2).
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As an application, the capture cross-section was calcu-

lated for the first resonance of the 238U, 232Th, and 240Pu

isotopes, using for different energies of incident neutrons

from the known expression (1). (Furthermore, the deformed

functions, according to the Kaniadakis distribution, see

figures 9–12).

6.3 6.4 6.5 6.6 6.7 6.8 6.9 7 7.1
0

1

2

3

4

5

6

104

Figure 8. Capture cross-section resonance for the 238U E0 ¼ 6:67 ðeVÞ, as calculated by Eq. (25).
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0
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4

5

6

7
104

Figure 7. Capture cross-section resonance for the 238U E0 ¼ 6; 67 ðeVÞ, as calculated by Eq. (15).

wðx; nÞ � wMBðx; nÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Maxwell�Boltzmanndistribution

wjðx; nÞ Kaniadakis statistics distribution

wðx; ~nÞ Effective temperature of the medium Teff
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The deformed Doppler broadening function wjðx; nÞ is

approximated by the Doppler broadening function wðx; ~nÞ,
where n is associated to the temperature of medium T and ~n
relates to the effective temperature of medium Teff . For

calculation the capture cross-sections, it will only be nec-

essary to replace T with Teff . That is, the equation (19) may

be rewritten as:

Tef �
AC2

4kBE0
~n2

ð27Þ

In the next section, the results for the calculation of the

mean capture cross-section are presented for different

nuclides of importance in the physics of nuclear reactors.

The parameters characterizing the first resonance line for

these nuclides are presented in Table 2.

6.3 6.4 6.5 6.6 6.7 6.8 6.9 7
0

0.5

1

1.5

2

2.5

3

3.5
104

Figure 9. Capture cross-section resonance for the 238U and E0 ¼ 6:67 ðeVÞ considering j ¼ 0:1.
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104

Figure 10. Capture cross-section resonance for the 238U and E0 ¼ 6:67 ðeVÞ considering j ¼ 0:2.
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3.1 Capture cross-section rcðE; TÞ
First, the mean capture cross-section was calculated using

the conventional broadening function wMBðx; nÞ equation

(2). For the 238U nuclide, the results are shown in figure 6,

for temperatures ranging from 300 K to 1500 K.

Analyzing the graph of the figure 6, we observe that the

area under the cross section curve is conserved when

temperature varies. furthermore, if the maximum of the

resonance decreases, its width will tend to increase, as

predicted by the Doppler effect. Hence, function contains

positive values and the function is symmetric about the

vertical axis.

3.2 Deformed capture cross-section rc;jðE;TÞ
Similarly, in analysing the graphs shown in figure 7 and 8

maintaining the behavior described in 6, it is possible to see

that for capture cross-sections were calculated using the

deformed functions wjðx; nÞ and wðx; ~njÞ, respectively.

(See figures 9–12).

22.8 23 23.2 23.4 23.6 23.8 24 24.2
0

200

400

600

800

1000

1200

1400

Figure 11. Capture cross-section resonance for the 232Th and E0 ¼ 23:43 ðeVÞ considering j ¼ 0:1.
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Figure 12. Capture cross-section resonance for the 232Th and E0 ¼ 23:43 ðeVÞ considering j ¼ 0:2.
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For the 1500 K temperature, typical in the fuel rods in

PWR-type power reactor. The nuclear parameters used in

these calculations are found in Table 2, and the graphs

clearly show the influence of j as it increases its defor-

mation, as follows:

The results presented in figure 15 are relative to the peak

values of the Deformed Doppler broadening function, using

equation (15) and the proposed methodology, based on the

effective temperature of the medium Teff , combining

equations (25) and (26). It is possible to see by the graph in

the figure 15 that uranium cross sections is by far higher

than plutonium and thorium.

It is possible to see by the graph of figure 15 that the 238U

cross-section (black curve) is almost two orders of

19.6 19.8 20 20.2 20.4 20.6 20.8 21 21.2
0

100

200

300

400

500

600

700

800

Figure 13. Capture cross-section resonance for the 240Pu and E0 ¼ 23:43 ðeVÞ considering j ¼ 0:1.
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Figure 14. Capture cross-section resonance for the 240Pu and E0 ¼ 23:43 ðeVÞ considering j ¼ 0:2.

Sådhanå          (2025) 50:193 Page 11 of 13   193 



magnitude higher than the 240Pu (blue) and the 232Th (red)

ones. This suggests that simulations, as a first step, may use

equilibrium statistics for nuclides other than 238U.

4. Conclusion

Considering that the medium is in thermal equilibrium, it is

valid to use the Maxwell-Boltzmann statistic to represent

the distribution of target nuclei velocities, used to obtain the

Doppler broadening function, wðx; nÞ.
The Kaniadakis statistic can be used to obtain a

deformed Doppler broadening function wjðx; nÞ, which has

no analytical solution. For its calculation, the effective

temperature model provides an approximate method, by

finding a Teff which maps this function to the conventional

Doppler broadening function.

Due to its simplicity, the effective temperature model

proves to be a suitable tool for out-of-equilibrium simula-

tions. In addition, computational gain without significant

loss of accuracy and avoiding reprogramming of existing

subroutines.

Considering the isotopes 238U, 232Th, and 240Pu, the

results obtained show deviations of 1.5% for j ¼ 0:1 and

up to 9% for j� 0:2.

Acknowledgements

We would like to thank the CNPq and FAPERJ for

Financial Support.

Declarations

Conflicts of interest The authors declare no conflict of interest.

References

[1] IndexMundi: Electricity consumption per capita – World.

Available online: https://www.indexmundi.com. (accessed

on 11 August 2022). Available online: https://www.index

mundi.com
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